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The geometric measure of entanglement of a multipartite pure state is defined it terms of its geometric 

distance from the set of separable pure states. The quantum eigenvalue problem is derived to compute 

the separable pure state nearest to the given multipartite pure state. Computing the modulus largest 

quantum eigenvalue for a multipartite pure state is equivalent to finding the best complex rank-one 

approximation of the complex unit tensors, associated with the multipartite pure states. This paper is 

devoted to present a complex-valued neural networks approach for the computation of the quantum 

eigenvalue problem for multipartite pure states. We design the neural networks for computing the best 

rank-one tensor approximation of complex tensors, and prove that the solution of the networks is locally 

asymptotically stable in the sense of Lyapunov stability theory. This solution also converges to the local 

optimal solutions of the best complex rank-one tensor approximation. We illustrate our theoretical results 

via numerical simulations. 
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. Introduction 

A tensor is an N -dimensional array of numbers denoted by

cript notation A ∈ C 

I 1 ×I 2 ×... ×I N with entries given by 

 i 1 i 2 ... i N ∈ C , for i n = 1 , 2 , . . . , I n , with n = 1 , 2 , . . . , N. 

e use CT N, I to denote the set of order N dimension I complex

ensors in general. That is, when A ∈ CT N,I , we have a i 1 i 2 ... i N ∈ C

here i n = 1 , 2 , . . . , I and n = 1 , 2 , . . . , N. 

The problem of best rank-one approximation of A ∈ C 

I 1 ×I 2 ×... ×I N 

s to find a real scalar σ and N unit vectors x n ∈ C 

I n (‖ x n ‖ 2 = 1)

hat minimize 

I 1 ∑ 

 1 =1 

I 2 ∑ 

i 2 =1 

. . . 

I N ∑ 

i N =1 

∣∣a i 1 i 2 ... i N − σ · (x 1 ,i 1 x 2 ,i 2 . . . x N,i N ) 
∣∣2 , 
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where x n,i n is the i n th element of x n ∈ C 

I n for i n = 1 , 2 , . . . , I n with

n = 1 , 2 , . . . , N, and σ ∈ R is a scaling factor. The relationship be-

tween the best rank-one approximation of complex tensors and ge-

ometric measures of entanglement in multipartite pure states will

be discussed in Section 2.1 . 

There exist numerical methods to compute the best rank-one

approximation of real tensors, e.g., the alternating least squares

(ALS) method, truncated higher-order singular value decomposi-

tion, higher-order power method and semi-definite relaxations. We

refer to Zhang and Golub [47] , De Lathauwer, De Moor and Vande-

walle [13,14] , Kofidis and Regalia [27] , Qi et al. [38] , Ni and Wang

[36] , Nie and Wang [37] and the references therein. 

Ni et al. [35] considered two eigenvalue problems of complex

tensors: the U-eigenvalue problem of a complex tensor and the

US-eigenvalue problem of a complex symmetric tensor, which are

related to the best rank-one approximation of complex tensors. Re-

cently, Ni and Bai [34] proposed an algorithm for computing the

US-eigenpairs of complex symmetric tensors based on a spherical

optimization problem of real-valued functions with complex vari-

ables. This algorithm was used to compute the upper bound of

entanglement in an arbitrary multi-partite system [39] . Che et al.

[9] presented iterative algorithms for computing US- (or U-) eigen-

pairs of complex tensors based on the Takagi factorization of com-

plex matrices. 

Wang et al. [44] proposed complex-valued neural network

models for the computation of the Takagi vector of a complex sym-

metric matrix that corresponds to the largest Takagi values. The

readers can refer to [2,3,24] , which studied a complex nonlinear

convex programming problem by means of complex-valued neural

network models. Generally speaking, complex-valued neural net-

works have different and more complicated properties than real-

valued ones. Thus, it is important to study the dynamical behaviors

of complex-valued neural networks. 

One important aspects of the dynamics of neural networks is

their stability. To analyze the stability of neural networks, vari-

ous approaches, such as Lyapunov function method and synthesis

method, have been proposed [12,30,41] . Che et al. [8] presented a

neural dynamical network to compute a local optimal rank-one ap-

proximation of a real tensor and proved that the state of the pro-

posed neural network is locally asymptotically stable in the sense

of Lyapunov stability theory. The main purpose of this paper is

to design complex-valued neural network models for computing

the local optimal rank-one approximation of complex tensors. We

also derive that the solution of the complex-valued ODEs is locally

asymptotically stable in the sense of Lyapunov stability theory. As

shown in Section 7 , the method of complex-valued neural network

models is a strong tool for calculating geometric measure of entan-

glement. 

Throughout this paper, we assume that I, J , and N will be re-

served to denote the index upper bounds, unless stated otherwise.

Scalars are denoted by lower Greek letters and lower Roman let-

ters, e.g., α and a . Vectors are denoted by boldface letters and are

lower case, e.g., z . Matrices are denoted by block capital letters,

e.g., A . Tensors are denoted by calligraphic letters, e.g., A . The su-

perscripts · � , · and · ∗ are used for the transpose, the complex

conjugate and conjugate transpose, respectively. 

The two-norm and Frobenius norm are denoted by ‖ · ‖ 2 and

‖ · ‖ F , respectively. The entry with row index i and column index

j in a matrix A , i.e., ( A ) ij , is symbolized by a ij (also (z ) i = z i and

(A ) i 1 i 2 ... i N = a i 1 i 2 ... i N ). We use parentheses to denote the concatena-

tion of two or more vectors, e.g., ( a, b ) is equivalent to ( a � , b 

� ) � .
We use � ( z ) and � ( z ) to denote the real and imaginary parts of a

vector z ∈ C 

I . 

The rest of this paper is organized as follows. In Section 2 , we

introduce basic notations about quantum states, convert the prob-
e  
em for measuring entanglement of a multipartite pure state to the

omplex best rank-one tensor approximation, and present the ex-

ressions for the complex gradient of real functions in complex

ariables. In Section 3 , we define the generalized Rayleigh quotient

f the complex tensors and establish the relationship between the

ocal optimal complex rank-one tensor approximation and the non-

inear quantum eigenvalue problem (US-eigenvalue problems or

-eigenvalue problems [35] ) based on the generalized Rayleigh

uotient of any complex tensor. We present neural networks and

onsider the properties of these neural networks in Section 4 . In

ection 5 , we establish the complex-valued neural networks to find

he local optimal complex rank-one tensor approximation and an-

lyze its local asymptotic stability in the sense of Lyapunov stabil-

ty theory. We illustrate our theory via numerical simulations in

ection 6 and conclude our paper in Section 7 . 

. Preliminaries 

The mode- n product [28] of a complex tensor A ∈ C 

I 1 ×I 2 ×... ×I N 

y a matrix B ∈ C 

J n ×I n , denoted by A ×n B , is a tensor C ∈
 

I 1 ×... ×I n −1 ×J n ×I n +1 ×... ×I N , whose entries are given by 

 i 1 ... i n −1 ji n +1 ... i N = 

I n ∑ 

i n =1 

a i 1 i 2 ... i N b ji n , n = 1 , 2 , . . . , N. 

In particular, the mode- n multiplication of a complex tensor

 ∈ C 

I 1 ×I 2 ×... ×I N by a vector z ∈ C 

I n is denoted by A ×n z 
� . If we

et C = A ×n z 
� ∈ C 

I 1 ×... ×I n −1 ×I n +1 ×... ×I N , then we have element-wise

28] , 

 i 1 ... i n −1 i n +1 ... i N = 

I n ∑ 

i n =1 

a i 1 ... i n −1 i n i n +1 ... i N x i n . 

Given N vectors z n ∈ C 

I n (n = 1 , 2 , . . . , N) , the notation A ×1

 

� 
1 ×2 z 

� 
2 . . . ×N z 

� 
N is easy to define. For any given tensor A ∈

 

I 1 ×I 2 ×... ×I N and the matrices F ∈ C 

J n ×I n and G ∈ C 

J m ×I m , one has

28] 

(A ×n F ) ×m 

G = (A ×m 

G ) ×n F = A ×n F ×m 

G ;
(A ×n F ) ×n G = A ×n (G · F ) , with J n = I m 

, 

ith m � = n ∈ { 1 , 2 , . . . , N} , where ‘ · ’ represents the multiplication

f two matrices. 

If the entries of A ∈ C 

I 1 ×I 2 ×... ×I N are given by a i 1 i 2 ... i N =
 1 ,i 1 

x 2 ,i 2 . . . x N,i N 
, where x n,i n is the i n th element of x n ∈ C 

I n for

 = 1 , 2 , . . . , N, then we call A a complex rank-one tensor [14,47] . 

.1. Geometric measure of entanglement 

Entanglement has been identified as a resource central to quan-

um information processing. As a result, the task of characterizing

nd quantifying entanglement is vitally important in quantum in-

ormation theory. The geometric measure of entanglement is one

f most natural and important measures for pure states in bipar-

ite and multipartite systems. We refer to [42,45] and their infer-

nces therein. Mathematically speaking, the geometric measure of

ntanglement is nothing but the injective tensor norm [21] , which

ppears in the theory of operator algebra [15] . The geometric mea-

ure of entanglement also has found wild applications in various

ifferent topics, such as many-body physics [31,33] , entanglement

itnesses [17,20] and the study of quantum channel capacities

7,16,46] . 

Wei and Goldbart [45] extended the geometric measure of en-

anglement from a bipartite pure state [42] to a multipartite pure

tate via the entanglement eigenvalue of a nonlinear quantum

igenvalue problem. Ni et al. [35] studied the nonlinear quantum

igenvalue problem in two forms: the U-eigenvalue problem of a
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omplex tensor and the US-eigenvalue problem of a complex sym-

etric tensor. For a symmetric pure state with nonnegative am-

litudes, its geometric measure of entanglement problem can be

egarded as a tensor decomposition problem or a rank-one approx-

mation to higher-order tensors problem [21,25] . As shown in [10] ,

here exist two ways for computing geometric measure: the an-

lytic method and the numerical method. More methods for the

omputation of geometric measure of entanglement can be re-

erred to [18] . For the calculation of geometric measure, the in-

erested readers can refer to [10,11,19,32,48] and the references

herein. In Section 6 , we will compare our proposed complex-

alued neural network approach with the numerical method in

10] for computing geometric measure of some multipartite pure

tates in [10] . 

Let us first develop a general formation, which is appropriate

or multipartite systems comprising N parts, in which each part

as a distinct Hilbert space as state space. An N -partite pure state

 ψ〉 of a composite quantum system can be regarded as a normal-

zed element in a tensor product Hilbert space H = H 1 � H 2 � . . . �

 N , where H n := C 

I n for n = 1 , 2 , . . . , N and ‘ �’ is the Kronecker

roduct [23] . 

Assume that the set {| e n,i n 〉 : i n = 1 , 2 , . . . , I n } is an orthonormal

asis of H n with n = 1 , 2 , . . . , N. Then the set {| e 1 ,i 1 e 2 ,i 2 . . . e N,i N 
〉 :

 n = 1 , 2 , . . . , I n ; n = 1 , 2 , . . . , N} is an orthonormal basis of H . Any

 -partite pure state | ψ〉 ∈ H can be written as 

 ψ〉 = 

I 1 ∑ 

i 1 =1 

I 2 ∑ 

i 2 =1 

. . . 

I N ∑ 

i N =1 

a i 1 i 2 ... i N | e 1 ,i 1 e 2 ,i 2 . . . e N,i N 〉 with a i 1 i 2 ... i N ∈ C . 

ssume that 

 ϕ〉 = 

I 1 ∑ 

i 1 =1 

I 2 ∑ 

i 2 =1 

. . . 

I N ∑ 

i N =1 

b i 1 i 2 ... i N | e 1 ,i 1 e 2 ,i 2 . . . e N,i N 〉 , with b i 1 i 2 ... i N ∈ C ,

e define 

 ψ | ϕ〉 = 

I 1 ∑ 

i 1 =1 

I 2 ∑ 

i 2 =1 

. . . 

I N ∑ 

i N =1 

b i 1 i 2 ... i N a i 1 i 2 ... i N , 

nd 

| ϕ〉‖ = 

√ 

〈 ϕ| ϕ〉 . 
A separable N -partite pure state is expressed by | φ〉 = | φ1 〉 �

 φ2 〉 � . . . � | φN 〉 , where each part | φn 〉 is defined by 

 φn 〉 = 

I n ∑ 

i n =1 

x n,i n | e n,i n 〉 . 

One can envisage a geometric definition of entanglement for

he state | ψ〉 via the distance 

 = min 

| φ〉 
‖| ψ〉 − | φ〉‖ (2.1)

etween | ψ〉 and the nearest separable state | φ〉 [45] . 

In the literature, the geometric measure for pure states is also

aken as 

1 

2 

min ‖| ψ〉 − | φ〉‖ 

2 = 1 − G (ψ) , 

or separable pure states | φ〉 , where G ( ψ) is the maximal overlap: 

 (ψ) := max |〈 ψ | φ〉| 
or separable pure states | φ〉 with 〈 φ| φ〉 = 1 . In the bipartite case,

e can solve the minimization problem (2.1) via the Schmidt de-

omposition (a restatement of the singular value decomposition)

42] . 

According to the above description, to solve the minimization

roblem (2.1) , we focus on the following best complex rank-one
ensor approximation problem: find N nonzero vectors z n to mini-

ize 

A − z 1 ◦ z 2 ◦ . . . ◦ z N ‖ 

2 
F , (2.2)

here the tensor A ∈ C 

I 1 ×I 2 ×···×I N is associated with the multipar-

ite pure state | φ〉 and the Frobenius norm of A is the square root

f the sum of the squares of the moduli of all its elements, i.e., 

A‖ F = 

√ √ √ √ 

I 1 ∑ 

i 1 =1 

I 2 ∑ 

i 2 =1 

. . . 

I N ∑ 

i N =1 

| a i 1 i 2 ... i N | 2 . 

eanwhile, we can impose the constraints ‖ z n ‖ 2 = 1 and rewrite

he best complex rank-one tensor approximation (2.2) as 

in ‖A − σ · (z 1 ◦ z 2 ◦ . . . ◦ z N ) ‖ 

2 
F . (2.3)

If the scalar σ is complex, then we can define y n :=
xp (ιθ/N) z n , (ι = 

√ −1 ) to ensure that σ is an associated real

umber, where θ ∈ (−π, π ] is the argument of the scalar σ . Hence,

n this paper, we always assume that the scalar σ is real. 

.2. Real functions with complex variables 

Consider a function f : C → C . The complex derivative of f at

 ∈ C is defined as the limit, if it exists, 

f ′ (z) := lim 

δz→ 0 

f (z + δz) − f (z) 

δz 
. 

t is well known that f is differentiable in the complex sense, if and

nly if the Cauchy–Riemann conditions hold. However, in many

ractical applications, many functions are not differentiable in the

omplex sense [4] . In order to deal with these problems, we de-

elop an alternative formulation that is based on the real deriva-

ives, and it is similar to that of the complex derivative. 

The purpose of this section is thus to gather some results con-

erning Wirtinger derivatives of real valued functions over com-

lex variables. Suppose that f : C 

I → R is a real function with com-

lex variables. Let z = x + ιy ∈ C 

I with x , y ∈ R 

I . We introduce a

alculus of the differential operators, which was developed princi-

ally by Wirtinger, often called the Wirtinger calculus . We refer to

5,29,40,43] for the underlying framework of the complex deriva-

ives. 

efinition 2.1. Let z = x + ιy ∈ C 

I with x , y ∈ R 

I . The cogradient

perator ∂ 
∂z 

and conjugate cogradient operator ∂ 
∂ z 

are defined as 

∂ 

∂z 
= 

1 

2 

⎡ ⎢ ⎣ 

∂ 
∂x 1 

− ι ∂ 
∂y 1 

. . . 
∂ 

∂x I 
− ι ∂ 

∂y I 

⎤ ⎥ ⎦ 

, 
∂ 

∂ z 
= 

1 

2 

⎡ ⎢ ⎣ 

∂ 
∂x 1 

+ ι ∂ 
∂y 1 

. . . 
∂ 

∂x I 
+ ι ∂ 

∂y I 

⎤ ⎥ ⎦ 

, 

here ι = 

√ −1 is the imaginary unit. 

Note that the Cauchy–Riemann conditions for f to be analytic in

 can be expressed compactly, using the cogradient as ∂ f 
∂ z 

= 0 , i.e.,

 is a function only of z . Analogously, f is analytic in z if and only

f ∂ f 
∂z 

= 0 . 

Let ∂ 
∂x 

= ( ∂ 
∂x 1 

, . . . , ∂ 
∂x I 

) � and 

∂ 
∂y 

= ( ∂ 
∂y 1 

, . . . , ∂ 
∂y I 

) � , it is clear

hat 

∂ 

∂x 

= 

∂ 

∂z 
+ 

∂ 

∂ z 
, 

∂ 

∂y 
= ι

(
∂ 

∂z 
− ∂ 

∂ z 

)
. 

The complex Taylor series as presented in this paper is due to

an den Bos [43] , who found a compact way of transforming the

eal gradient and Hessian into their complex counterparts. Kreutz-

elgado points out that there is actually more than one way to

efine the complex Hessian [29] . 
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Lemma 2.1. ( [29 , 34] ) Suppose that a real valued function f ( z ) with

complex variables z ∈ C 

I is first-order differentiable. Then, the first-

order Taylor series of f ( z ) is 

f (z + δz ) = f (z ) + 2 � 

[ (
∂ f (z ) 

∂z 

)� 
δz 

] 

+ O(‖ δz ‖ 

2 
2 ) 

= f (z ) + 

( (
∂ f (z ) 

∂x 

)� 
δx + 

(
∂ f (z ) 

∂y 

)� 
δy 

) 

+ O(‖ δx ‖ 

2 
2 + ‖ δy ‖ 

2 
2 ) , 

where δz = δx + ιδy with δx , δy ∈ R 

I . 

3. Equivalent rank-one formulations 

Similar to the generalized Rayleigh quotient of any real tensor

[47] , we define the the generalized Rayleigh quotient of any com-

plex tensor in C 

I 1 ×I 2 ×···×I N as follows. 

Definition 3.1. Suppose that A ∈ C 

I 1 ×I 2 ×···×I N . For N given nonzero

vectors z n ∈ C 

I n , the generalized Rayleigh quotient of the tensor A
is defined as 

GRQ (z 1 , z 2 , . . . , z N ) = 

1 

2 
· A ×1 z 

∗
1 ×2 z 

∗
2 · · · ×N z 

∗
N + A ×1 z 

� 
1 ×2 z 

� 
2 · · · ×N z 

� 
N 

‖ z 1 ‖ 2 ‖ z 2 ‖ 2 . . . ‖ z N ‖ 2 . 

Similar to the standard Rayleigh quotient with real symmetric

matrices, we define the generalized Rayleigh quotient of the ten-

sor A in a way that is invariant under a positive scaling of one of

the vectors z 1 , z 2 , . . . , z N . We have the following lemma to estab-

lish the relationship between the generalized Rayleigh quotient of

a tensor A ∈ C 

I 1 ×I 2 ×···×I N and the minimization problem (2.3) . 

Lemma 3.1. Suppose that A ∈ C 

I 1 ×I 2 ×... ×I N . If the vectors z n satisfy

‖ z n ‖ 2 = 1 with n = 1 , 2 , . . . , N, then σ∗ = GRQ (z 1 , z 2 , . . . , z N ) mini-

mizes (2.3) , and the minimum value is 

‖A‖ 

2 
F − GRQ (z 1 , z 2 , . . . , z N ) 

2 . 

Proof. For two given scalars z 1 , z 2 ∈ C , it is easy to see that

| z 1 − z 2 | 2 = | z 1 | 2 + | z 2 | 2 − ( z 1 z 2 + z 1 z 2 ) . According to the Frobenius

norm of A , the formula ‖A − σ · (z 1 ◦ z 2 ◦ . . . ◦ z N ) ‖ 2 F 
can be repre-

sented as 

‖A‖ 

2 
F − σ (A ×1 z 

∗
1 ×2 z 

∗
2 · · · ×N z 

∗
N + A ×1 z 

� 
1 ×2 z 

� 
2 · · · ×N z 

� 
N ) 

+ σ 2 (‖ z 1 ‖ 2 ‖ z 2 ‖ 2 . . . ‖ z N ‖ 2 ) 
2 . 

Then, the minimizer of (2.3) is σ = GRQ (z 1 , z 2 , . . . , z N ) and the

minimum value is 

‖A‖ 

2 
F − GRQ (z 1 , z 2 , . . . , z N ) 

2 . 

Hence, this proof is completed. �

It follows that the minimization problem (2.3) is equivalent to

the problem of maximizing the absolute value of the GRQ 

max 

∣∣∣1 

2 

·
(
A ×1 z 

∗
1 ×2 z 

∗
2 · · · ×N z 

∗
N + A ×1 z 

� 
1 ×2 z 

� 
2 . . . ×N z 

� 
N 

)∣∣∣
(3.1)

under the constraints that ‖ z n ‖ 2 = 1 with n = 1 , 2 , . . . , N. As we

know, the above optimization problem is equivalent to 

max 
1 

2 

·
(
A ×1 z 

∗
1 ×2 z 

∗
2 · · · ×N z 

∗
N + A ×1 z 

� 
1 ×2 z 

� 
2 · · · ×N z 

� 
N 

)
(3.2)

under the constraints that ‖ z n ‖ 2 = 1 with n = 1 , 2 , . . . , N; or 

min 

−1 

2 

·
(
A ×1 z 

∗
1 ×2 z 

∗
2 · · · ×N z 

∗
N + A ×1 z 

� 
1 ×2 z 

� 
2 · · · ×N z 

� 
N 

)
(3.3)
nder the constraints that ‖ z n ‖ 2 = 1 with n = 1 , 2 , . . . , N. 

We write the Lagrangian function of the maximization problem

3.2) as 

 = 

1 

2 

·
(
A ×1 z 

∗
1 ×2 z 

∗
2 · · · ×N z 

∗
N + A ×1 z 

� 
1 ×2 z 

� 
2 · · · ×N z 

� 
N 

)
−

N ∑ 

n =1 

μn 

2 

(‖ z n ‖ 

2 
2 − 1) . 

By differentiating L with respect to z n and z n separately, we

btain the following system at a critical point z n : 

 (z 1 , z 2 , . . . , z N ) −n = μn z n , G (z 1 , z 2 , . . . , z N ) −n = μn z n , (3.4)

here 

F (z 1 , z 2 , . . . , z N ) −n = A ×1 z 
∗
1 . . . ×n −1 z 

∗
n −1 ×n +1 z 

∗
n +1 . . . ×N z 

∗
N , 

G (z 1 , z 2 , . . . , z N ) −n = A ×1 z 
� 
1 . . . ×n −1 z 

� 
n −1 ×n +1 z 

� 
n +1 . . . ×N z 

� 
N . 

When we multiply z ∗n and z � n to each part of the equations

3.4) with n = 1 , 2 , . . . , N, respectively, we can derive that μ1 =
2 = . . . = μN = GRQ (z 1 , z 2 , . . . , z N ) . 

Let σ = GRQ (z 1 , z 2 , . . . , z N ) , then we can rewrite the above sys-

em as [22,35,45] 

 (z 1 , z 2 , . . . , z N ) −n = σ z n , G (z 1 , z 2 , . . . , z N ) −n = σ z n , 

F (z 1 , z 2 , . . . , z N ) + G (z 1 , z 2 , . . . , z N ) = 2 σ, (3.5)

here 

F (z 1 , z 2 , . . . , z N ) = A ×1 z 
∗
1 ×2 z 

∗
2 . . . ×N z 

∗
N , 

G (z 1 , z 2 , . . . , z N ) = A ×1 z 
� 
1 ×2 z 

� 
2 . . . ×N z 

� 
N . 

When A is the associated tensor corresponding to a multipar-

ite pure state | ψ〉 , we call the vector z n as a mode- n quantum

igenvector of the complex tensor A with ‖ z n ‖ 2 = 1 , correspond-

ng to the quantum eigenvalue σ ∈ [ −1 , 1] . Meanwhile, we can also

erive the first-order optimal condition for the dual problem (3.3) ,

s shown in the nonlinear quantum eigenvalue problem (3.5) . For

he modulus largest quantum eigenvalue of a complex tensor A ∈
 

I 1 ×I 2 ×···×I N , we have the following remark. 

emark 3.1. The modulus largest quantum eigenvalue ϱ of a ten-

or A ∈ C 

I 1 ×I 2 ×···×I N is called the entanglement eigenvalue and we

ave 

 �| = max |〈 A , B 〉| , 
or all complex rank-one tensors B ∈ C 

I 1 ×I 2 ×···×I N . 

Let an (N + 1) -tuple (σ, v 1 , v 2 , . . . , v N ) be a quantum eigenpair

f a tensor A ∈ C 

I 1 ×I 2 ×···×I N with ‖ v n ‖ 2 = 1 for n = 1 , 2 , . . . , N, then

e have the following results. 

• The vector exp ( ιθn ) v n is the mode- n quantum eigenvector of

the tensor A , corresponding to the quantum eigenvalue σ
with exp (ι(θ1 + θ2 + · · · + θN )) = 1 and θn ∈ (−π, π ] ; the vec-

tor exp ( ιθn ) v n is the mode- n quantum eigenvector of the ten-

sor A , corresponding to the quantum eigenvalue −σ with

exp (ι(θ1 + θ2 + · · · + θN )) = −1 and θn ∈ (−π, π ] . 

• If the 2-norm of the v n is not one, then, the nonlinear quantum

eigenvalue problem (3.5) should be rewritten as ⎧ ⎨ ⎩ 

F (v 1 , v 2 , . . . , v N ) −n = σ
(∏ N 

m =1 
m � = n 

‖ v m 

‖ 2 

)
v n / ‖ v n ‖ 2 , 

G (v 1 , v 2 , . . . , v N ) −n = σ
(∏ N 

m =1 
m � = n 

‖ v m 

‖ 2 

)
v n / ‖ v n ‖ 2 , 

and 

F (v 1 , v 2 , . . . , v N ) + G (v 1 , v 2 , . . . , v N ) = 2 σ

( 

N ∏ ‖ v m 

‖ 2 

) 

, 
n =1 
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We establish an important property for the generalized

ayleigh quotient of the complex tensor A ∈ C 

I 1 ×I 2 ×... ×I N . 

heorem 3.1. Assume that the (N + 1) -tuple (σ∗, u 1 , . . . , u N ) is a

onzero solution to the nonlinear quantum eigenvalue problem (3.5) .

hen for N small perturbations δz n , we have 

RQ (u 1 + δz 1 , u 2 + δz 1 , . . . , u N + δz N ) 

= σ∗ + O(‖ δz 1 ‖ 

2 
2 + ‖ δz 2 ‖ 

2 
2 + . . . + ‖ δz N ‖ 

2 
2 ) . 

roof. For clarity, let w = (z 1 , z 2 , . . . , z N ) and define 

f (w ) = GRQ (z 1 , z 2 , . . . , z N ) 

= 

1 

2 

· A ×1 z 
∗
1 ×2 z 

∗
2 · · · ×N z 

∗
N + A ×1 z 

� 
1 ×2 z 

� 
2 · · · ×N z 

� 
N 

‖ z 1 ‖ 2 ‖ z 2 ‖ 2 . . . ‖ z N ‖ 2 

. 

n order to prove the result, we need to introduce the first-order

complex multivariate) Taylor series of f at w = w ∗ with w ∗ =
(u 1 , u 2 , . . . , u N ) : 

f (w ∗ + δw ) = f (w ∗) + 2 � 

[ (
∂ f (w ) 

∂w 

∣∣∣∣
w = w ∗

)� 
δw 

] 

+ O(‖ δw ‖ 

2 
2 ) . 

(3.6) 

ccording to the assumption, we have 

f (w ∗) = σ∗, and ‖ δw ‖ 

2 
2 = ‖ δz 1 ‖ 

2 
2 + ‖ δz 2 ‖ 

2 
2 + . . . + ‖ δz N ‖ 

2 
2 , 

here δw = (δz 1 , δz 2 , . . . , δz N ) . 

Next, we prove that the second part on the right-hand side of

he equation (3.6) is equal to zero. Since the pair (σ∗, u 1 , . . . , u N ) is

 nonzero solution to the quantum eigenvalue problem (3.5) , then

e have 

F (u 1 , u 2 , . . . , u N ) −n = σ∗u n , 

G (u 1 , u 2 , . . . , u N ) −n = σ∗u n , 

 (u 1 , u 2 , . . . , u N ) + G (u 1 , u 2 , . . . , u N ) = 2 σ∗, 

Note that the nonzero solution (σ∗, u 1 , . . . , u N ) to the quantum

igenvalue problem (3.5) automatically guarantees that ‖ u n ‖ 2 = 1

or n = 1 , 2 , . . . , N. Some tedious manipulation yields that the value

f ∂ f (w ) 
∂w 

at w 

∗ vainshes. Hence, this theorem is proved. �

. Complex-valued neural networks for (3.1) 

We propose a neural network model for computing the lo-

al optimal rank-one approximation of the tensors A ∈ C 

I 1 ×I 2 ×... ×I N .

ome properties for the states of the complex-valued neural net-

orks are also presented. 

.1. Case I: complex symmetric tensors 

A tensor A ∈ CT N,I is called symmetric , if its entries a i 1 i 2 ... i N are

nvariant under any permutation of their indices. Denote by CST N, I 

ll complex symmetric N -order I -dimensional tensors. 

For a given A ∈ CST N,I , the nonlinear quantum eigenvalue prob-

em (3.5) can be reduced to the following nonlinear quantum

igenvalue problem 

 v 
N−1 = σv , A v N−1 = σv , (4.1)

here the vector v ∈ C 

I satisfies ‖ v ‖ 2 = 1 with σ ∈ R . 

Let the pair ( σ , v ) be any quantum eigenpair of the complex

ymmetric tensor A . Then, it is easy to derive the following results.

• For even N , the vectors −v , exp (2 ιπ/N + 2 kπι) v and

exp (−2 ιπ/N + 2 kπι) v are the quantum eigenvectors of the

tensor A , corresponding to the quantum eigenvalue σ , the

vectors exp (ιπ/N + 2 kπι) v and exp (−ιπ/N + 2 kπι) v are

the quantum eigenvectors of the tensor A , corresponding to

the quantum eigenvalue −σ, with k = 0 , ±1 , ±2 , . . . . 
• For odd N , the vectors exp (2 ιπ/N + 2 kπι) v and exp (−2 ιπ/N +
2 kπι) v are the quantum eigenvectors of the tensor A , cor- 

responding to the quantum eigenvalue σ , the vectors −v ,

exp (ιπ/N + 2 kπι) v and exp (−ιπ/N + 2 kπι) v are the quantum

eigenvectors of the tensor A , corresponding to the quantum

eigenvalue −σ, with k = 0 , ±1 , ±2 , . . . . 

• If ‖ v ‖ 2 � = 1, then the nonlinear Eq. (4.1) should be rewritten as 

A v 
N−1 = σ‖ v ‖ 

N−2 
2 v , A v N−1 = σ‖ v ‖ 

N−2 
2 v . 

where the nonzero vector v ∈ C 

I with σ ∈ R . 

We shall use the fact that exp (±2 kπι) = 1 and exp (±(2 k −
) πι) = −1 with k = 0 , ±1 , ±2 , . . . . The dynamics of the complex-

alued neural network model for computing the quantum eigen-

ectors of a complex symmetric tensor A ∈ CST N,I is described by

dz (t) 

dt 
= A z (t) N−1 − A z (t ) N + A z (t ) N 

2 ‖ z (t) ‖ 

2 
2 

z (t) , (4.2)

r, 

d z (t) 

dt 
= A z (t) N−1 − A z (t) N + A z (t) N 

2 ‖ z (t) ‖ 

2 
2 

z (t) , 

or t ≥ 0, where z = (z 1 , z 2 , . . . , z I ) 
� ∈ C 

I represents the state of the

etwork. 

We have the following lemma to state the property for the so-

ution of the neural network described by (4.2) . 

emma 4.1. If the vector z ( t ) is a solution of the neural network de-

cribed by (4.2) for all t ≥ 0, then we have ‖ z (t) ‖ 2 
2 

= ‖ z (0) ‖ 2 
2 

for all

 ≥ 0, where the nonzero vector z (0) ∈ C 

I is any nonzero initial value.

roof. Suppose that z (t) = x (t) + ιy (t) for all t ≥ 0. Then, we

ave 

dz (t) 

dt 
= 

x (t) 

dt 
+ ι

y (t) 

dt 
, 

d z (t) 

dt 
= 

x (t) 

dt 
− ι

y (t) 

dt 
, 

hat is, 

dx (t) 

dt 
= 

1 

2 

(
dz (t) 

dt 
+ 

d z (t) 

dt 

)
, 

dy (t) 

dt 
= 

ι

2 

(
d z (t) 

dt 
− dz (t) 

dt 

)
. 

ccording to the neural network described by (4.2) , we have 

dx (t) 

dt 
= 

A z (t) N−1 + A z (t) N−1 

2 
− A z (t) N + A z (t) N 

4 ‖ z (t) ‖ 2 
2 

(z (t) + z (t)) 

= � ( A z (t) N−1 ) − � ( A z (t) N ) 

‖ z (t) ‖ 2 
2 

x (t) , 

dy (t) 

dt 
= ι

(
A z (t) N−1 − A z (t) N−1 

2 
− A z (t) N + A z (t) N 

4 ‖ z (t) ‖ 2 
2 

( z (t) − z (t)) 

)
= −� ( A z (t) N−1 ) − � ( A z (t) N ) 

‖ z (t) ‖ 2 
2 

y (t) . 

We have � ( A z (t) N ) = x (t ) � � ( A z (t ) N−1 ) − y (t ) � � ( A z (t ) N−1 )

nd ‖ z (t) ‖ 2 
2 

= ‖ x (t) ‖ 2 
2 

+ ‖ y (t) ‖ 2 
2 
. Hence, we have 

d‖ z (t) ‖ 

2 
2 

dt 
= 2 

(
x (t) � 

x (t) 

dt 
+ y (t) � 

y (t) 

dt 

)
= 0 . 

he analytical solutions of the network described by (4.2) are given

y ‖ z (t) ‖ 2 
2 

= ‖ z (0) ‖ 2 
2 
. This completes the proof. �

.2. Case II: general complex tensors 

More generally, we now consider to design the complex-valued
eural networks for solving the best complex rank-one approxima-
ion problem with a general complex tensor, which is not necessar-
ly symmetric. Consider the complex-valued neural network model
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B⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
A  

p⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
S[
for computing the mode- n quantum eigenvectors of the tensor A
is described by 

dz n (t) 

dt 
= F (z 1 , z 2 , . . . , z N ) −n − F (z 1 , z 2 , . . . , z N ) + G (z 1 , z 2 , . . . , z N ) 

2 ‖ z n ‖ 2 2 

z n , 

(4.3)

or, 

d z n (t) 

dt 
= G (z 1 , z 2 , . . . , z N ) −n − F (z 1 , z 2 , . . . , z N ) + G (z 1 , z 2 , . . . , z N ) 

2 ‖ z n ‖ 2 2 

z n , 

for all t ≥ 0, where z n = (z n, 1 , z n, 2 , . . . , z n,I n ) 
� ∈ C 

I n represents the

state of the network with n = 1 , 2 , . . . , N. 

We present the following lemma that gives the property for the

solution of the neural network described by (4.3) . 

Lemma 4.2. If the vector z n ( t ) is a solution of the neural network

described by (4.3) for all t ≥ 0, then we have ‖ z n (t) ‖ 2 
2 

= ‖ z n (0) ‖ 2 
2 

for

all t ≥ 0, where the nonzero vector z (0) ∈ C 

I n is any nonzero initial

value with n = 1 , 2 , . . . , N. 

Proof. The process for proving this lemma is similar to that for

Lemma 4.1 . Hence, we omit its proof. �

For clarity, we suppose that ‖ z n (0) ‖ 2 = 1 . By Lemma 4.2 , we

have ‖ z n (t) ‖ 2 = 1 for all t ≥ 0 with n = 1 , 2 , . . . , N. When the vec-

tor z n ( t ) converges to a nonzero vector u n ∈ C 

I n as t → + ∞ , we

have {
F (u 1 , u 2 , . . . , u N ) −n = 

F (u 1 , u 2 , ... , u N )+ G (u 1 , u 2 , ... , u N ) 
2 

u n , 

G (u 1 , u 2 , . . . , u N ) −n = 

F (u 1 , u 2 , ... , u N )+ G (u 1 , u 2 , ... , u N ) 
2 

u n , 

that is, the vector u n is a mode- n quantum eigenvector of

the tensor A , corresponding to the value (F (u 1 , u 2 , . . . , u N ) +
G (u 1 , u 2 , . . . , u N )) / 2 . 

5. Asymptotic stability analysis 

In this section, we prove that the solutions of (4.2) and (4.3) are

locally asymptotically stable in the sense of Lyapunov stability the-

ory. 

5.1. Case I: general complex tensors 

For any given locally maximizer (u 1 , u 2 , . . . , u N ) of the max-

imization problem (3.1) , we define a neighbourhood of u with

u = (u 1 , u 2 , . . . , u N ) as 

B (u 1 , u 2 , . . . , u N , ε) := B (u , ε) = { z = (z 1 , z 2 , . . . , z N ) 

:= ‖ z − u ‖ 2 ≤ ̂ ε} 
where z n ∈ C 

I n and 0 ≤ ̂ ε ≤ ε0 , with ε0 = min ‖ v − u ‖ 2 for any

other local maximizer v := (v 1 , v 2 , . . . , v N ) of the maximization

problem (3.1) . 

Let z n = x n + ιy n with n = 1 , 2 , . . . , N. Since F (z 1 , z 2 , . . . , z N ) +
G (z 1 , z 2 , . . . , z N ) is continuous and differentiable with respect to its

real and imaginary parts, then, there exists 0 ≤ ε ≤ ̂ ε such that the

sign of F (z 1 , z 2 , . . . , z N ) + G (z 1 , z 2 , . . . , z N ) is the same as the sign

of F (u 1 , u 2 , . . . , u N ) + G (u 1 , u 2 , . . . , u N ) for all z = (z 1 , z 2 , . . . , z N ) ∈
B (u , ε) . 

We obtain the following theorem to show that the solution

of the network described by (4.3) is locally asymptotically stable

in the sense of Lyapunov stability theory at any locally maximizer

of the maximization problem (3.1) . 

Theorem 5.1. Suppose that the N vectors u n ∈ C 

I n forms a lo-

cally maximizer of the optimal problem (3.1) , with ‖ u n ‖ 2 = 1 . If

the initial value z 0 (0) of the neural network described by (4.3) be-

longs to the set B ( exp (ιθ1 ) u 1 , exp (ιθ2 ) u 2 , . . . , exp (ιθN ) u N , ε) with

‖ z n (0) ‖ = 1 , then the solution of the neural network described by
2 
4.3) is locally asymptotically stable in the sense of Lyapunov sta-

ility theory at ( exp (ιθ1 ) u 1 , exp (ιθ2 ) u 2 , . . . , exp (ιθN ) u N ) , where the

 scalars θn ∈ (−π, π ] satisfy exp (ι(θ1 + θ2 + . . . + θN )) = 1 with

 (u 1 , u 2 , . . . , u N ) + G (u 1 , u 2 , . . . , u N ) > 0 and exp (ι(θ1 + θ2 + . . . +
N )) = −1 with F (u 1 , u 2 , . . . , u N ) + G (u 1 , u 2 , . . . , u N ) < 0 . 

roof. For simplicity, we assume that N = 3 and σ∗ =
(F (u 1 , u 2 , u 3 ) + G (u 1 , u 2 , u 3 )) / 2 > 0 . We can see that

 (z 1 , z 2 , z 3 ) + G (z 1 , z 2 , z 3 ) > 0 for all z ∈ B (u , ε) with z =
(z 1 , z 2 , z 3 ) . For the network described by (4.3) , we define the

ssociated Lyapunov function as 

 (z 1 , z 2 , z 3 ) = σ∗ − F (z 1 , z 2 , z 3 ) + G (z 1 , z 2 , z 3 ) 

2 ‖ z 1 ‖ 2 ‖ z 2 ‖ 2 ‖ z 3 ‖ 2 

, 

or all nonzero vectors z n ∈ C 

I n and n = 1 , 2 , 3 . 

Clearly, V ( z 1 , z 2 , z 3 ) > 0, where z ∈ B (u , ε) and z n = exp (ιθn ) u n

ith exp (ι(θ1 + θ2 + θ3 )) = 1 . Meanwhile, the function

 (z 1 , z 2 , z 3 ) := V (x 1 , y 1 , x 2 , y 2 , x 3 , y 3 ) can be viewed as a real

ontinuous and differentiable function with respective to its real

nd imaginary parts. 

We shall prove the local asymptotic stability of the point ( x 1 ,

 1 , x 2 , y 2 , x 3 , y 3 ) by the Lyapunov function V ( z 1 , z 2 , z 3 ) for the

etwork described by (4.3) , that is, we deduce that the inequality 

3 
 

n =1 

( [
dx n 

dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂x n 
+ 

[
dy n 

dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂y n 

) 

≤ 0 

olds for all (z 1 , z 2 , z 3 ) ∈ B (u 1 , u 2 , u 3 , ε) , and the equality holds if

nd only if (z 1 , z 2 , z 3 ) = (u 1 , u 2 , u 3 ) . 

Without of loss generality, we derive the explicit expressions

or 
∂V (z 1 , z 2 , z 3 ) 

∂x 1 
and 

∂V (z 1 , z 2 , z 3 ) 
∂y 1 

. According to the expression of V ( z 1 ,

 2 , z 3 ), we obtain 

 

 

 

∂V (z 1 , z 2 , z 3 ) 
∂z 1 

= −
[ 

G (z 1 , z 2 , z 3 ) −1 

‖ z 1 ‖ 2 ‖ z 2 ‖ 2 ‖ z 3 ‖ 2 −
F (z 1 , z 2 , z 3 )+ G (z 1 , z 2 , z 3 ) 

4 ‖ z 1 ‖ 3 2 
‖ z 2 ‖ 2 ‖ z 3 ‖ 2 z 1 

] 
, 

∂V (z 1 , z 2 , z 3 ) 
∂ z 1 

= −
[ 

F (z 1 , z 2 , z 3 ) −1 

‖ z 1 ‖ 2 ‖ z 2 ‖ 2 ‖ z 3 ‖ 2 −
F (z 1 , z 2 , z 3 )+ G (z 1 , z 2 , z 3 ) 

4 ‖ z 1 ‖ 3 2 
‖ z 2 ‖ 2 ‖ z 3 ‖ 2 z 1 

] 
, 

y using the fact z 1 = x 1 + ιy 1 and z 1 = x 1 − ιy 1 , we have 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

∂V (z 1 , z 2 , z 3 ) 

∂x 1 

= −
[

F (z 1 , z 2 , z 3 ) −1 + G (z 1 , z 2 , z 3 ) −1 

‖ z 1 ‖ 2 ‖ z 2 ‖ 2 ‖ z 3 ‖ 2 

−F (z 1 , z 2 , z 3 ) + G (z 1 , z 2 , z 3 ) 

4 ‖ z 1 ‖ 

3 
2 
‖ z 2 ‖ 2 ‖ z 3 ‖ 2 

( z 1 + z 1 ) 

]
, 

∂V (z 1 , z 2 , z 3 ) 

∂y 1 
= −ι

[
F (z 1 , z 2 , z 3 ) −1 − G (z 1 , z 2 , z 3 ) −1 

‖ z 1 ‖ 2 ‖ z 2 ‖ 2 ‖ z 3 ‖ 2 

−F (z 1 , z 2 , z 3 ) + G (z 1 , z 2 , z 3 ) 

4 ‖ z 1 ‖ 

3 
2 
‖ z 2 ‖ 2 ‖ z 3 ‖ 2 

( z 1 − z 1 ) 

]
. 

ccording to the network described by (4.3) with N = 3 , we

resent the expressions for d x 1 / dt and d y 1 / dt as follows: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dx 1 

dt 
= 

F (z 1 , z 2 , z 3 ) −1 + G (z 1 , z 2 , z 3 ) −1 

2 

−F (z 1 , z 2 , z 3 ) + G (z 1 , z 2 , z 3 ) 

4 z ∗
1 
z 1 

(z 1 + z 1 ) , 

dy 1 
dt 

= ι

[
G (z 1 , z 2 , z 3 ) −1 − F (z 1 , z 2 , z 3 ) −1 

2 

−F (z 1 , z 2 , z 3 ) + G (z 1 , z 2 , z 3 ) 

4 z ∗
1 
z 1 

( z 1 − z 1 ) 

]
. 

ome computation gets that 

dx 1 

dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂x 1 

= −
[
� (F (z 1 , z 2 , z 3 ) −1 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

x 1 

]� 
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[
� (F (z 1 , z 2 , z 3 ) −1 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

x 1 

]
≤ 0 , 

r, 

dx 1 

dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂x 1 

= −
[
� (G (z 1 , z 2 , z 3 ) −1 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

x 1 

]� 

[
� (G (z 1 , z 2 , z 3 ) −1 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

x 1 

]
≤ 0 ;

nd 

dy 1 
dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂y 1 

= −
[
� (F (z 1 , z 2 , z 3 ) −1 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

y 1 

]� 

[
� (F (z 1 , z 2 , z 3 ) −1 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

y 1 

]
≤ 0 , 

r, 

dy 1 
dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂y 1 

= −
[
� (G (z 1 , z 2 , z 3 ) −1 ) + 

� (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

y 1 

]� 

[
� (G (z 1 , z 2 , z 3 ) −1 ) + 

� (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

y 1 

]
≤ 0 . 

n the above two equations, we note that the equality holds if

nd only if z n = exp (ιτn ) u n , where the scalars τn ∈ (−π, π ] satisfy

xp (ι(τ1 + τ2 + τ3 )) = 1 , with n = 1 , 2 , 3 . Similarly, for the pair ( x 2 ,

 2 ), some algebra yields that 

dx 2 

dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂x 2 

= −
[
� (F (z 1 , z 2 , z 3 ) −2 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
2 
z 2 

x 2 

]� 

[
� (F (z 1 , z 2 , z 3 ) −2 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
2 
z 2 

x 2 

]
≤ 0 , 

r, 

dx 2 

dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂x 2 

= −
[
� (G (z 1 , z 2 , z 3 ) −2 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
2 
z 2 

x 2 

]� 

[
� (G (z 1 , z 2 , z 3 ) −2 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
2 
z 2 

x 2 

]
≤ 0 ;

nd 

dy 2 
dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂y 2 

= −
[
� (F (z 1 , z 2 , z 3 ) −2 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
2 
z 2 

y 2 

]� 

[
� (F (z 1 , z 2 , z 3 ) −2 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
2 
z 2 

y 2 

]
≤ 0 , 
r, 

dy 2 
dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂y 2 

= −
[
� (G (z 1 , z 2 , z 3 ) −2 ) + 

� (F (z 1 , z 2 , z 3 )) 

z ∗
2 
z 2 

y 2 

]� 

[
� (G (z 1 , z 2 , z 3 ) −2 ) + 

� (F (z 1 , z 2 , z 3 )) 

z ∗
2 
z 2 

y 2 

]
≤ 0 ;

or the pair ( x 3 , y 3 ), some tedious manipulation also leads to 

dx 3 

dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂x 3 

= −
[
� (F (z 1 , z 2 , z 3 ) −3 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

x 3 

]� 

[
� (F (z 1 , z 2 , z 3 ) −3 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

x 3 

]
≤ 0 , 

r, 

dx 3 

dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂x 3 

= −
[
� (G (z 1 , z 2 , z 3 ) −3 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

x 3 

]� 

[
� (G (z 1 , z 2 , z 3 ) −3 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

x 3 

]
≤ 0 ;

nd 

dy 3 
dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂y 3 

= −
[
� (F (z 1 , z 2 , z 3 ) −3 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

y 3 

]� 

[
� (F (z 1 , z 2 , z 3 ) −3 ) − � (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

y 3 

]
≤ 0 , 

r, 

dy 3 
dt 

]� 
∂V (z 1 , z 2 , z 3 ) 

∂y 3 

= −
[
� (G (z 1 , z 2 , z 3 ) −3 ) + 

� (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

y 3 

]� 

[
� (G (z 1 , z 2 , z 3 ) −3 ) + 

� (F (z 1 , z 2 , z 3 )) 

z ∗
1 
z 1 

y 3 

]
≤ 0 . 

e note that � (F (z 1 , z 2 , z 3 )) = � (G (z 1 , z 2 , z 3 )) and

 (F (z 1 , z 2 , z 3 )) = −� (G (z 1 , z 2 , z 3 )) . Then, the solution of the

etwork described by (4.3) is locally asymptotically stable in

he sense of Lyapunov stability theory at ( u 1 , u 2 , u 3 ) with

 (u 1 , u 2 , u 3 ) + G (u 1 , u 2 , u 3 ) > 0 . 

When the scalars θn ∈ (−π, π ] satisfy exp (ι(θ1 + θ2 + θ3 )) = 1 ,

e have 

 ( exp (ιθ1 ) u 1 , exp (ιθ2 ) u 2 , exp (ιθ3 ) u 3 ) 

+ G ( exp (ιθ1 ) u 1 , exp (ιθ2 ) u 2 , exp (ιθ3 ) u 3 ) > 0 . 

ccording to the above procedure, we can prove that the solution

f the network described by (4.3) is locally asymptotically stable in

he sense of Lyapunov stability theory at 

( exp (ιθ1 ) u 1 , exp (ιθ2 ) u 2 ) , exp (ιθ3 ) u 3 ) . 

Furthermore, we show that the solution of the network de-

cribed by (4.3) is locally asymptotically stable in the sense of Lya-

unov stability theory at ( exp (ιθ ) u , exp (ιθ ) u , . . . , exp (ιθ ) u ) ,
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where the N scalars θn ∈ (−π, π ] satisfy exp (ι(θ1 + θ2 + . . . +
θN )) = 1 with F (u 1 , u 2 , . . . , u N ) + G (u 1 , u 2 , . . . , u N ) > 0 . 

Now, we suppose that σ∗ := F (u 1 , u 2 , . . . , u N ) +
G (u 1 , u 2 , . . . , u N ) < 0 . According to the analysis in Section 3 ,

there exist N vectors v n = exp (ιτn ) u n such that F (v 1 , v 2 , . . . , v N ) +
G (v 1 , v 2 , . . . , v N ) = −σ∗ > 0 , where exp (ι(τ1 + τ2 + · · · + τN )) = −1

with τn ∈ (−π, π ] for n = 1 , 2 , . . . , N. For the network described

by (4.3) , the associated Lyapunov function is defined as 

 (z 1 , z 2 , . . . , z N ) = −σ∗ − F (z 1 , z 2 , . . . , z N ) + G (z 1 , z 2 , . . . , z N ) 

2 ‖ z 1 ‖ 2 ‖ z 2 ‖ 2 . . . ‖ z N ‖ 2 

. 

For the case of F (u 1 , u 2 , . . . , u N ) + G (u 1 , u 2 , . . . , u N ) > 0 , we can

prove that the solution of the network described by (4.3) is lo-

cally asymptotically stable in the sense of Lyapunov stability the-

ory at ( exp (ιτ1 ) u 1 , exp (ιτ2 ) u 2 , . . . , exp (ιτN ) u N ) . Furthermore, we

prove that the solution of the neural network described by (4.3) is

locally asymptotically stable in the sense of Lyapunov stability

theory at ( exp (ιθ1 ) u 1 , exp (ιθ2 ) u 2 , . . . , exp (ιθN ) u N ) , where the N

scalars θn ∈ (−π, π ] satisfy exp (ι(θ1 + θ2 + · · · + θN )) = −1 with

F (u 1 , u 2 , . . . , u N ) + G (u 1 , u 2 , . . . , u N ) < 0 . �

5.2. Case II: complex symmetric tensors 

In Section 5.1 , we analyzed that the solution of the network

described by (4.3) is locally asymptotically stable in the sense

of Lyapunov stability theory. The main result is summarized in

Theorem 5.1 . In this subsection, we explore a special case of gen-

eral complex tensors, that is, complex symmetric tensors. The goal

is to analyze the local asymptotic stability in the sense of Lyapunov

stability theory for the neural network described by (4.2) . 

For a given A ∈ CST N,I , the maximization problem (3.1) can be

reduced by 

max | f (z ) | , with f (z ) = 

A z 
N + A z N 

2 

(5.1)

under the constraint that ‖ z ‖ 2 = 1 with z ∈ C 

I . Suppose that u ∈ C 

I 

is a local maximizer of the maximization problem (5.1) , we define

a neighborhood of the vector u as 

B (u , ̂  ε) = { z ∈ C 

I : ‖ z − u ‖ 2 ≤ ̂ ε} , 
for all 0 < ̂

 ε ≤ ε0 := min ‖ u − v ‖ 2 , where the vector v is also a lo-

cal maximizer of (5.1) with v � = u . Then, there exists 0 ≤ ε ≤ ̂ ε such

that the sign of f ( z ) is the same as the sign of f ( u ) for all z ∈
B (u , ε) . All local maximizers of the maximization problem (5.1) are

the quantum eigenvectors of the tensor A . 

The following theorem states that the solution of the network

described by (4.2) is locally asymptotically stable in the sense of

Lyapunov stability theory at any local maximizer of the maximiza-

tion problem (5.1) . 

Theorem 5.2. Suppose that the vector u ∈ C 

I is a local maximizer

of the maximization problem (5.1) with ‖ u ‖ 2 = 1 . If the initial value

z (0) of the neural network described by (4.2) belongs to the set

B ( exp (ιθ ) u , ε) , with ‖ z (0) ‖ 2 = 1 , then the solution of the neural

network described by (4.2) is locally asymptotically stable in the sense

of Lyapunov stability theory at exp ( ιθ ) u , where θ belongs to the set 

{ 0 , ±π/N, ±2 π/N, . . . , ±π} . 
Since the network described by (4.2) is a special case of

the network described by (4.3) , we omit a rigorous proof of

Theorem 5.2 . Instead, we give the Lyapunov function, correspond-

ing to the network described by (4.2) , as follows: 

 (z ) = V (x , y ) = 

{ 

σ∗ − A z N + A z N 
2 ‖ z ‖ N 

2 

≥ 0 , f (u ) > 0 ;
−σ − A z N + A z N ≥ 0 , f (u ) ≤ 0 . 
∗ 2 ‖ z ‖ N 

2 
. Numerical examples 

In this section, the computations are implemented in Matlab

ersion 2013a and the Matlab Tensor Toolbox [6] on a laptop with

ntel Core i5-4200M CPU (2.50GHz) and 8.00GB RAM. All floating

oint numbers in each example have four decimal digits. We sup-

ose that ε = 1 e − 10 . We use functions “ttv” and “ttm” in [6] to

mplement the tensor-vector operation and the tensor-matrix op-

ration. 
In order to compute the mode- n quantum eigenvectors of

 given tensor A ∈ C 

I 1 ×I 2 ×... ×I N , we utilize the following first-
rder difference equations to approximate the network described
y (4.3) : 

 n (k + 1) = z n (k ) + αk ( F (z 1 (k ) , z 2 (k ) , . . . , z N (k )) −n 

− F (z 1 (k ) , z 2 (k ) , . . . , z N (k )) + G (z 1 (k ) , z 2 (k ) , . . . , z N (k )) 

2 ‖ z n (k ) ‖ 2 
2 

z n (k ) 

)
, 

(6.1)

where αk is a learning rate, for any nonzero vectors z n (0) ∈ C 

I n . 

According to Lemma 4.2 , we have that ‖ z n (0) ‖ 2 = 1 implies

 z n (k ) ‖ 2 = 1 . Then, for the pair (σ (k ) , z 1 (k ) , . . . , z N (k )) with

(k ) = (F (z 1 (k ) , z 2 (k ) , . . . , z N (k )) + G (z 1 (k ) , z 2 (k ) , . . . , z N (k ))) / 2 , 

e define 

RR (k ) := max 
n =1 , 2 , ... ,N 

‖ F (z 1 (k ) , z 2 (k ) , . . . , z N (k )) −n − σ (k ) z n (k ) ‖ 2 . 

If there exists a positive integer k 0 such that ERR( k ) ≤ ε for

ll k ≥ k 0 , then we terminate the iteration scheme (6.1) and the

air (σ (k ) , z 1 (k ) , . . . , z N (k )) is an approximate quantum eigenpair

f the tensor A . If the number of iterations reaches 10 0 0 0, we

ust terminate. Meanwhile, according to Theorem 5.1 , we have that

(z 1 (k ) , . . . , z N (k )) is a locally approximate maximizer of the maxi-

ization problem (3.1) . The symbols σ ( k ) and ERR( k ) are also suit-

ble for complex symmetric tensors and complex symmetric ma-

rices. 

Note that all initial values are randomly selected. Alteratively,

e can also use the truncated HOSVD to generate starting points

14] . 

xample 6.1. In this example, the entries of the testing complex

ensors are random variables with independent identically dis-

ributed entries, each distributed as a real Gaussian random vari-

ble of zero mean and variance. Meanwhile, the number of the

esting tensors is 100. 

We suppose that A ∈ C 

10 ×10 ×10 . Che et al. [9] designed a higher

rder power type method, denoted by Power method in this paper

or comparison, for computing the best complex rank-one approxi-

ation of the tensor A , which is similar to Algorithm 3.1 in [14] to

erive the best rank-one approximation of any real tensor. 

We compare the neural network described by (4.3) with Power

ethod for computing the best complex rank-one approximation

f the testing tensor on these two sides: iteration steps and CPU

imes. Simulation results are shown in Fig. 1 . 

xample 6.2. The following symmetric pure states are considered

n [20,21] , 

 S(N, K) 〉 ≡
√ 

K!(N − K)! 

N! 

∑ 

permutations 

| 0 . . . 0 ︸ ︷︷ ︸ 
K 

1 . . . 1 ︸ ︷︷ ︸ 
N−K 

〉 . 

s the amplitudes are all positive, one can assume that the closest
eparable state is of the form 

 φ〉 = ( 
√ 

p | 0 〉 + 

√ 

1 − p | 1 〉 ) � ( 
√ 

p | 0 〉 + 

√ 

1 − p | 1 〉 ) � . . . � ( 
√ 

p | 0 〉 + 

√ 

1 − p | 1 〉 ) ︸ ︷︷ ︸ 
N 
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Fig. 1. Comparison for the network described by (4.3) with Power method to find the approximate maximizers of the maximization problem (3.1) with 100 random complex 

tensors. 

Table 1 

Relative results derived by the network described by (4.2) to find the local maximizers of 

the maximization problem (5.1) with K = 0 , 1 , 2 , 3 , 4 , 5 . 

K EEE AMV | EEE − AMV | AIS ACT (seconds) Occurrence 

0 1.0 0 0 0 1.0 0 0 0 1.7764e-15 240.0 0 0 0 0.4153 19 

1 0.6400 0.6400 5.1494e-12 170.1053 0.3359 18 

2 0.5879 0.5879 7.3205e-12 182.1579 0.3109 19 

3 0.5879 0.5879 4.1280e-12 180.1111 0.2995 18 

4 0.6400 0.6400 7.9898e-11 205.3158 0.3544 18 

5 1.0 0 0 0 1.0 0 0 0 1.3323e-15 257.0 0 0 0 0.5383 20 
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for which the maximal overlap (with respect to p ) gives the en-

anglement eigenvalue for | S ( N, K ) 〉 : 

 �| = 

√ 

K !(N − K )! 

N! 

(
K 

N 

)K/ 2 (N − K 

N 

)(N−K) / 2 

. 

For the given integers N and K , we use A ∈ CST N, 2 to denote the

ensor corresponding to the state | S ( N, K ) 〉 . To compute the en-

anglement eigenvalue of the state | S ( N, K ) 〉 is to solve the max-

mization problem (5.1) with the tensor A . When we fix N , we

mplement the network described by (4.2) to find the local max-

mizers of the maximization problem (5.1) 20 times, for each K ∈
 0 , 1 , . . . , N} . 

Set N = 5 . For each K ∈ { 0 , 1 , . . . , 5 } , the approximate maximal

alues (abbreviated as AMV) of the maximization problem (5.1) ,

he exact entanglement eigenvalue (abbreviated as EEE) of the

tate | S (5, K ) 〉 , the average iteration steps (abbreviated as AIS) and

he average CPU times (abbreviated as ACT) are given in Table 1 . 

xample 6.3. The testing state is given as [45] 

 W ̃

 W (s, φ) 〉 ≡ √ 

s | W 〉 + 

√ 

1 − s exp (ιφ) | ̃  W 〉 , 
here the states | W 〉 and | ̃  W 〉 are given as follows: 

 W 〉 = (| 001 〉 + | 010 〉 + | 100 〉 ) / √ 

3 , | ̃  W 〉 
= (| 101 〉 + | 011 〉 + | 110 〉 ) / √ 

3 . 

he entanglement is independent of φ: the transforma-

ion {| 0 〉 , | 1 〉} → {| 0 〉 , exp (−ιφ) | 1 〉} induces | W ̃

 W (s, φ) 〉 →

a

xp (−ιφ) | W ̃

 W (s, 0) 〉 . To compute the entanglement eigenvalue of

he state | W ̃

 W (s, φ) 〉 , we assume that the separable state is 

( cos (φ) | 0 〉 + sin (φ) | 1 〉 ) � ( cos (φ) | 0 〉 + sin (φ) | 1 〉 ) 
�( cos (φ) | 0 〉 + sin (φ) | 1 〉 ) 
nd maximize its overlap with | W ̃

 W (s, 0) 〉 . We have 0 ≤ s ≤ 1. The

xact entanglement eigenvalue of the state | W ̃

 W (s, φ) 〉 can be ex-

ressed by 

 �| = 

1 

2 

[ 
√ 

s cos (θ ) + 

√ 

1 − s sin (θ )] sin (2 θ ) , 

here t ≡ tan (θ ) ∈ [ 
√ 

1 / 2 , 
√ 

2 ] is the particular root of the cubic

olynomial equation 

 

1 − s t 3 + 2 

√ 

s t 2 − 2 

√ 

1 − s t − √ 

s = 0 . 

For a given scalar s ∈ [0, 1], we denote A ∈ CST 3 , 2 by the ten-

or corresponding to the state | W ̃

 W (s, 0) 〉 . In order to compute

he entanglement eigenvalue of the state | W ̃

 W (s, 0) 〉 , we need

o find the modulus largest quantum eigenvalue of the tensor A .

e implement the network described by (4.2) to find the lo-

al maximizers of the maximization problem (5.1) 20 times, with

 ∈ { 0 , 0 . 1 , . . . , 1 } . 
The approximate maximal values (abbreviated as AMV) of the

aximization problem (5.1) , the exact entanglement eigenvalue

abbreviated as EEE) of the state | W ̃

 W (s, 0) 〉 , the average iteration

teps (abbreviated as AIS) and the average CPU times (abbreviated

s ACT) are given in Table 2 , with s ∈ { 0 , 0 . 1 , . . . , 1 } . 
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Table 2 

Relative results derived by the network described by (4.2) to find the local maximizers of the 

maximization problem (5.1) with s ∈ { 0 , 0 . 1 , . . . , 1 } . 
s EEE AMV | EEE − AMV | AIS ACT (seconds) Occurrence 

0 0.6667 0.6667 1.7764e −15 162.4211 0.3150 20 

0.1 0.7933 0.7933 4.1494e −14 1.1162e + 3 2.1039 20 

0.2 0.8306 0.8306 7.3215e −15 854.8500 1.7117 20 

0.3 0.8514 0.8514 4.1380e −16 782.6500 1.5492 20 

0.4 0.8625 0.8625 7.9093e −14 758.10 0 0 1.3961 20 

0.5 0.8660 0.8660 1.3001e −15 731.0500 1.4727 20 

0.6 0.8625 0.8625 5.4123e −16 762.9500 1.4367 20 

0.7 0.8514 0.8514 6.3301e −16 787.7500 1.5508 20 

0.8 0.8306 0.8306 5.9822e −15 883.0500 1.6414 20 

0.9 0.7933 0.7933 1.4567e −14 1.1737e + 03 2.2773 20 

1 0.6667 0.6667 2.0984e −14 162.2632 0.4 4 41 20 
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Similar to the case of the state | W ̃

 W (s, φ) 〉 , we can also use the

network described by (4.2) to compute the entanglement eigen-

value of the state 

| SS N;K 1 K 2 (r, φ) 〉 = 

√ 

r | S(N, K 1 ) 〉 + 

√ 

1 − r exp (ιφ) | S(N, K 2 ) 〉 , 
where the states | S ( N, K 1 ) 〉 and | S ( N, K 2 ) 〉 are given in Example 6.2 .

Example 6.4. The testing state is given as [45] : 

| ψ(x, y, φ1 , φ2 , φ3 ) 〉 ≡ √ 

x exp (ιφ1 ) | GHZ 〉 + 

√ 

y exp (ιφ2 ) | W 〉 
+ 

√ 

1 − x − y exp (ιφ3 ) | ̃  W 〉 , 
for all φi ∈ (−π, π ] with i = 1 , 2 , 3 , where the states | W 〉 and

| ̃  W 〉 are given in Example 6.3 , and the state |GHZ 〉 is (| 0 0 0 〉 +
| 111 〉 ) / √ 

2 . Similar to the description in Example 6.3 , the entangle-

ment eigenvalue of the state | ψ( x, y, φ1 , φ2 , φ3 ) 〉 is equal to the

entanglement eigenvalue of the state | ψ( x, y ) 〉 , given as: 

| ψ(x, y ) 〉 ≡ √ 

x | GHZ 〉 + 

√ 

y | W 〉 + 

√ 

1 − x − y | ̃  W 〉 . 
The entanglement eigenvalue of the state | ψ( x, y ) 〉 has been calcu-

lated, and one obtains 

| �| = 

1 

(1 + t 2 ) 3 / 2 

{ √ 

x 

z 
(1 + t 3 ) + 

√ 

3 y t + 

√ 

3(1 − x − y ) t 2 

} 

, 

where t is the (unique) nonnegative real root of the following cubic

polynomial equation: 

3 

√ 

x 

2 

(−t + t 2 ) + 

√ 

3 y (−3 t 2 + 1) + 

√ 

3(1 − x − y ) (−t 3 + 2 t) = 0 .

We denote A ∈ CST 3 , 2 by the tensor corresponding to the state

| ψ( x, y ) 〉 . When we apply the network described by (4.2) with the

tensor A , the approximate maximal values of the maximization

problem (5.1) , the iteration steps and the CPU times are shown in

Fig. 2 , with 0 ≤ x, y ≤ 1 and 0 ≤ 1 − x − y ≤ 1 . 

The testing tensors in the above three examples are complex

symmetric. In the following example we consider the entangle-

ment eigenvalue of a complex nonsymmetric tensor. 

Example 6.5. The testing state is given as [1] : 

| �〉 = 

√ 

λ1 | 0 0 0 〉 + 

√ 

λ2 exp (ιφ) | 100 〉 + 

√ 

λ3 | 101 〉 
+ 

√ 

λ4 | 110 〉 + 

√ 

λ5 | 111 〉 , 
where φ ∈ [0, π ] and λ1 + λ2 + · · · + λ5 = 1 with λi ≥ 0. As we

know, we can rewrite the state | �〉 as 

| �〉 = 

√ 

λ1 | 0 0 0 〉 + 

√ 

λ2 exp (ιφ) | 100 〉 + 

√ 

λ3 | 101 〉 + 

√ 

λ4 | 110 〉 
+ 

√ 

1 − λ1 − · · · − λ4 | 111 〉 , 
where φ ∈ [0, π ] and λi ≥ 0 with i = 1 , 2 , 3 , 4 . 

We denote the tensor corresponding to the state | �〉 by A ∈
ST 3 , 2 . In order to compute the entanglement eigenvalue of the
tate | �〉 , we need to find the modulus largest quantum eigenvalue

or the entanglement eigenvalue) of the tensor A . We implement

he network described by (4.3) to find the global maximizers of the

aximization problem (3.1) for each 6-tuple (φ, λ1 , λ2 , . . . , λ5 ) . 

On one hand, when the value of the 5-tuple (λ1 , λ2 , . . . , λ5 ) is

hosen from the following two 5-tuples 

 (
1 

15 

, 
2 

15 

, 
3 

15 

, 
4 

15 

, 
5 

15 

)
, 

(
1 

25 

, 
3 

25 

, 
5 

25 

, 
7 

25 

, 
9 

25 

)} 
, 

he relationship between the entanglement eigenvalue of the ten-

or A and the parameter φ is shown in Fig. 3 . On the other

and, for any given scalar φ, the relationship between the en-

anglement eigenvalue of the tensor A and the 3-tuple ( λ2 , λ3 ,

4 ) is shown in Figs. 4 (for the case of φ = π/ 4 ) and 5 (for the

ase of φ = π/ 2 ), for each λ1 ∈ { 0 . 1 , 0 . 2 , . . . , 0 . 9 } with λi ≥ 0 and

 − λ1 − λ2 − λ3 − λ4 ≥ 0 . 

emark 6.1. For the above numerical examples, the learning rate

n the iterative scheme (6.1) is chosen by 0.1. However, this learn-

ng rate may not be optimal. 

xample 6.6. Consider a generic I × I × I symmetric tripartite state

10] as 

 ψ 

syt 〉 := 

I−1 ∑ 

i =0 

a i | i, i, i 〉 + 

I−1 ∑ 

j>i =0 

a i j P 3 (| i, j, j〉 ) + a i jk 

I−1 ∑ 

k> j>i =0 

a i jk P 3 (| i, j, k

here P 3 ’s denote the set of all permutations on three parties

gain. For example, P 3 (| i, j, j〉 ) = | i, j, j〉 + | j, i, j〉 + | j, j, i 〉 . In this

xample, we compare the network described by (4.3) with the nu-

erical method in [10] for computing geometric measure of en-

anglement of | ψ 

syt 〉 . 
The main idea of the numerical method in [10] is to combine

imulated annealing [26] with fmincon (a function in MATLAB at-

empts to find a constrained minimum of a scalar function of sev-

ral variables starting from an initial estimate) to construct an al-

orithm for finding the global minimizer in the whole region. From

10] , when considering the case of 
∑ I−1 

i =0 | a i | 2 = 1 , a i j = a i jk = 0 for

ll i, j, k = 0 , 1 , . . . , I − 1 , then the state | ψ 

syt 〉 is just the definition

f GHZ states and the analytical result for geometric measure sim-

ly reads min { 1 − | a i | 2 , i = 0 , 1 , . . . , I − 1 } . We denote A ∈ CST 3 ,I by

he tensor corresponding to the state | ψ 

syt 〉 . For different values of

 and a i , we have the following results. 

a) If I = 3 and { a 0 , a 1 , a 2 } = { 0 . 8075 − 0 . 1790 ι, 0 . 5427

− 0 . 0203 ι, 0 . 0822 − 0 . 1202 ι} , then geometric measure of

entanglement of | ψ 

syt 〉 , derived from the numerical method in

[10] , is 0.172898. On the other hand, the largest entanglement

eigenvalue, derived from (4.3) , is 0.827102 and it costs 0.976574

seconds. So geometric measure of entanglement is 0.172898. 
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Fig. 2. Illustrations for the network described by (4.2) to find the approximate maximizers of the maximization problem (5.1) with x, y = 0 , 0 . 05 , . . . , 0 . 95 , 1 and x + y ≤ 1 . 

Fig. 3. Illustrations of the network described by (4.3) to find the approximate maximizers of the maximization problem (3.1) with φ ∈ { 0 , π/ 20 , . . . , π} . 
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i  

m√
G  

n  

l  

a  

m

b) If I = 5 and { a 0 , a 1 , a 2 , a 3 , a 4 } = { 0 . 6378 − 0 . 4942 ι, −0 . 5477

− 0 . 0567 ι, 0 . 2086 − 0 . 0457 ι, −0 . 0092 + 0 . 0041 ι, −0 . 0050 −
0 . 0018 ι} , then geometric measure of entanglement of | ψ 

syt 〉 ,
derived from the numerical method in [10] , is 0.193140. On the

other hand, the largest entanglement eigenvalue, derived from

(4.3) , is 0.806860 and it costs 0.994064 seconds. So geometric

measure of entanglement is 0.193140. 

Next, we suppose that I = 3 , a 210 = 1 / 
√ 

6 and a i = a i j = 0 for all

, j = 0 , 1 , 2 . This gives a 2-qutrit symmetric state whose geometric
easure of entanglement has been derived in [45] , which is 

 

2 / 9 ≈ 0 . 471405 . 

eometric measure of entanglement of | ψ 

syt 〉 , derived from the

umerical method in [10] , is 0.528596. On the other hand, the

argest entanglement eigenvalue, derived from (4.3) , is 0.471405

nd it costs 0.5890 seconds. So geometric measure of entangle-

ent is 0.528596. 
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Fig. 4. Illustrations of the network (4.3) to find the approximate maximizers of the maximization problem (3.1) with λ1 ∈ { 0 . 1 , 0 . 2 , . . . , 0 . 9 } and φ = π/ 4 . 

Fig. 5. Illustrations of the network (4.3) to find the approximate maximizers of the maximization problem (3.1) with λ1 ∈ { 0 . 1 , 0 . 2 , . . . , 0 . 9 } and φ = π/ 2 . 
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. Conclusion 

In this paper, we consider how to compute the entangle-

ent eigenvalue of multipartite pure states by the theory of the

omplex-valued neural networks. Meanwhile, we also prove that

he solutions of the neural networks described by (4.3) are lo-

ally asymptotically stable in the sense of Lyapunov stability the-

ry. Finally, we can find the global maximizers of the maximization

roblem (3.1) by the neural network described by (4.3) via the nu-

erical examples with high probability. Unfortunately, we cannot

resent a rigorous proof for this statement, which will be our fu-

ure research topic. 
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