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< o�: Is it possible that 
  1×1 ≤ 234567 <  10×10 ? 

 
•  ��: Is it possible that 

  1×1 ≤ 2345 <  10×10  ? 
 
•  ł�: Is it possible that 

  1×1 ≤ 23 <  10×10  ? 

� 
�



¦�

ǆ� Ǉ� ǈ� ǉ� Ǌ� ǋ� Ä�

Ąĭ�

ǅ� Jĭ�



determine  n 

n ¦�

ǆ� Ǉ� ǈ� ǉ� Ǌ� ǋ� Ä�

n Ąĭ�

ǅ� Jĭ�



•  Find the largest single digit integer n so 
that  n×n ≤ 23. 
�ïĎ¸Ńoeþÿ�nǂŧn×nżK¸ąǆǇA�

•  If n=2, n×n=4. (less than 23) 
•  If n=3, n×n=9. (less than 23) 
•  If n=4, n×n=16. (less than 23) 
•  If n=5, n×n=25. (over 23 !!!) 

Therefore n=4. 
�



¦ŤªłąÄQIA�ŤªŰąÄ
QJǂJĭQIǂ¡ĴĄĭA�

ǈ�

����ł�

¦�

ǆ� Ǉ� ǈ� ǉ� Ǌ� ǋ� Ä�

ǈ�

����Ű�

Ąĭ�

ǅ� Jĭ�



£I¦ªłǂưÄA�
4×4=16,  23-16=7. 

ǈ� ¦�

ǆ� Ǉ� ǈ� ǉ� Ǌ� ǋ� Ä�

ǈ� Ąĭ�

ǅ� Jĭ�



ǈ� ¦�

ǋ� ǈ� ǉ� Ǌ� ǋ� Ä�

ǈ� Ąĭ�

ǅ� Jĭ�



ưƂǂpĄĭǂFƛǂJĭ�ƛA�
�pĄĭ:4×2=8. 

ǈ� ¦�

ǋ� ǈ� ǉ� Ǌ� ǋ� Ä�

ǈ�

×2=8 
�

Fƛ�

Ąĭ�

ǅ� �

�ƛ�

Jĭ�



determine  n 
ǈ� n ¦�

ǋ� ǈ� ǉ� Ǌ� ǋ� Ä�

 
�

ǌ�

�

Ąĭ�

n 

ǅ�

�

Jĭ�



• Find the largest single digit 
integer n so that (80+n)×n ≤ 745 
�ïĎ¸Ńoeþÿ�nǂŧ(80+n)×nżK¸ą745�A�

•  If n=7, 87×7=609 (less than 745) 
•  If n=8, 88×8=704 (less than 745) 
•  If n=9, 89×9=801 (over 745 !!!) 
Therefore, n=8. 



àŤI¦|�ǂ`ģ�¦A�Ť|łąĄĭ
QJǂJĭQIǂ¡ĴÖĭA�

ǈ� ǌ�

��������

¦�

ǋ� ǈ� ǉ� Ǌ� ǋ� Ä�

 
�

ǌ�

�

Ąĭ�

ǌ�

������ł�

Öĭ�

ǅ�

�

Jĭ�



Ą@Ö £I¦|�ǂ`ưA�
�88×8=704,    745-704=41. 

ǈ� ǌ�

��������

¦�

ǋ� ǈ� ǉ� Ǌ� ǋ� Ä�

 
�

ǌ�

�

Ąĭ�

ǌ�

������ł�

Öĭ�

ǅ�

�

Jĭ�



ǈ� ǌ�

�������

¦�

ǈ� ǅ� Ǌ� ǋ� Ä�

 
�

ǌ�

�

Ąĭ�

ǌ�

�������

Öĭ�

ǅ�

�

Jĭ�



ƂǂpÖĭǂIßĄĭA�

ǈ� ǌ�

�������

¦�

ǈ� ǅ� Ǌ� ǋ� Ä�

 
�

ǌ�

�

Ąĭ�

ǌ�
×2=16  

Öĭ�

ǅ�

�

Jĭ�



80+16=96. 

ǈ� ǌ�

�������

¦�

�

�

ǈ� ǅ� Ǌ� ǋ� Ä�

 
�

Ǎ� Ǌ� Ąĭ�

Öĭ�

ǅ�

�

Jĭ�



ĄĭFƛǂJĭ�ƛA�

ǈ� ǌ�

�������

¦�

�

�

ǈ� ǅ� Ǌ� ǋ� Ä�

 
�

Ǎ� Ǌ� Ąĭ�

Öĭ�

ǅ�

�

Jĭ�



ǈ� ǌ�

�������
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�

�

ǈ� ǅ� Ǌ� ǋ� Ä�
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�
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ǅ� Jĭ�



determine  n 

ǈ� ǌ�

�������

n ¦�

�

�

ǈ� ǅ� Ǌ� ǋ� Ä�
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�

Ąĭ�
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•  Find the largest single digit integer n 
so that (960+n)×n ≤ 4167 
�ïĎ¸Ńoeþÿ�nǂŧ(960+n)×nżK¸ą4167�A�

•  If n=3, 963×3=2889 (less than 4167) 
•  If n=4, 964×4=3856 (less than 4167) 
•  If n=5, 965×5=4825 (over 4167 !!!) 

Therefore, n=4. 
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ĭQJǂJĭQIǂ¡ČƱĭA�

ǈ� ǌ�

�������

ǈ� ¦�

�

�

ǈ� ǅ� Ǌ� ǋ� Ä�

 
�

Ǎ�

�

Ǌ�

�

Ąĭ�

ǈ� Ʊĭ�

�

�

ǅ� Jĭ�



Ą@Ö@Ʊ £I¦ªǂ`ưÄ�A 
 964×4=3856,   4167-3856=311. 

ǈ� ǌ�

�������

ǈ� ¦�

�

�

ǈ� ǅ� Ǌ� ǋ� Ä�
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�

Ǌ�

�

Ąĭ�

ǈ� Ʊĭ�

�

�

ǅ� Jĭ�



ǈ� ǌ�

�������

ǈ� ¦�

Ǉ� ǅ� ǅ� Ä�

Ǎ� Ǌ� Ąĭ�

ǈ� Ʊĭ�

�

�

ǅ� Jĭ�



ưƂǂpƱĭǂßĄĭA 
ǈ×ǆ=ǌ. 
ǈ� ǌ�

�������

ǈ� ¦�

Ǉ� ǅ� ǅ� Ä�

Ǎ� Ǌ� Ąĭ�

ǈ�
×ǆ=ǌ�

Ʊĭ�

�

�

ǅ� Jĭ�



ǈ� ǌ�

�������

ǈ� ¦�

Ǉ�

�

ǅ� ǅ� Ä�

Ǎ� Ǌ� ǌ� Ąĭ�

ǅ� Jĭ�
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�Fok¼: FoÁzÒĄÿ�(perfect square). 
ī?844561?ŃÒĄę. 

8 4 4 5 6 1 

1 



8 4 4 5 6 1 

1 



8 4 4 5 6 1 

1 



n 

8 4 4 5 6 1 

n 

1 



• Find the largest single digit 
integer n so that n×n ≤ 84. 

• If n=7, n×n=49. (less than 84) 
• If n=8, n×n=64. (less than 84) 
• If n=9, n×n=81. (less than 84) 

Therefore n=9. 
�



9×9=81,  84-81=3. 

9 

8 4 4 5 6 1 

9 
�

1 



9 

3 4 5 6 1 

9 
�

1 



9 

3 4 5 6 1 

9 
×2=18 

1 



9 

3 4 5 6 1 

1 8 

1 



9 n 

3 4 5 6 1 

1 8 n 

1 



• Find the largest single digit 
integer n so that  

 (180+n)×n ≤ 345. 

•  If n=1, 181×1=181 (less than 345) 
•  If n=2, 182×2=364 (over 345 !!!) 
 
Therefore, n=1. 



9 1 

3 4 5 6 1 

1 8 

1 

1 



181×1=181, 345-181=164. 

9 1 

3 4 5 6 1 

1 8 

1 

1 



9 1 

1 6 4 6 1 

1 8 

1 
×2=2 
1 



9 1 

1 6 4 6 1 

1 8 2 

1 



9 1 

1 6 4 6 1 

1 8 2 

1 



9 1 n 

1 6 4 6 1 

1 8 2 

n 

1 



Find the largest single digit integer n so that  
 (1820+n)×n ≤ 16461. 

 
If n=8, 1828×8=14624 (less than 16461) 
If n=9, 1829×9=16461 (exactly equal 16461) 
 
Therefore, n=9. 
Moreover, the answer is a perfect square. 



844561  ŃÒĄęĉ��919. 

9 1 9 

1 6 4 6 1 

1 8 2 

9 

1 



�FoÁzÒĄÿŃk¼�
ī?509796?ŃÒĄę. 

n 

5 0 9 7 9 6 

n 

1 



6×6=36, 7×7=49, 8×8=64 

7 

5 0 9 7 9 6 

7 

1 



50-49=1 

7 

1 9 7 9 6 

7 
×2=14 

1 



7 

1 9 7 9 6 

1 4 

1 



141×1=141, 142×2=284 
7 n 

1 9 7 9 6 

1 4 

n 

1 



197-141=56 

7 1 

5 6 9 6 

1 4 

1 
×2=2 
1 



7 1 

5 6 9 6 

1 4 2 

1 



7 1 n 

5 6 9 6 

1 4 2 

n 

1 



1424×4=5696 
ì`, 509796  ŃÒĄęĉ��714. 

7 1 4 

5 6 9 6 

1 4 2 

4 

1 
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šƣƩǐ(a+b+c) ǐ�235 
šƶŐǐ�N=(a+b+c)2 

ǐ55225�

a2 

b2 

c2 

ab 

ab 

(a+b)c 

(a+b)c 
a=200 

B=30 

C=5 

a b c 



Suppose   N=(a+b+c)2 

¦�

N Ä�

Ąĭ�

1 Jĭ�



a ¦�

N-a2 
Ä�

a Ąĭ�

1 Jĭ�



a+b ¦�

N-a2 -(2a+b)b Ä�

2a Ąĭ�

b Öĭ�

1 Jĭ�



a+b ¦�

N-a2 -(2a+b)b   =   N-(a+b)2 
Ä�

2a+2b  =  2(a+b) Ąĭ�

1 Jĭ�



N=(a+b+c)2 

a+b+c ¦�

N-(a+b)2-[2(a+b)+c]c   = N-(a+b+c)2  =0 
�

Ä�

2(a+b) Ąĭ�

c Ʊĭ�

1 Jĭ�



BSŒŖŶCœª�DÉ×E�O�
Dŭ ŦǂĴK�ƫǂŁ`ƶ£QAE�

�ĊO¬[çÞ�Irrational Numbers (ĵĸÿ��?�
�
�âŃĮĀ�DK`ƶ£Qǂ�Âĭ»�ǂī�áÿA
áÿĵ¡Ŧ`Ĵ�¼ǂ�Fƛ`�ĴĨǂ��ƛ`ł
ĴĨAƛQÚJǂ��ÚŜǂ�Ė�ƲĐìĜQÿǂ
KƔƀQTAE�
�
`�ƞÈÿj ĵĸĄę���
 
dĔĐćŊƌûƉć�ĊO¬[zƶƇƍĵĸÿA�
http://episte.math.ntu.edu.tw/articles/ar/ar_li031201_1/
index.html 



ƫőĄŶ�
�

³√ǒǒǒ�



ƫőĄ? 
BSŒŖŶC?É×�

•  ƫőĄŶČǎŤŐĴÄAqFŖħQǂƓWŔ
AƎìÞǂ`�RìqFŖĴĭǂŧưQA
ưÏǂHQĴÂĭAàưǂóŧJA`HRì
ÞÿŤOŴAàqFŖŤJŴAħQǂOƓF
ǂJƓWŔAàŤƎǂ`FROǂ�RJǂń
�`�ÂĭA`ÂĭưAưÏǂpJ@ÔOß
ÂĭAàưǂóJ»�AƫQKņŦǂZĴK
�ƫAŭŐĐ�ŦǂƝ�y¼ĴÂÄAÂÄP
ƫQǂƂǂƫ�Ĩ`³ưAŭĨK�ƫŦǂ�
`Ĩ�RÂÄǂPƫQAƂǂ_»ĨŧFA��



•  \ĐŐFł|�}Ű|ł}�GËA§
ĴőĄÕfǑ�ŕČǎFłW�HËA� 

•  \ĐŐF�SłX�HË@|�ËQF
A§ĴőĄÕfǑ�ŕČǎF�WË�A� 

•  \ĐŐ}ŰH�ªłFË@XłF�W
�ËQªłª�GA§ĴőĄÕfǑ�
ŕČǎH�SË@|�ËQGA� 

•  �ĐŐFłS�HŰG�Xłª�FË
@W�G�ËQF�GA§ĴőĄÕfǑ
�ŕČǎFłW�ªË@¹�ËA��



Àű¡ÿ¿Ãƒæ�

•  �ĹÒƑĂKƆǂ�ŉ�ÑðĞŵ�ƿBÀ�=ŲĀ
ãCǀAÝM÷ă�űčÓ^¸Ūĉ®1023-1050ÓA 
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ĝƘ®BSŒŖĭŢƺCOƗ
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1.  ÄI¦ŤœFeÞÿA�

2.  �
'��<L0��0x5�ưÄƂA�

3.  à�
'��<�0ǂ�0x5A�

4.  �RJĭxÖǂ�ĄF@ÖW@JHƛA�
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7.  �RJĭxÖǂ�ĄF@ÖW@JHƛǂ»�A�

8.  I¦œHeÞÿǂRJĭxÖǂRÖxĄǂ£I¦
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ǅǎÄI¦ŤœFeÞÿA 

 
�

1 ¦�
1 8 6 0 8 6 7 Ä�

Ą�

Ö�
1 Jĭ�

ł � o 



< o�: Is it possible that 
 1×1×1 ≤ 1860867 <  10×10×10? 

 
•  ��: Is it possible that 

 1×1×1 ≤ 1860 <  10×10×10  ? 
 
•  ł�: Is it possible that 

 1×1×1 ≤ 1 <  10×10×10   ? 

� 
�

Find the largest single digit integer n that  
n×n×n ≤ 1. So, n=1. 



���
'��<L0��0x5�ưÄƂA�
�1 ¦�

�
=1-1×1 

8 6 0 8 6 7 Ä�

1 
=1×1 Ą�

1 
=1×1 Ö�

1 Jĭ�



Ǉǎà�
'��<�0ǂ�0x5A�

1 ¦�
8 6 0 8 6 7 Ä�

3 
=1+1×2 Ą�

2 
=1+1×1 Ö�

1 Jĭ�



ǈǎ�RJĭxÖ�

1 ¦�
8 6 0 8 6 7 Ä�

3 Ą�
3 
=2+1×1 Ö�

1 Jĭ�



�ĄF@ÖW@JHƛA�

1 ¦�
8 6 0 8 6 7 Ä�
3 Ą�

3 Ö�
1 Jĭ�



ǉǎ�ąœFe¦ÿQģǂà¦œWeÞÿǂ`
RJĭxÖǂ�0xĄǂ£I¦ưÄƂA�

1 2 ¦�
1 3 2 8 6 7 Ä�
3 6 4 

�
Ą�

3 2 
=2×1 Ö�

1 Jĭ�

=2×32 

=860-364×2 

Find the largest single digit integer n such that 
  
n× (n×(n×1+30)+300) ≤ 860. So, n=2. 

Jĭ� Ö� Ą�

new Ö�

new Ą�



Ǌǎà�ģ¦��<�0ǂ�0x5A�

1 2 ¦�
1 3 2 8 6 7 Ä�
4 3 2 

�
Ą�

3 4 
=2+2×1 Ö�

1 Jĭ�

=364+2×34 



ǋǎ�RJĭxÖ�

1 2 ¦�
1 3 2 8 6 7 Ä�
4 3 2 Ą�

3 6 
=4+2×1 Ö�

1 Jĭ�



�ĄF@ÖW@JHƛǂ»�A�

1 2 ¦�
1 3 2 8 6 7 Ä�

4 3 2 Ą�
3 6 Ö�

1 Jĭ�



ǌǎI¦œHeÞÿǂRJĭxÖǂRÖ
xĄǂ£I¦ưÄAơņAÞőĄFƶ

QÿA�
1 2 3 ¦�

Ǆ�
�
�

Ä�

ǈ� ǈ� ǆ� ǌ� Ǎ�
�
�

Ą�

Ǉ� Ǌ� Ǉ�
=3×1 Ö�

1 Jĭ�

=43200+3×363 

=132867-3×44289 

Find the largest single digit integer n such that 
  
n× (n×(n×1+360)+43200) ≤ 132867. So, n=3. 

J
ĭ Ö� Ą�

new Ö�

new Ą�



ƫőĄŶŃÿ¿�ĸ�

•  sƃ�a ĉFoþłeÿǂb ĉFoþ�
eÿǂc ĉFoþoeÿǂŧ�N ĉ(a+b+c
)ŃőĄAk»ǂN=1860867ǂa=100ǂb=20ǂ

c=3, N=(a+b+c)3 = (100+20+3)3 = (123)3 A 
•  (a+b)3 =a3+3a2b+3ab2+b3 

                     =a3+[3a2+3ab+b2]×b�

•  (a+b+c)3 =(a+b)3+3(a+b)2c+3(a+b)c2+c3 

                           =(a+b)3+[3(a+b)2+3(a+b)c+c2]×c�



Suppose   N=(a+b+c)3 

¦�

N Ä�

Ą�

Ö�

�

1 Jĭ�



ǅǎÄI¦ŤœFeÞÿA�
ǆǎ�
'��<L0��0x5�ưÄƂA�

a ¦�

N-a2×a = N-a3 Ä�

a×a = a2 Ą�

1×a = a Ö�

�

1 Jĭ�



Ǉǎà�
'��<�0ǂ�0x5A�

a ¦�

N-a3 Ä�

a2+2a×a = 3a2 Ą�

a+1×a = 2a Ö�

�

1 Jĭ�



ǈǎ�RJĭxÖǂ�ĄF@ÖW@JHƛA�

a ¦�

N-a3 Ä�

3a2 Ą�

2a+1×a = 3a Ö�

�

1 Jĭ�



ǉǎ�ąœFe¦ÿQģǂà¦œWeÞÿǂ�

a+b ¦�

N-a3 Ä�

3a2 Ą�

3a Ö�

�

1 Jĭ�



`RJĭxÖǂ�0xĄǂ£I¦ưÄƂA�

a+b ¦�

N-a3-[3a2+3ab+b2]×b = N-(a+b)3 Ä�

3a2+(3a+b)×b = 3a2+3ab+b2 Ą�

3a+1×b = 3a+b Ö�

�

1 Jĭ�



Ǌǎà�ģ¦��<�0ǂ�0x5A�

a+b ¦�

N-(a+b)3 Ä�

3a2+3ab+b2+[3a+2b] ×b = 3(a+b)2 Ą�

3a+b+1×b = 3a+2b Ö�

�

1 Jĭ�



ǋǎ�RJĭxÖǂ�ĄF@ÖW@JHƛǂ
»�A 

�

a+b ¦�

N-(a+b)3 Ä�

3(a+b)2 Ą�

3a+2b+1×b = 3(a+b) Ö�

�

1 Jĭ�



ǌǎI¦œHeÞÿǂ�

a+b+c ¦�

N-(a+b)3 Ä�

3(a+b)2 Ą�

3(a+b) Ö�

�

1 Jĭ�



RJĭxÖǂRÖxĄǂ£I¦ưÄAơņA
ÞőĄFƶQÿA�

a+b+c ¦�

N-(a+b)3-[3(a+b)2+3(a+b)c+c2]×c  
= N-(a+b+c)3 = 0 

Ä�

3(a+b)2+[3(a+b)+c]×c  Ą�

3(a+b)+1×c = 3(a+b)+c Ö�

�

1 Jĭ�



�Fok¼?īǍǊǊǇǉǍǋŃőĄę�

ǅǎÄI¦ŤœFeÞÿA��
�ǆ� ¦�

Ǎ� Ǌ� Ǌ� Ǉ� ǉ� Ǎ� �� Ä�

Ą�

Ö�
ǅ� Jĭ�



ǆǎ�
'��<L0��0x5�ưÄƂA�

ǆ� ¦�
ǅ�
=9-2×4 

Ǌ� Ǌ� Ǉ� ǉ� Ǎ� ǋ� Ä�

ǈ�
ǐǆ×ǆ�

Ą�

ǆ�
ǐǆ×ǅ�

Ö�

ǅ� Jĭ�



３：復以上商乘下法入廉，乘廉入方。
２ 商

１ ６ ６ ３ ５ ９ ７ 實

２
=4+2×4 方

４
=2+2×1 廉

１ 下法

１



ǈǎ�RJĭxÖ�

ǆ� ¦�
ǅ�
 

Ǌ� Ǌ� Ǉ� ǉ� Ǎ� ǋ� Ä�

ǆ�
 Ą�

Ǌ�
=4+2×1 Ö�

ǅ� Jĭ�

ǅ�



�ĄF@ÖW@JHƛA�

ǆ� ¦�
ǅ�
 

Ǌ� Ǌ� Ǉ� ǉ� Ǎ� ǋ� Ä�

ǅ�
 

ǆ� Ą�

�
 

Ǌ� Ö�

ǅ� Jĭ�



ǉǎ�ąœFe¦ÿQģǂà¦œWeÞÿǂ`
RJĭxÖǂ�0xĄ�

ǆ� ǅ� ¦�
ǅ�
 

Ǌ� Ǌ� Ǉ� ǉ�
�

Ǎ� ǋ� Ä�

ǅ�
 

ǆ� Ǌ� ǅ� Ą�

�
 

Ǌ� ǅ�
ǐǅ×ǅ�

Ö�

ǅ� Jĭ�

=1×61 



£I¦ưÄƂA�

ǆ� ǅ� ¦�
�
 

ǈ� Ǆ� ǆ� ǉ�
�

Ǎ� ǋ� Ä�

ǅ�
 

ǆ� Ǌ� ǅ� Ą�

�
 

Ǌ� ǅ� Ö�

ǅ� Jĭ�

=1663-1×1261 



Ǌǎà�ģ¦��<�0ǂ�0x5A�
ǆ� ǅ� ¦�

�
 

ǈ� Ǆ� ǆ� ǉ�
�

Ǎ� ǋ� Ä�

ǅ�
 

Ǉ� ǆ� Ǉ� Ą�

�
 

Ǌ� ǆ�
=1+1×1 Ö�

ǅ� Jĭ�

=1261+1×62 



ǋǎ�RJĭxÖ�

ǆ� ǅ� ¦�
�
 

ǈ� Ǆ� ǆ� ǉ�
�

Ǎ� ǋ� Ä�

ǅ�
 

Ǉ� ǆ� Ǉ� Ą�

�
 

Ǌ� Ǉ�
=2+1×1 Ö�

ǅ� Jĭ�



�ĄF@ÖW@JHƛǂ»�A�
ǆ� ǅ� ¦�

�
 

ǈ� Ǆ� ǆ� ǉ�
�

Ǎ� ǋ� Ä�

�
 

ǅ� Ǉ� ǆ� Ǉ� Ą�

�
 

�
 

Ǌ� Ǉ� Ö�

ǅ� Jĭ�



ǌǎI¦œHeÞÿǂRJĭxÖǂRÖxĄ�

ǆ� ǅ� Ǉ� ¦�
�
 

ǈ� Ǆ� ǆ� ǉ�
�

Ǎ� ǋ� Ä�

�
 

ǅ� Ǉ� ǈ� ǅ� Ǎ� Ǎ� Ą�

�
 

�
 

Ǌ� Ǉ� Ǉ�
=3×1 Ö�

ǅ� Jĭ�

=132300+3×633 



£I¦ưÄAơņAÞőĄFƶQÿA�

ǆ� ǅ� Ǉ� ¦�
�
 

�
�

Ǆ� Ä�

�
 

ǅ� Ǉ� ǈ� ǅ� Ǎ� Ǎ� Ą�

�
 

�
 

Ǌ� Ǉ� Ǉ� Ö�

ǅ� Jĭ�

=402597-3×134199 



ſFvWģĄŏ� 
Solving Quadratic Equation 



BSŒŖŶC�SD�ŨEœW�§�

•  \ĐƤĄKŉ¸Èǂ OƫƪA��ƪ
W�ħĐēA��ƪ�ªħǂóŧŻŴ
F�GłG�XħŽēA§ƤĄÕfǑ� 

•  ŕČǎWłX�ħA� 
•  ŶČǎ`��ƪħÿRŻŴħÿǂpQ

ǂĴÄAÔ��ƪħÿĴßĭǂƫĄ
ưQǂ�ƤĄA�



ƤĄ�

W�ħ�

�ªħ�

F�GłG�Xħ�

ē�



`��ƪħÿRŻŴħÿǂpQǂĴÄA
Ô��ƪħÿĴßĭǂƫĄưQǂ�ƤĄA�

�ƪħÿ�= W�ħ 
ŻŴħÿ�= F�GłG�Xħ 
�ƪħÿ�= �ªħ 
Ä�= 2×�ƪħÿ×ŻŴħÿ�= 71000ħ 
ßĭ�= �ƪħÿ+�ƪħÿ�= 34ħ 
ƤĄ× (ƤĄ+34) = 71000 
 
(ƤĄ)2   +  34 ×ƤĄ��= 71000  
x2 +  ax = b  ƿżī�b>0ǂŇ�ŎSƷQÝǀ 



Ùĸǎ®FoaåŃƩĄÛźŀFěÇžşǂ»
­ìŋA�ǂHžÛ�ŃƶŐŔąHžÛ�Ń
ƶŐA�

�

��

Çžş�

A 

B 

Ƅćǎ�xňŹ�ĸ�



Ùĸǎ®FoaåŃƩĄÛźŀFěÇ
žşǂĬÇžşaåFƾhĢ@Ň{ě
±Ňşò�ƩĄÛ�éªoƖÈŃƩ
ĄÛǂ»­ìŋA�ǂƩĄÛ�ƶŐǐƩĄ
Û�ƶŐA�

�

��

A 

B 

Ģ�

Ň� Çžş�

ƾ�



Ƅćǎ 
 
 
 
 
 
�

�ƩĄÛŷÇžş°�Ĵ{oƶŐňŔŃHžÛǎ�

CƶŐǁAƶŐǁEƶŐ�ǐ�DƶŐǁBƶŐǁFƶŐA 
dĉǂHžÛCƶŐǐHžÛDƶŐA�

�ǂHžÛEƶŐǐHžÛFƶŐA�

ì`ǂƩĄÛAƶŐǐƩĄÛBƶŐA 

A 

B 

C 

D 

E 
F 



A 

B 

ƩĄÛAƶŐǁƩĄÛCƶŐǐƩĄÛBƶŐǁƩĄÛCƶŐ�

C 

ƩĄÛAƶŐǐƩĄÛBƶŐ�
�ĺÙĸ�





D E 

ƩĄÛDƶŐǐƩĄÛEƶŐ�



F 

G 

ƩĄÛGƶŐǐ2 ×ƩĄÛFƶŐ�
ì`�



G 

ƩĄÛ�ƶŐǐƤĄ8�ƤĄ��ƪħÿ��ƪħÿ���

ƤĄ�

W�ħ�

�ªħ�

ƤĄ�



F 

ƩĄÛ�ƶŐ�ǐ��ƪħÿ�8�ŻŴħÿ��

W�ħ�

F�GłG�Xħ�



ļą�������ƩĄÛ�ƶŐǐ��8�ƩĄÛ�ƶŐǂ�
�
ŧ�����������ƩĄÛ�ƶŐǐƤĄ�8��ƤĄ��ƪħÿ��ƪħÿ��
��������������������������������������ǐƤĄ�8��ƤĄ�ßĭ��ǂ�
�
�ǂ������������8�ƩĄÛ�ƶŐǐ���8��ƪħÿ�8�ŻŴħÿǐÄǂ�
�

ì`Þ�����������ƤĄ�8��ƤĄ�ßĭ��ǐ�ÄA�
�
Z�������������������ƤĄ�8��ƤĄ�ßĭ��ǐÄǂ�
�
ê����������������������(ƤĄ)2  + ßĭ×ƤĄ�= Äǂ 
                           (ƤĄ)2  + �
×ƤĄ�= �
			�A 
�



ƫĄưQ�

7 1 0 0 0 

3 4 

1 



< o�: Is it possible that 
   (34+1)×1 ≤ 71000 ≤  (34+9)×9  ? 

 
•  ��: Is it possible that 
   (34+10)×1 ≤ 7100 ≤ (34+90)×9   ? 
 
•  ł�: Is it possible that 
  (34+100)×1 ≤ 710 ≤  (34+900)×9   ? 

� 
�



determine  n 
n� ¦�

ǋ� 1 0 0 0 Ä�

 
�

�

�

3 4 Ąĭ�

n 

ǅ�

�

Jĭ�



•  Find the largest single digit integer n 
so that (100n+34)×n ≤ 710 
�ïĎ¸Ńoeþÿ�nǂŧ(100n+34)×nżK¸ą710�A�

•  If n=2, 234×2=468 (less than 710) 
•  If n=3, 334×3=1002 (over 710!!!) 
Therefore, n=2. 



234×2=468,    710 ̶ 468=242,     2×2=4 
2 ¦�

2 4 2 0 0 Ä�

 
�

�

�

4 3 4 Ąĭ�

2×2 

�

�

1 Jĭ�



determine n 
2 n ¦�

2 4 2 0 0 Ä�

 
�

�

�

4 3 4 Ąĭ�

n 

�

�

1 Jĭ�



•  Find the largest single digit integer n 
so that (10n+434)×n ≤ 2420 
�ïĎ¸Ńoeþÿ�nǂŧ(10n+234)×nżK¸ą2420�A�

•  If n=4, 474×4=1896 (less than 2420) 
•  If n=5, 484×5=2420 (equal 2420) 

Therefore, n=5. 



484×5=2420,    2420 ̶ 2420=0 
2 5 ¦�

0 Ä�

 
�

�

�

4 8 4 Ąĭ�

�

�

1 Jĭ�



2 5 0 

4 8 4 

1 

§ƤĄÕfǑ��ŕČǎWłX�ħA�



DƫĄưQEŃÿ¿�ĸǎ�
ŭżīÞ��������x2 +ßx =Ä�����ŃĦrſ�

sƃ���x = 100a+10b+cǂałeǂb�eǂcoeA�

¦�

Ä Ä�

ß� Ąĭ�

1 Jĭ�



100a ¦�

Ä-(100a+ß)a Ä�

100aǁß Ąĭ�

1 Jĭ�



100a+10b ¦�

Ä-(100a+ß)a -(200a+ß+10b)b Ä�

200a+ß Ąĭ�

10b Öĭ�

1 Jĭ�



100a+10b ¦�

Ä-(100a+ß)a-(200a+ß+10b)b =Ä-
(100a+10b)2-(100a+10b)ß 

Ä�

200a+20b+ß=  2(100a+10b)+ß Ąĭ�

1 Jĭ�



x = 100a+10b+c 

100a+10b+c ¦�

Ä-(100a+10b)2-(100a+10b)ß-[2(100a+10b)+ß+c]c    

=Ä-(100a+10b+c)2 -(100a+10b+c)ß 
ǐÄ-x2 -ßx =0 

ƿ«Ĵ����x2 +ßx =Äǀ�

Ä�

2(100a+10b) Ąĭ�

c Ʊĭ�

1 Jĭ�



�Fk¼���x2 +45x = 20664  

2 0 6 6 4 

4 5 

1 



< o�: Is it possible that 
   (45+1)×1 ≤ 20664 ≤  (45+9)×9  ? 

 
•  ��: Is it possible that 
   (45+10)×1 ≤ 2066 ≤ (45+90)×9  ? 
 
•  ł�: Is it possible that 
  (45+100)×1 ≤ 206 ≤  (45+900)×9 ? 

� 
�



determine  n 
n� ¦�

2 0 6 6 4 Ä�

 
�

�

�

4 5 Ąĭ�

n 

ǅ�

�

Jĭ�



•  Find the largest single digit integer n 
so that (100n+45)×n ≤ 206 
�ïĎ¸Ńoeþÿ�nǂŧ(100n+45)×nżK¸ą206 A�

•  If n=1, 145×1=145 (less than 206) 
•  If n=2, 245×2=490 (over 206!!!) 
Therefore, n=1. 



145×1=145,    206 ̶ 145=61,     1×2=2 
1 ¦�

6 1 6 4 Ä�

 
�

�

�

2 4 5 Ąĭ�

1×2 

�

�

1 Jĭ�



determine n 
1 n ¦�

6 1 6 4 Ä�

 
�

�

�

2 4 5 Ąĭ�

n 

�

�

1 Jĭ�



•  Find the largest single digit integer n 
so that (10n+245)×n ≤ 616 
�ïĎ¸Ńoeþÿ�nǂŧ(10n+245)×nżK¸ą615 A�

•  If n=2, 265×2=530 (less than 616) 
•  If n=3, 275×3=825 (over 616!!!) 

Therefore, n=2. 



265×2=530, 616 ̶ 530=86, 2×2=4 
1 2 ¦�

8 6 4 Ä�

 
�

�

�

2 8 
(=4+4) 

5 Ąĭ�

2×2=4 

�

�

1� Jĭ�



determine n 
1 2 n ¦�

8 6 4 Ä�

 
�

�

�

2 8 5 Ąĭ�

n 

�

�

1� Jĭ�



•  Find the largest single digit integer n 
so that (n+285)×n ≤ 864 
�ïĎ¸Ńoeþÿ�nǂŧ(n+285)×nżK¸ą864 A�

•  If n=2, 287×2=574 (less than 864) 
•  If n=3, 288×3=864 (equal 864) 

Therefore, n=3. 



īÞ�x2 +45x = 20664 ŃĦrſĉ�x =123A�
ƿƜoĄĭNKÆī�¶Foſ�x =�ǃ168ǀA�

1 2 3 ¦�

Ä�

 
�

�

�

2 8 8 Ąĭ�

�

�

1� Jĭ�



��

Ũ�

�ŨÎ�

Ïŉ�ŨŐ��ŨÎǂī�@ŨA�

x2 +  a x = b    (a , b > 0ǀ�

a�ǐ�ŨÎ�

b ǐ�ŨŐ�

®­ÛIŃåť�



�jFo�a < 0 Ńk¼���x2 ǃ45x = 20664  

2 0 6 6 4 

Ɛ� 4 5 

1 



determine  n 
n� ¦�

2 0 6 6 4 Ä�

 
�

�

�

Ɛ 4 5 Ąĭ�

n 

ǅ�

�

Jĭ�



•  Find the largest single digit integer n 
so that (100nǃ45)×n ≤ 206 
�ïĎ¸Ńoeþÿ�nǂŧ(100n+45)×nżK¸ą206 A�

•  If n=1, (100-45)×1=55 (less than 
206) 

•  If n=2, (200-45)×2=310 (over 206!!!) 
Therefore, n=1. 



(100-45)×1=55,    206 ̶ 55=151,     1×2=2 
1 ¦�

1 5 1 6 4 Ä�

 
�

Ɛ�

 
4 5 Ąĭ�

2 
ǐ1×2 

�

�

1 Jĭ�



determine n 
1 n ¦�

1 5 1 6 4 Ä�

 
�

�

�

Ɛ 4 5 Ąĭ�

2 n 

�

�

1 Jĭ�



•  Find the largest single digit integer n so that 
(10nǁ200ǃ45)×n ≤ 1516 
�ïĎ¸Ńoeþÿ�nǂŧ(10n+200-45)×nżK¸ą1516 A�

•  If n=5, (50+200-45)×5=1025 (less than 1516) 
•  If n=6, (60+200-45)× 6=1290 (less than 1516) 
•  If n=7, (70+200-45)× 7=1575 (over 1516!!!) 

Therefore, n=6. 



215×6=1290, 1516 ̶ 1290=226, 6×2=12 
1 6 ¦�

2 2 6 4 Ä�

 
�

�

�

Ɛ 4 
 

5 Ąĭ�

3 
 

 

2 

�

�

1� Jĭ�

6×2=12 
20+12=32 
�



determine n 
1 6 n ¦�

2 2 6 4 Ä�

 
�

�

�

Ɛ 4 5 Ąĭ�

3 2 n 

�

�

1� Jĭ�



•  Find the largest single digit integer n 
so that (n+320-45)×n ≤ 2264 
�ïĎ¸Ńoeþÿ�nǂŧ(n+320-45)×nżK¸ą2264 A�

•  If n=7, (7+275)×7=1974 (less than 2264) 
•  If n=8, (8+275)×8=2264 (equal 2264) 

Therefore, n=8. 



īÞ�x2  ̶ 
�x = 20664 ŃĦrſĉ�x =168A�

1 6 8 ¦�

Ä�

 
�

�

�

Ɛ 4 5 Ąĭ�

3 2 8 

�

�

1� Jĭ�



ŭĐƐmÿąx2FƸ�

�x2 +  a x = b  ƿa , b > 0ǀ�
�

a�ǐ�Ũ¤�
b ǐ�ŨŐ�

�
Ïŉ�ŨŐ��Ũ¤ǂī�@ŨA�

�
�



��

Ũ�

Ũ�

�Ũ¤�

�ŨŐ�

�ŨÎ�



�Àÿ¿ÃĝƘ®]ŃBĻľĩƺRưõĭC
OǂƙƨU�Àÿ¿Ã�ŅŃBƎ�ęĲCO
W�Wo§ƹƿĮǎBƎ�ęĲCFč\Ïº
tǀAŁOZĐWģĄŏA�
�
§ǎŇĻŐ|ł}�ªħǂ�ƳƩƬ~}�ħǂ
ĤwīƬħÞÕfǑ�
ŕČǎW�ªħA�
§ǎĤwīƩħÞÕfǑ�
ŕČǎª�|ħA�
§ǎƩƬÎÕfǑ�
ŕČǎ�WħA�



ŇĻ�
Ʃ�

Ƭ�

Ő|ł}�ª�

Ő|ł}�ªħǂƩƬ~}�ħA�
�
sƃ�x ĴƬħÿǂƩħÿ�Ĵ�
ƿ�	ǃ xǀħA�
�
ì`ǂ�
ŇĻƶŐ�ǐƿ�	ǃ xǀ× x ǐ864ǂ 
�WģĄŏ 
 

ǃ x2 + 60x ǐ�864 
 

ĮǎƐmÿąx2FƸ 
 



ŇĻ�
Ʃ�

Ƭ�

Ƭ�

}�ħ�
Ő|ł}�ª�

ÎĄ�

ƿƩǁƬǀ2 ǐ�4 × ŇĻƶŐ�ǁƿÎĄǀ2 



ƿƩǁƬǀ2 ǐ�4 × ŇĻƶŐ�ǁƿÎĄǀ2 

^xÿ½ǎ�

ƿ60ǀ2 ǐ�4 × 864ǁƿÎĄǀ2 
ì`ǂ 

ƿÎĄǀ2�ǐƿ60ǀ2 ǃ 4 × 864  ǐ144 
 
ƫĄÝǂÞ� 

ÎĄ�ǐ�12ħǐ�ƩǃƬA 
Ƭǐƿ60ǃ12ǀ�9 2 ǐ24ħA 

Ʃǐ 60ǃ 24ǐ36ħA 
 
 
�



ƼģĄŏŃÿrſĭ 
Solving Higher Order Equation 



ŎSƷŃDĦƐƫĄĭE�

�ÿ¿�J�&HIDÊĻīŐEǎ 
(7�.C
:�!.T�K��*4�
#�9��,4�#�9��1�#9
�8H!I/�	�

�1�#9�

*4�#�9�*4�#�9�

4�#�9�4�#�9�





S6��-1;��M<���L%1
O��>%"�P,4"G=G��>
,?��%"P*4"G=G��>
*?���?G=��O��>+��
�?����>3
0��
>EV�
UM<��5�2I�
�UFN��
BM<� 

 
Let             a�*4ǂb�,4ǂc��1ǂ 
then, 
�

2

2
c⎛ ⎞= ⎜ ⎟

⎝ ⎠
半冪2b=小斜冪2a=大斜冪



2 2
2

2 2
c cb

⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

小率

2 2
2

2 2
c ca

⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

大率

22 2 2 2
2 2

2 2 2 2
c c c ca b

⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − −⎢ ⎥ ⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

實

2 2 2 2
2 22

2 2 2 2
c c c ca b

⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + −⎢ ⎥ ⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

從上廉

[%"]P,4"G=G��>,?��

%"P*4"G=G��>*?��

��?G=��O��>+��

��?����>3
0�



2 2
2

2 2
c cb

⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

小率
2 2

2

2 2
c ca

⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

大率

x = +大率 小率

2 2 2 2 2 2 2 2
2 2 2 2 22

2 2 2 2 2 2 2 2
c c c c c c c c

x a a b b
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + − − + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

Squaring both sides, we have 



( )
2 2 4

4 2 2 2 2 22 2 0
2 2 2
c c c

x a b x a b
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞− + − + − − =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

2 2 2 2 2
2 2 2 2 22

2 2 2 2 2
c c c c c

x a b a b
⎡ ⎤⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎢ ⎥= − + − + − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

2 2 2 2 2
2 2 2 2 22 2

2 2 2 2 2
c c c c c

x a b a b
⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − + = − −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

Squaring both sides, we have  

Re-arranging, we get 

Factorizing, we have 



Q6�L1�#9��%��2
#���O�
�2�D�#��>%"��,4�#�9
O��2 D�#��>,4"�P%"G=
��)D�P%"�D�#�G�2�R9>
,?�L*4�#�9O��2
$�D�#

>*4"�P%"�D�#�G=��
$
�D�# �P%"�D�#�G��2�#
�R
$ D�>*?��,?�R=*?�
��#R
$ D�O��2)D �)$�
D�# R�>+��,?�R��*?�#
�R
$ D�2�#�R
$ D����
2�# R�$�D�>3
0��
>EV
�U@AM<��5��

40642560000=實763200=從上廉



•  a�*4ǐ39ħ 
•  b�,4ǐ25ħ 
•  c��1ǐ30ħ 

4 2763200 40642560000 0x x− + − =
3
0� Ä�

,?=900009�

*?=291600ħ�

The author chose not to compute x directly by 
but rather, using it as an example for solving a 4th order polynomial,  
namely, UM<��5or U@AM<��5. 

x = +大率 小率





�
>EV�U@AM<��5�

¦�

ǃ� 4 0 6 4 2 5 6 0 0 0 0 Ä�

0 ųĄ�

7 6 3 2 0 0 ßIÖ�

0 ųJÖ�

ǃ� 1 ŅƱ�



ħĭ,P`ßÖƓFe,ŅƱƓHe,ś¦Þ�,\�Ɠ
ƞ,P¦ŤłA�ßIÖĴG�}uH�WłŰ,�

ŅƱĴFu,�
u�

ł � o 
¦�

ǃ� 4 0 6 4 2 5 6 0 0 0 0 ƐÄ�

0 ųĄ�

ǁ� 7 6 3 2 0 0 ßIÖ�

0� ųJÖ�

ǃ� 1 ŅƱ�

u (100)4 
(¦łe) 

Ű (10)4 
(¦�e) 

o (1)4 
(¦oe) 

x102 

x104 

x106 

x108 



ƜňŁą²ŴƏù��x ǐ 100y 
ǃ�x4 ǁ 763200x2 ǃ 40642560000 ǐ 0 
ǃ�(100y)4ǁ 763200(100y)2 ǃ 40642560000 ǐ 0 
ǃ�100000000y4ǁ 7632000000y2 ǃ40642560000 ǐ 0 

u� ł � o 
¦�

ǃ� 4 0 6 4 2 5 6 0 0 0 0 ƐÄ�

0 ųĄ�

ǁ� 7 6 3 2 0 0 0 0 0 0 ßIÖ�

0� ųJÖ�

ǃ� 1 0 0 0 0 0 0 0 0 ŅƱ�



śÄ,Ť¦|ł,ĴÂ¦A�

u� 8ł ¦�

ǃ� 4 0 6 4 2 5 6 0 0 0 0 ƐÄ�

0 ųĄ�

ǁ� 7 6 3 2 0 0 0 0 0 0 ßIÖ�

0� ųJÖ�

ǃ� 1 ŅƱ�

u 
(¦łe) 

o 
(¦oe) 

ƕ8e�

Ű 
(¦�e) 



`�¦ĹŅƱ,Þ|u,ĴŅJÖA�`¦ĹJÖ,Þ}�ªu,ĴŅIÖA�

u� 8ł ¦�

ǃ� 4 0 6 4 2 5 6 0 0 0 0 ƐÄ�

0 ųĄ�

ǁ� 7 6 3 2 0 0 0 0 0 0 ßIÖ�

ǃ� 6 4 0 0 0 0 0 0 0 0 ŅIÖ�

ǃ� 8 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



ūßIÖG�}uH�WłŰňİ�ßIÖg�WuH�WłŰ��

u� 8ł 
¦�

ǃ� 4 0 6 4 2 5 6 0 0 0 0 ƐÄ�

0 ųĄ�

ǁ� 1 2 3 2 0 0 0 0 0 0 ßIÖ�

ǃ� 8 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



�ū¦ňĹ,ÞS�|u�X�}łŰ,ĴßĄA�

u� 8ł 
¦�

ǃ� 4 0 6 4 2 5 6 0 0 0 0 ƐÄ�

ǁ� 9 8 5 6 0 0 0 0 0 0 ßĄ�

ǁ� 1 2 3 2 0 0 0 0 0 0 ßIÖ�

ǃ� 8 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



�ū¦ňĹ,ÞGł|�|uª�|łŰ,ĴĦŐAūvÄªł}uª�
WłX�}Űňİ,ĦŐgHł|�WuXłª�ªŰ,ĴĦÄA�

u� 8ł 
¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǁ� 9 8 5 6 0 0 0 0 0 0 ßĄ�

ǁ� 1 2 3 2 0 0 0 0 0 0 ßIÖ�

ǃ� 8 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



��`ŅƱFu,ū¦ňĹ,Þ|u´xŅJÖ,Ĵ�}u,�`ŅJÖū¦ň
Ĺ,ÞFłW�|u,ĴŅIÖA�

u� 8ł 
¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǁ� 9 8 5 6 0 0 0 0 0 0 ßĄ�

ǁ� 1 2 3 2 0 0 0 0 0 0 ßIÖ�

ǃ� 1 2 8 0 0 0 0 0 0 0 0 ŅIÖ�

ǃ� 1 6 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



P`ŅIÖūßIÖF�WuH�WłŰňİ,gFł�F�Xu}�|ł
Ű,ĴŅIÖA�

u� 8ł 
¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǁ� 9 8 5 6 0 0 0 0 0 0 ßĄ�

ǃ� 1 1 5 6 8 0 0 0 0 0 0 ŅIÖ�

ǃ� 1 6 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



�ū¦ňĹ,ÞSłW�Xuª�ªłŰ,ĴŅĄA�
u� 8ł 

¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǁ� 9 8 5 6 0 0 0 0 0 0 ßĄ�

ǃ� 9 2 5 4 4 0 0 0 0 0 0 ŅĄ�

ǃ� 1 1 5 6 8 0 0 0 0 0 0 ŅIÖ�

ǃ� 1 6 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



ūßĄS�|uX�}łŰňİ,ŅĄg|łW�}u|�|łŰ,ĴŅĄA�

u� 8ł 
¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 8 2 6 8 8 0 0 0 0 0 0 ŅĄ�

ǃ� 1 1 5 6 8 0 0 0 0 0 0 ŅIÖ�

ǃ� 1 6 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



�`¦ĹŅƱFu,Þ|uA´xŅJÖÞW�ªuA�

u� 8ł 
¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 8 2 6 8 8 0 0 0 0 0 0 ŅĄ�

ǃ� 1 1 5 6 8 0 0 0 0 0 0 ŅIÖ�

ǃ� 2 4 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



�`¦ňĹ,ÞFłS�WuAxŅIÖ,ÞHłGu}�
|łŰĴŅIÖA�

u� 8ł 
¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 8 2 6 8 8 0 0 0 0 0 0 ŅĄ�

ǃ� 3 0 7 6 8 0 0 0 0 0 0 ŅIÖ�

ǃ� 2 4 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



�`¦ĹŅƱFu,Þ|u,xŅJÖ
,ÞH�WuĿA�

u� 8ł 
¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 8 2 6 8 8 0 0 0 0 0 0 ŅĄ�

ǃ� 3 0 7 6 8 0 0 0 0 0 0 ŅIÖ�

ǃ� 3 2 0 0� 0 0 0 0 0 0 ŅJÖ�

ǃ� 1 0 0� 0 0 0 0 0 0 ŅƱ�



<  `�¦ĹŅƱ�Þ|u�ĴŅJÖA�`¦ĹJÖ�Þ}�ªu�ĴŅIÖA�
<  ūßIÖG�}uH�WłŰňİ�ßIÖg�WuH�WłŰ��
<  �ū¦ňĹ�ÞS�|u�X�}łŰ�ĴßĄA�
<  �ū¦ňĹ�ÞGł|�|uª�|łŰ�ĴĦŐAūvÄªł}uª�Wł

X�}Űňİ�ĦŐgHł|�WuXłª�ªŰ�ĴĦÄA�
<  ��`ŅƱFu�ū¦ňĹ�Þ|u´xŅJÖ�Ĵ�}u��`ŅJÖū¦ňĹ�

ÞFłW�|u�ĴŅIÖA�
<  P`ŅIÖūßIÖF�WuH�WłŰňİ�gFł�F�Xu}�|łŰ

�ĴŅIÖA�
<  �ū¦ňĹ�ÞSłW�Xuª�ªłŰ�ĴŅĄA�
<  ūßĄS�|uX�}łŰňİ�ŅĄg|łW�}u|�|łŰ�ĴŅĄA�
<  �`¦ĹŅƱFu�Þ|uA´xŅJÖÞW�ªuA�
<  �`¦ňĹ�ÞFłS�WuAxŅIÖ�ÞHłGu}�|łŰĴŅIÖA�
<  �`¦ĹŅƱFu�Þ|u�xŅJÖ�ÞH�WuĿA�

ìĐIƚƜYňŁą²ŴƏù���
z ǐ�y ǃ 8�



z ǐ�y ǃ 8�
 ǃ�100000000y4ǁ�7632000000y2 ǃ40642560000 ǐ 0 

 

(z+8) 4�ǐ�z 4 + 4z 3×8+ 6z 2×82 + 4z×83 + 84  
           ǐ�z 4 + 32z 3+ 384z 2 + 2048z + 4096  
(z+8) 2�ǐ�z 2 + 2×z ×8+ 82�ǐ�z 2 + 16z + 64 
 

a4z4+a3z3+a2z2+a1z+a0=0 
a4= ǃ�100000000 
a3=�ǃ�3200000000 
a2=�ǃ�38400000000+7632000000 = ǃ30768000000 
a1=�ǃ�204800000000+7632000000 × 16 = ǃ82688000000 
a0=�ǃ40642560000 ǃ�409600000000 + 7632000000 × 64  
    = 38205440000 



a4z4+a3z3+a2z2+a1z+a0=0�

¦�

a0 = 38205440000�
Ä�

a1= ǃ82688000000�
Ą�

a2= ǃ30768000000�
IÖ�

a3=�ǃ�3200000000�
JÖ�

a4= ǃ�100000000�
Ʊ�



�ŅĄFƛ,Ĵ|�Wu}�|ł|�Ű,ŅIÖ�ƛ,ÞHu
Gł}�|Ű,ŅJÖHƛ,ÞHłW�Ű,ŅƱªƛ,ĴFŰĿA�

u� 8ł 
¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 8 2 6 8 8 0 0 0 0 0 ŅĄ�

ǃ� 3 0 7 6 8 0 0 0 0 ŅIÖ�

ǃ� 3 2 0 0� 0 0 0 ŅJÖ�

ǃ� 1 0 0 0 0 ŅƱ�

ƛ4e�



•  �ŅĄFƛ,Ĵ|�Wu}�|ł|�Ű,ŅIÖ�ƛ,ÞHuGł}
�|Ű,ŅJÖHƛ,ÞHłW�Ű,ŅƱªƛ,ĴFŰĿA 

ňŁą²ŴƏù���
wǐ�
	z  

a4z4+a3z3+a2z2+a1z+a0=0 
a4= ǃ�100000000                                w 4 =(10z) 4=10000z4 
a3=�ǃ�3200000000                              w 3 =(10z) 3=1000z3 
a2=�ǃ30768000000                             w 2 =(10z) 2=100z2 
a1=�ǃ82688000000                              w  =(10z) 1=10z 
a0= �38205440000 
                                      b4w4+b3w3+b2w2+b1w+w0=0 
                                      b4= ǃ�10000 
                                      b3=�ǃ�3200000 
                                      b2=�ǃ307680000 
                                      b1=�ǃ8268800000 
                                      b0= �38205440000 



b4w4+b3w3+b2w2+b1w+b0=0�

¦�

b0 = 38205440000�
Ä�

b1= ǃ8268800000�
Ą�

b2= ǃ307680000�
IÖ�

b3=�ǃ�3200000�
JÖ�

b4= ǃ�10000�
Ʊ�



PśĦÄ,ţŤ¦ª�ħA�

u� 8ł 4� ¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 8 2 6 8 8 0 0 0 0 0 ŅĄ�

ǃ� 3 0 7 6 8 0 0 0 0 ŅIÖ�

ǃ� 3 2 0 0� 0 0 0 ŅJÖ�

ǃ� 1 0 0 0 0 ŅƱ�



ūŅƱFŰňĹ,ÞªŰ,xŅJÖĴHłW�ªŰA�

u� 8ł 4� ¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 8 2 6 8 8 0 0 0 0 0 ŅĄ�

ǃ� 3 0 7 6 8 0 0 0 0 ŅIÖ�

ǃ� 3 2 4 0� 0 0 0 ŅJÖ�

ǃ� 1 0 0 0 0 ŅƱ�



�ū¦ňĹ,ÞF�WłS�}ŰAxŅIÖy,ĴHuW�
}�ªŰA�

u� 8ł 4� ¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 8 2 6 8 8 0 0 0 0 0 ŅĄ�

ǃ� 3 2 0 6 4 0 0 0 0 ŅIÖ�

ǃ� 3 2 4 0� 0 0 0 ŅJÖ�

ǃ� 1 0 0 0 0 ŅƱ�



�ū¦ňĹ,ÞF�Wu|�WłX�}ŰAxŅ(�
č:Ņ;ƈĴ:ß;)Ąy,ĴS�XuX�FłH�}ŰA�

u� 8ł 4� ¦�

ǁ� 3 8 2 0 5 4 4 0 0 0 0 ĦÄ�

ǃ� 9 5 5 1 3 6 0 0 0 0 ŅĄ�

ǃ� 3 2 0 6 4 0 0 0 0 ŅIÖ�

ǃ� 3 2 4 0� 0 0 0 ŅJÖ�

ǃ� 1 0 0 0 0 ŅƱ�



P£Iţ¦ª�,ưÄơņA�
ƿ9551360000×4ǐ38205440000ǀ�

ŅĄ�����¦���������������Ä�

u� 8ł 4� 0 ¦�

0 0 0 0 0 0 0 0 0 0 0 ĦÄ�

ǃ� 9 5 5 1 3 6 0 0 0 0 ŅĄ�

ǃ� 3 2 0 6 4 0 0 0 0 ŅIÖ�

ǃ� 3 2 4 0� 0 0 0 ŅJÖ�

ǃ� 1 0 0 0 0 ŅƱ�



ưÄơņ, thus, w=4. 

•  y ǐ�x/100 
•  z ǐ�y ǃ 8 
•  wǐ�
	z 
Therefore,  
 4100(8 ) 840

10
x = + =



The Ruffini–Horner method 

•  Paolo Ruffini (1765–1822) 
•  William Horner (1786–1837) 
•  �Àÿ¿Ãƒæ(ca.1010–ca.1070) 

•  Let f be a function and let n be an integer. 
•  If f (x) has a root in the interval [n, n + 1), then 

f (x + n) has a corresponding root in [0, 1). We 
call this translation by n. 



•  If                        is a polynomial of degree d 
with integer coefficients, then                                  
is also a polynomial of degree d with integer 
coefficients. 

•  If p(x) is a polynomial of degree d and has a 
root in [0, 1), then              has a corresponding 
root in [0, 10). We call this dilation by 10. 

0
( )

d
i

i
i

p x a x
=

=∑

0
10 ( ) 10

10

d
d d i i

i
i

x
p a x−

=

=∑

10 ( )
10

d x
p



•  Thus, given a polynomial with a root m in 
[n, n + 1), translating by n and dilating by 
10 produces a related polynomial with a 
root in [0, 10). 

•  Moreover, 
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Synthetic Division 
1 2 2 1 0
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To evaluate p(b) we multiply an by b, add an−1, multiply by b, add an−2, and 
so forth. 

b an an-1 an-2 ………… a0 

anb anb2+an-1b ………… anbn+…..+a1b 
an anb+an-1 anb2+an-1b+an-2 ………… anbn+…..+a1b+a0 

Example: Consider F(2), where F(x) = x3 + 2x2 + 3x − 24 

2 1 2 3 -24 
2 8 22 

1 4 11 -2 

Thus, F(2) = -2. 



translation by n 

2 1 2 3 -24 
2 8 22 

1 4 11 -2 
2 12 

1 6 23 
2 

1 8 

Example: Again, consider  F(x) = x3 + 2x2 + 3x − 24 

translating  F(x) by 2,    we have   x3 + 8x2 + 23x -2 

F(x) = x3 + 2x2 + 3x − 24 = (x-2)(x2 + 4x+11) − 2 
                                        = (x-2)[(x-2)(x+6)+23] − 2 
                                        = (x-2)[(x-2)[(x-2)+8]+23] − 2 



x3 + 2x2 + 3x − 24 x - 2 

x2 + 4x + 11 

x3 � 2x2  

4x2 + 3x − 24 
4x2 � 8x 

11x − 24 
11x − 22 

− 2 

x3 + 2x2 + 3x − 24 = (x-2)(x2 + 4x+11) − 2 



x2 + 4x + 11 x - 2 

x + 6 

x2 � 2x  

6x + 11 
6x − 12 

23 

x + 6 x - 2 

1 

x � 2  

8 

x2 + 4x + 11 = (x-2)(x+6)+23 

x + 6 = (x-2)+8 



dilation by 10 

Example: Again, consider  F(x) = x3 + 2x2 + 3x − 24 

1 2 3 -24 
Dilation by 10 

1 20 300 -24000 



Example 
3 23 5 1906869 0x x x+ + − =



x3 x2 x1 x0 

1 1 3 5 -1906869 
1 4 9 

1 4 9 -1906860 negative 

10 1 3 5 -1906869 
10 130 1350 

1 13 135 -1905519 negative 

100 1 3 5 -1906869 
100 10300 1030500 

1 103 10305 -876369 negative 

1000 1 3 5 -1906869 
1000 1003000 1003005000 

1 1003 1003005 1001098131 Positive !!! 

3 23 5 1906869 0x x x+ + − =Example 



1 10 100 

1000 

negative 

positive 

The graph of the polynomial must be intersecting the x-axis  somewhere  
between 100 and 1000, thus 
There must be a root somewhere between 100 and 1000 



x3 x2 x1 x0 

1 3 5 -1906869 
x:=100x 1000000 30000 500 -1906869 

1 1000000 30000 500 -1906869 
1000000 1030000 1030500 

1000000 1030000 1030500 -876369 negative 

2 1000000 30000 500 -1906869 
2000000 4060000 8121000 

1000000 2030000 4060500 6214131 positive!!! 



1 10 100 

1000 

1 

10 

x:=100x 

1 

10 

negative 

2 

positive 



x3 x2 x1 x0 

1000000 30000 500 -1906869 

1 1000000 30000 500 -1906869 
1000000 1030000 1030500 

1000000 1030000 1030500 -876369 
1000000 2030000 

1000000 2030000 3060500 
1000000 

1000000 3030000 

1000000 3030000 3060500 -876369 



1 

10 

negative 

2 

positive 

1 0 

translation by 1 



x3 x2 x1 x0 

1000000 3030000 3060500 -876369 
dilation 1000000 30300000 306050000 -876369000 

1 1000000 30300000 306050000 -876369000 
1000000 31300000 337350000 

1000000 31300000 337350000 -539019000 negative 

2 1000000 30300000 306050000 -876369000 
2000000 64600000 741300000 

1000000 32300000 370650000 -135069000 negative 

3 1000000 30300000 306050000 -876369000 
3000000 99900000 1217850000 

1000000 33300000 405950000 341481000 positive!!! 



10 0 

dilation by 10 

1 0 

10 0 

2 

3 

positive 

negative 



x3 x2 x1 x0 

1000000 30300000 306050000 -876369000 

2 1000000 30300000 306050000 -876369000 
2000000 64600000 741300000 

1000000 32300000 370650000 -135069000 
2000000 68600000 

1000000 34300000 439250000 
2000000 

1000000 36300000 

1000000 36300000 439250000 -135069000 



2 

3 

0 

translation by 2 

1 



x3 x2 x1 x0 

1000000 36300000 439250000 -135069000 
dilation 1000000 363000000 43925000000 -135069000000 

2 1000000 363000000 43925000000 -135069000000 
2000000 730000000 89310000000 

1000000 365000000 44655000000 -45759000000 negative 

3 1000000 363000000 43925000000 -135069000000 
3000000 1098000000 135069000000 

1000000 366000000 45023000000 0 Zero!!! 

3 23 5 1906869 0x x x+ + − =Thus, numerical solution to is x=123. 



10 0 

dilation by 10 

1 0 

0 

3 

zero 


