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* Note that the square root of a positive integer 1s
either an integer or an irrational number.
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Wang Ling & Joseph Needham, “Horner’'s Method in
Chinese Mathematics; Its Origins in the Root-Extraction
Procedures of the Han Dynasty”, T'oung Pao, vol.43, pp.
345-401, 1955.(Square-root of 55225 and cube-root of 1860867).
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Lam Lay Yong, “The Geometrical Basis of the Ancient
Chinese Square-root Method’, Isis, Vol.61, No.1,pp.
92-102, 1970.
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. Is 1t possible that

1x1<234567< 10x10? O B

* 1+ : Is it possible that

——

1x1 <2345 < 10x10 ?

. Is 1t possible that
Ix1 <23 < 10x10 ?
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* Find the largest single digit integer n so

that nxn < 23.
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o [f n=2, nxn=4. (less t

nan 23)

o If n=3, nxn=9. (less t
o If n=4, nxn=16. (less

nan 23)
than 23)

o If n=5, nxn=235. (over 23 !!!)

Theretore n=4.
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* Find the largest single digit

integer n so that (80+n)xn < 745
BOBAHIERIAES n > (80 nZER K745 -

o I[f n=7, 87x7=609 (less than 745)
o [f n=8, 88x8=704 (less than 745)
» I[f n=9, 89x9=801 (over 745 !1!)

Theretfore, n=8.
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* Find the largest single digit integer n

so that (9

60+n)xn < 4167
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o [f n=3, 963x3=2889 (less than 4167)
» [f n=4, 964x4=3856 (less than 4167)
o [f n=5, 965%5=4825 (over 4167 !!!)

Therefore,

n=4.



BE Ll DIXXH] - BlE
/L\Z_ > /AZ_E % :

4 3 4

4 1 6 !

9 6 FA
4 fEA
1 A




77~ BE -~ fE&an Bpgld > DIBRE o
964><4 3856, 4167 3856=311.

/Lil

4 3 4 i

I}

PARZS

P A

NA




8 ]
1 "
6 FA

PEA
A




A =1 e s pr

4x2=3.
4 3 4
3 1 1
9 |6 Jish
1 [EEhr
x2=8
1 NA




V234567 ~ 484

311

903
4 18 |4 G5
3 |1 |1 o
9 |6 |8 775%
1 Tk
Actually 234567 = (484)° + 311




FS—EHF: —{E 58 2= I78 (perfect square).
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 Find the largest single digit
integer n so that nxn < 84.

o [f n=7, nxn=49. (less than 84)
o [f n=8, nxn=64. (less than 84)
e [ n=9, nxn=81. (less than 84)

Theretore n=9.



9x9=81, 84-81=3.
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* Find the largest single digit
integer n so that

(180+n)*xn < 345.

o [f n=1, 181x1=181 (less than 345)
o [f n=2, 182%2=364 (over 345 !!!)

Theretore, n=1.






181x1=181, 345-181=164.
















Find the largest single digit integer n so that
(1820+n)*xn < 16461.

If n=8, 1828%8=14624 (less than 16461)
If n=9, 1829x9=16461 (exactly equal 16461)

Therefore, n=9.

Moreover, the answer 1s a perfect square.
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- {[& : Is it possible that
[x1x1 < 1860867 < 10x10x1020 I

* 1+ : Is it possible that
Ix1x1 <1860 < 10x10x10 2 O €
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* 7 : Is 1t possible that
Ix1x1 <1< 10x10x10 ? O €

Find the largest single digit integer n that
nxnxn < 1. So, n=1.
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Solving Quadratic Equation
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- {[&] : Is it possible that
(34+1)x1 <71000 < (34+9)x9 2 O B

» + : Is it possible that
(34+10)x1 < 7100 < (34+90)x9 2 ) 4
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* 7 : Is 1t possible that
(34+100)x1 <710 < (34+900)x9 20 €—




determine n

ﬂ
o
o
o
il

3 4 Padrn




* Find the largest single digit integer n

so that (100n+34)xn <710
PRI ENL R n > 11(100n+34)xn A KGRT10 -

o [f n=2, 234%2=468 (less than 710)
 [f n=3, 334%x3=1002 (over 710!!!)

Theretore, n=2.



234x2=468, 710—468=242, 2x2=4
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* Find the largest single digit integer n

so that (10n+434)xn < 2420
PRI EALEEE n > (f1(10n+234)xnZA KJR2420 -

o [f n=4, 474x4=1896 (less than 2420)
o [f n=5, 484x5=2420 (equal 2420)

Therefore, n=5.
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- {[&] : Is it possible that
(45+1)x1 <20664 < (45+9)x9 2 O ¢

» + : Is it possible that
(45+10)x1 < 2066 < (45+90)x9 ? ) 4
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* 7 : Is 1t possible that
(45+100)x1 <206 < (45+900)x9 ? O€—
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* Find the largest single digit integer n

so that (100n+45)xn <206
TR AR EL R n > 11(100n+45)xnZEA K206

o [f n=1, 145x1=145 (less than 206)
o [f n=2, 245%2=490 (over 206!!!)

Theretore, n=1.



145x1=145, 206—145=61, 1x2=2
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* Find the largest single digit integer n

so that (10n+245)xn <616
RE ARV E AL EEE n > f1(10n+245)xnZAKJR615 -

o [f n=2, 265%x2=530 (less than 616)
o [f n=3, 275%3=825 (over 616!!!)

Therefore, n=2.



265x2=530, 616—530=86, 2x2=4

1 |2 7
8 |6 |4 B
2 |8 |5 773k
(=4+4)
2x2=4
1 A




determine n

e

FA

RS




* Find the largest single digit integer n

so that (n+285)xn < 864
A ARHELFEE n > [(n+285)nZEA K864 -

o [f n=2, 287%x2=574 (less than 864)
 [f n=3, 288%3=864 (equal 864)

Therefore, n=3.



KB x2 +45x = 20664 N TFEES: x =123 -
CGEEFENAZ K EI—{EfE x = —168) -

1 2 3 (]
—

"
2 |8 |8 Tk




FEFE EH =R

X+ ax=b @ b>0

a =rfEE
b =5 EtE

v

ERIVBIRAR fe AR A » SKB) ~ B

— i —



a <0 BB+ x? —45x = 20664




determine n
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o
»
esaas
N
il

@ 14 |5 ik

1 A




* Find the largest single digit integer n

so that (100n—45)xn <206
TR AR EL R n > 11(100n+45)xnZEA K206

» [f n=1, (100-45)x1=55 (less than
206)

. If n=2, (200-45)x2=310 (over 206!!!)
Theretore, n=1.



(100-45)x1=55, 206-55=151, 1x2=2

1 g

e

FA

RS




determine n

e

FA

RS




* Find the largest single digit integer n so that
(10n+200—45)xn <1516

REAHIENEEEL n > M7 (10n+200-45)*nZAKFL1516 -

« If n=5, (50+200-45)x5=1025 (less than 1516)
« If n=6, (60+200-45)x 6=1290 (less than 1516)
e Ifn=7, (70+200-45)x 7=1575 (over 1516!!")

Therefore, n=6.



215%6=1290, 1516—1290=226, 6x2=12

1 6 &g
2 6 "
= |4 Vabrs
3 2

6x4=12

20412=32

RS




determine n

1 6 P
2 12 |6 |4 =

%45[ i

1 RS




* Find the largest single digit integer n

so that (n+320-45)xn < 2264
TR AR EL R n > 11 (n+320-45)<nZ A KJR2264 -
e If n=7, (7+275)x7=1974 (less than 2264)

. If n=8, (8+275)x8=2264 (equal 2264)

Therefore, n=8.



K15 x2 —45x = 20664 HyIF{EfFEE x =168
1 8 i
"
& 5 ik
3 3
1 T




= BGREx—IH
—x*+ ax=b (a,b>0)

a = KR H
b ="rIfctE

ELRI A AR R BIRCAT > 3R] ~ Fi
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153

€

fE—>

HH

VANEPaw il

AN PN A BRI = -ty o

e x FafE P8 R
(60— x) 3 o

FrLL

BHHERE = (60— x) xx =864 >
R 254

— x?+ 60x = 864

T BIRE Y —IH



i

FE—>

< ->
HH By
B A =7
(£&+Fd) 2 =4x EHMEA

R+ () °



(E+FH) 2 =4 x HHERE + (£5) 2
RAEF

(60) 2 =4 x864+ (E)) ?2
FrLL

(ZFH)2=(60) 2 —4x864 =144

Bt -
=) = 128=K—FH -

fH= (60—12) +2 =24 -
E= 60— 24=36% -
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Solving Higher Order Equation




ZILEARY | IEER

(B2 LE) G=1F TRHKRE,
FIAT PR — B, HORRASE, MR =
TILD, PZRE +£/, =
AR RN H AT 28 40T 2

Kt =+P KRB =4I

il
Sk

Prt

L

nrh

g =+2
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99, AR
INFR L DL B R AR O R, &
KR UM, KER, AH.
R, 52, AR DA,
L=, AR —BEE, A
TR
Let a= Kt > b=/MRt > e="P %
then,

M= P

KAVaE =a’

DO | O
N~ —



[2- 5 /R AR 3, RN

LM, RE%, MHE.

=1,

C
H=1=
2

W, B, At LRk

i R

Z{=2<

r

77

)

g f A MM, AkE, kXK =(=Z







Factorizing, we have

Re-arranging, we get

S S B S

Squaring both sides, we have

r

—x" +2(£)
2

2(2




BE. BRE=, Lk, B+, LA
, B_A—1 1, A¥E. U TRP
H, S E 10, A/DRE. EEZEE
, RDUE, BRE AR LS A
N, BRFI=TIUHE, BF—FHAE -1
*ﬁaﬁﬂ% BB = -+ FHAHE, & —TF
BTN, BEYE T/ TR, B+
JLE—TFI7NH, &REFE. U/NRILERORE,
ST E—TNE, HE, BUEAENT
HAT/NE, AE. UNRILE, \‘?jii*ﬂb
NE—TAE, A=+ N\E—TXNE, B2
BrtANE=TH, AN EE. U—2%&%

, FHIRHERIE =R .
e B =763200  'H =40642560000




¢ a:j(fﬁi» 39
° b:/J\ﬁ::i» 25
° (= | % 30

/NZ=9000075
K& =291600

F ¥ &

—x* +763200x" — 40642560000 =0

1€ I B =

The author chose not to compute x directly by * = VA + K
but rather, using it as an example for solving a 4" order polynomial,
namely, Bi#HvE =3 J7or GRS TERNE =37 .
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z=y — 8
— 100000000y*+ 7632000000y? —40642560000 = O
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= z% + 3223+ 38422 + 2048z + 4096
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a;,= — 3200000000

a,= — 38400000000+7632000000 = — 30768000000

a,;= — 204800000000+7632000000 x 16 = — 82688000000
a,= —40642560000 — 409600000000 + 7632000000 x 64

= 38205440000
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a, = 38205440000 ]
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R i 5, thus, w=4.

e y=1x/100
e z=ypy— 38
e w= 10z
Therefore,

¥ =100(8 + —) = 840
10



The Ruffini-Horner method

* Paolo Ruffini (1765—1822)
« William Horner (1786—1837)

« JEREEEFEFE (ca.1010—ca.1070)

* Let fbe a function and let n be an integer.

* If /(x) has a root 1n the interval [n, n + 1), then
f(x + n) has a corresponding root in [0, 1). We
call this translation by #.



o If P= Eax is a polynomial of degree d
with 1nteger coefficients, then 10”’19( )" 261 10 %'
1s also a polynomial of degree d Wlth integer
coefficients.

* If p(x) 1s a polynomial of degree d and has a
root 1n [0, 1), then 10 p(%) has a corresponding
root 1n [0, 10). We call this dilation by 10.



* Thus, given a polynomial with a root m 1n
[n, n + 1), translating by n and dilating by
10 produces a related polynomial with a
root 1n [0, 10).

e Moreover,




Synthetic Division

To evaluate p(b) we multiply a,, by b, add a,_,, multiply by b, add a,_,, and
so forth.

a, a1 - T ag
a,b ab’+a b ... a,b"+.....+ab
a, a,b+a, ab’+a_ _bta , |............ ab"+.....+a.b+a,

Example: Consider F(2), where F(x) = x3 + 2x? + 3x — 24

2 1 2 3 -24
2 8 22
1 4 11 -2

Thus, F(2) = -2.




F(x)

=x3+2x2+ 3x - 24

translation by n

Example: Again, consider F(x) = x3+ 2x?+ 3x — 24

2 1 2 3 -24
2 8 22
1 4 11 -2
2 12
1 6 23
2
1 8

translating F(x) by 2,

we have x3 + 8x2+ 23x -2

(x-2)(x? + 4x+11) - 2
(x-2)[(x-2)(x+6)+23] -
(X-Z)[(X-Z)[(X-2)+8]+23]



X3+ 2x° + 3x — 24 = (x-2)(x? + 4x+11) = 2

X2+ 4x + 11
X-2 X3+ 2x°+ 3x - 24
X3 — 2x?

4x2 + 3x — 24
4x2 — 8x

11x — 24
11x — 22

-2



x°+4x + 11 = (x-2)(x+6)+23

X+6

X-2 X°+4x + 11

X2 — 2X

6x + 11
bx — 12

23

X+ 6= (x-2)+8
1
X-2 x+6
X-2



dilation by 10

Example: Again, consider F(x) = x3+ 2x?+ 3x — 24

Dilation by 10
1 20 300 -24000



Example

x° +3x> +5x-1906869 = 0



Example x> +3x° +5x—-1906869 =0
x3 x?2 x1 x0
1 1 3 5 -1906869
4 9
1 4 9 -1906860 negative
10 1 3 5 -1906869
10 130 1350
1 13 135 -1905519 negative
100 1 3 5 -1906869
100 10300 1030500
1 103 10305 -876369 negative
1000 1 3 5 -1906869
1000 1003000 1003005000
1 1003 1003005 1001098131 | Positive !!!




positive

XS

110 100 ‘

1000

T T “w

xR 3

negative

The graph of the polynomial must be intersecting the x-axis somewhere
between 100 and 1000, thus
There must be a root somewhere between 100 and 1000



x3 x?2 x! x?

1 3 5 -1906869
x:=100x 1000000 30000 500 -1906869
1 1000000 30000 500 -1906869
1000000 1030000 1030500

1000000 1030000 1030500 -876369 negative
2 1000000 30000 500 -1906869
2000000 4060000 8121000

1000000 2030000 4060500 6214131 positive!!!




110

100

| | 1000
v v x:=100x
1
>
| o
positive
LT
| 10 "

:": 2

negative



x3 X2 x! x9
1000000 30000 500 -1906869
1000000 30000 500 -1906869
1000000 1030000 1030500
1000000 1030000 1030500 -876369
1000000 2030000
1000000 2030000 3060500
1000000
1000000 3030000
1000000 3030000 3060500 -876369




positive

T

x 2 10
negative

J j translation by 1

A

‘

0 1




x3 x?2 x! x?
1000000 3030000 3060500  -876369
_dilation 1000000 30300000 306050000 -876369000
1 1000000 30300000 306050000 -876369000
1000000 31300000 337350000
1000000 31300000 337350000 -539019000 negative
2 1000000 30300000 306050000 -876369000
2000000 64600000 741300000
1000000 32300000 370650000 -135069000 negative
3 1000000 30300000 306050000 -876369000
3000000 99900000 1217850000
1000000 33300000 405950000 341481000 positive!!!




dilation by 10

positive
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negative



x3 X2 x! x9

1000000 30300000 306050000 -876369000

1000000 30300000 306050000 -876369000
2000000 64600000 741300000

1000000 32300000 370650000 -135069000
2000000 68600000

1000000 34300000 439250000
2000000

1000000 36300000

1000000 36300000 439250000 -135069000




<€

w

translation by 2




x3 x2 x1 X
1000000 36300000 439250000 135069000
_dilation 1000000 363000000 43925000000 -135069000000
2 1000000 363000000 43925000000 -135069000000
2000000 730000000 89310000000
1000000 365000000 44655000000 -45759000000 negative
3 1000000 363000000 43925000000 -135069000000
3000000 1098000000 135069000000
1000000 366000000 45023000000 0O Zero!!!

Thus, numerical solution to x> +3x° +5x—1906869 = O is x=123.
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