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Chinese Remainder Theorem
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5] 8% (congruence) i > Indeterminate Analysis (i.e. solving
the problem of linear congruences) °

Chinese Remainder Theorem (CRT)
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FESEGYIAHESE;,  Letx be an integer
. (i x =2 (mod 3)
hhEZE=, x =3 (mod 5)
TR B, x =2 (mod 7)

& ?@7&177 Find x.
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Congruence relation
x =y (mod m)

Suppose x and y are integers, and m is a positive
integer, the above relation means there exists
an integer k such that

x=y+km

We say: xis congruent to y modulo m

Eg 38=2(mod2), -8=7(mod)),
2=-3(mod)J5), —-3=-8(mod)).



Two properties of the congruence relation
we will be using later:
If x =y (mod m), then
xz = yz (mod m),

where z 1s a non-zero integer.

If x =y (mod m), and z 1s a multiple of m, then
x+z =y (mod m).
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Some work in Europe on CRT around thel8™ century

French mathematician Claude Gaspard Bache de Méziriac (1581-1638):
connect CRT to the Euclidean algorithm and with Diophantine analysis
in1624.

German mathematician Christlieb von Clausberg (1689-1751) generalised
and systematised methods which used the greatest common divisor
procedure in 1732.

Swiss mathematician Leonhard Euler (1707-1783) independently
rediscovered similar methods in 1734.

Joseph Louis Lagrange (1736-1813), Abraham Gotthelf Kastner
(1719-1800) and Euler provided a general framework essentially equivalent
to Bache’s.

Carl Friedrich Hindenburg (1741-1808): Diophantine problems in
1776,1786

Carl Friedrich Gauss (1777-1855), published Disquisitiones Arithmeticae
in 1801



CRT to the West

e Leonardo Pisano (Fibonacci) published his book Liber Abaci
introducing the CRT to the west in 1202.

A Brtish Protestant Christian missionary Alexander Wylie
(1815-1887), published an article entitled Jottings on the
Science of the Chinese : ArithmeticF EFFEEEC © #22 in a
Shanghai English-language newspaper North China Herald

JtZEREER in 1852, in which the (% TFEL) " WA ML
problem was translated into English. (North China Herald

was renamed as North China Daily News SZARPEER in 1864) .
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x =R, (mod 3) =R, (mod 5) =R, (mod 7)

5 x T — RS BRI #3FRERT » 1570 ©
3 x T —EE B R #5PRERD » 1521 ©
3% SH—EE BRI R 7FRER » 1F15 ©
35 TINERINVAEBEAL05 o

x= R;x70+ R,x21+ R,x15—105%k

—B&&@EAVkS 0< x <105




R, =2> R, =3 R, =2

x=2%70+ 3x21+ 2x15—105%k
=140+ 63 + 30 — 105xk

=233 — 105x%xk
H—ESEN KL 0< x<105 1Ek=2 -
FrDl » x =233 — 105 x2 =23 ©
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Why does it work?

Given that

x =R, (mod m,)

x =R, (mod m,)

x = R; (mod my;)
assuming m, , m,, m; are pairwise co-prime.

(sometimes the problem can be solved even if this pairwise co-prime condition is not satisfied).

Find positive integers a, ,a, ,a; so that
m, m; o, =1 (mod m,)
m, m; o, = 1 (mod m,)
m, m, o; = 1 (mod mj)




If such a, ,0, ,a; exist, then, we have
m, m; o, R, =R, (mod m,)

m, m; o, R, =R, (mod m,)

m, m, oy R; = R; (mod m;)

Therefore, we have

m,myo0, R, +mmya, R, +m m,a; R; = R, (mod m,)
m,m; 0, R, +m mya, R, +m m, a; R; = R, (mod m,)
m,my 0, R, +m mya, R, +m m, a; R; = R; (mod m,)



That 1s to say,

x =m,m;0, R, +mymya, R, +m m, a; R;
(mod M)

where M 1s the LCM of {m, ,m, ,m;},

or M= m, m, m; if m; , m, and m; are co-primes.



Back to the "#pr4%n#, problem:
x =2 (mod 3)
x =3 (mod 5)
x =2 (mod 7)

Find integers a, ,a, ,04 so that

5x7xa, =1 (mod 3), thus,
3x7xa, =1 (mod 5), thus,
3x5xay =1 (mod 7), thus,




a,=2, m,m,;o,; R, =5x7x2x2 = 140.
=1, m;m;a, R,=3x7xIx3 =63.

a;=1, m;m,o,; Ry=3xX5x1x2=30.

x =140 + 63 + 30 (mod 105)
— 233 (mod 105)
— 233 — 2x105=23.



Chinese Remainder Theorem

Consider the k& simultaneous linear congruences
x=R,(modm;) for i=1,2,... .k
assuming m, , m,, ...., m, are pairwise co-prime.

Let
M=m,m,....m,, and

M.=M/m; for i=1,2,... .k



Find positive integers a, ,a, , ...., o, so that

M.o.=1 (mod m;) for i=1,2,... .k
Then,

k
X = Z M.« R . (mod M)
i=1
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a=m < G RIIJelim BRG, 198R8G, (BT
PN K EE B o s B e
aG, =1 (mod m) °

There exists k such that G = mk+ G;.
Thus,aG = amk +aG, = 1 (mod m)
Therefore, aG, =1 (mod m).
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s LA 200 = 1 (mod 27) {1 -

A E(TT8)= 2
TELF=27

Bara b BlEa o LRt L ¢

] 20

0 27
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1
R
1*1+0=1 20*1+7=27
20[4:27 : 27=1x20+
Fhisras=1
B/ E—AHAIxI=1, AZE N 1+H0=1
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1 20 3

2*1+1=38 7*2+6=20

1 i 7 20 1 7

14

7/4:20 : 20=2x7+
Fherg5=2
Bl A 2x1=2, AJE F2+1=5




Of%7 : T=1x6+1
PR g=1
BL/E b —AHAE 1x3=

3
1
6 7
6
! 1*3+1=4
3, AT N:3+1=4

6*1+1=7
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! 5*4+8=28  1*5+1=6

176 : 6=5x1+1 (Note: we need a remainder 1)
FITSREE=5
B N—H4A:5%x4=20, A _[:20+3=23
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BLFIT > 200 = 1 (mod 27) » B4 3e#q =23,

Check: 20x23=460=27x17+1 -



7 1L 11550 = 1 (mod 13) /{3 :

13 <1155 » 13[R1155156r% 11

A

== 11
TEEE=13




1 11 1 11

0 13 =12 9 )

1*1+0=1 11*1+2=13

115213 ¢ 13=1x11+2
s E=1
BilfE E—AEA1x1=1, AJE R:1+0=1
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1 11 6 ]

5*1+1=6 2*5+1=11

] 2 o] 2

211 : 11=5%2+]
Fh e PE%=5
B/ F—AHLESx1=5, AJL F:5+1=6
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BL I > 11550 = 1 (mod 13) » &4 5t Z0 =6,

Check: 1155x6=6930=533x13+1 -
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