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ABSTRACT. For a positive integer k, the rank-k numerical range Ay (A) of an
operator A acting on a Hilbert space H of dimension at least k is the set of
scalars A such that PAP = AP for some rank k orthogonal projection P. In
this paper, a close connection between low rank perturbation of an operator
A and Ag(A) is established. In particular, for 1 < r < k it is shown that
Ar(A) C Ag_,(A + F) for any operator F with rank (F) < r. In quantum
computing, this result implies that a quantum channel with a k-dimensional
error correcting code under a perturbation of rank < r will still have a (k —7)-
dimensional error correcting code. Moreover, it is shown that if A is normal or
if the dimension of A is finite, then Ay (A) can be obtained as the intersection
of Ap_.(A+ F) for a collection of rank r operators F. Examples are given
to show that the result fails if A is a general operator. The closure and the
interior of the convex set Ay (A) are completely determined. Analogous results
are obtained for Ao (A) defined as the set of scalars A such that PAP = AP
for an infinite rank orthogonal projection P. It is shown that A (A) is the
intersection of all Ag(A) for k = 1,2,.... If A — ul is not compact for any
1 € C, then the closure and the interior of Ao (A) coincide with those of the
essential numerical range of A. The situation for the special case when A — pl
is compact for some p € C is also studied.

1. INTRODUCTION

Let B(H) be the algebra of bounded linear operators acting on a Hilbert space
H. We identify B(H) with M,, if H has dimension n. For k < dimH , define the
rank-k numerical range of A € B(H) by

Ap(A) ={\ € C: PAP = )P for some rank-k orthogonal projection P € B(H)}.

Note that we allow k = oo if dim H = co. Evidently, A € A;(A) if and only if there
is an orthogonal basis of H such that Ay is the leading principal submatrix of the
operator matrix of A with respect to the basis; equivalently, there is an isometry
X : C* — H such that X*AX = M. (For k = oo, we take X : 2 — H.) When

k =1, this concept reduces to the classical numerical range of A defined by
W(A) = {(Az,x) :x € H, (z,z) =1},
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which is useful in studying operators and matrices; for example see [11].

The higher rank numerical range was introduced in connection to the construc-
tion of quantum error correction code in the study of quantum information theory;
see [7]. In quantum computing, information is stored in qubits (quantum bits).
Mathematically, the state of a qubit is represented by a 2 x 2 rank one Hermitian
matrix Q satisfying Q2 = Q. A state of N-qubits Q1, ..., Qn is represented by their
tensor products in M,, with n = 2. A quantum channel for states of N-qubits cor-
responds to trace preserving completely positive linear map ® : M,, — M,,. By the
structure theory of completely positive linear map [3], there are T1,..., T, € M,
with Y77 T;/T; = I, such that

(1.1) d(X) = f:TjXT;.
j=1

Let V be a subspace of C" and Py the orthogonal projection of C" onto V. Then V
is a quantum error correction code for ® if there exists a trace preserving completely
positive linear map ¥ : M,, — M, such that ¥ o ®(A) = A for all A € Py M, Py.
This happens if and only if there are scalars 7;; with 1 <4, 5 < m such that

PyTiT;Py =vijPyv, 1<i,5<m;

see [7, 12]. It turns out that even for a single matrix A, determining Ay (A) is highly
non-trivial, and the results are useful in quantum computing, say, in constructing
binary unitary channels; see [5]. In a sequence of papers [4, 5, 6, 7, 9, 13, 14, 18],
researchers studied the set Ap(A) for A € B(H). Many interesting results (see
P1-P8 below) were obtained.

In the study of operator theory and applications, it is often useful to study the
properties of an operator which are stable under different kinds of perturbation. For
example, the essential numerical range of an infinite dimensional operator A € B(H)

can be defined as
(1.2) W(A) = N{CY(W(A+ F)) : F € B(H) has finite rank},

which captures many important properties of A (see [1, 8, 17, 19]). Here CL(S)
denotes the closure of the set S. In fact, one can include all compact operators F
in B(H) on the right hand side of (1.2). If K is the algebra of compact operators
in B(H) and if ¢ : B(H) — B(H)/K is the canonical homomorphism of B(H) onto
the Calkin algebra B(H)/K, then W(A) is the closure of the numerical range of
1(A). In [1, Theorem 4], it was also proven that

(1.3) A (A) =nN{W(A+ F): F € B(H) has finite rank}.

In this paper, we study the change of the higher rank numerical range of an

operator under low rank perturbation. For instance, we show in Theorem 3.1 that
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for 1 <r<k<oo,if A, F € B(H) with rank (F') < r, then
(1.4) Ak(A) - Ak,T<A+F).

In Theorem 5.1, we refine the set equalities (1.2) and (1.3) by using smaller sets of
operators F' for the intersection on the right hand sides of the equalities.

It is worth noting that the inclusion (1.4) has the following implication in the
theory of quantum computing. Suppose A € M, corresponds to a quantum channel
with a k-dimensional error correcting code (realized as a subspace of C™), then for
any perturbation of the channel A by an operator F' of rank bounded by r, the
resulting channel A+ F will have a (k — r)-dimensional error correcting code. More
generally, if the matrices T1,...,T,, correspond to quantum channel (1.1) with a
k-dimensional error correcting code, and if T} is changed to T; + F; such that the

sum of the range spaces of
(T; + FZ)*(TJ + Fj) — Ti*Tj = E*Fj + FiT; + FiF;, 1<4,5 <n,

has dimension bounded by 7, then the resulting quantum channel will still have a
(k — r)-dimensional error correcting code.

Our paper is organized as follows. First, we study Ax(A) for A € B(H) when k
is finite in Sections 2 — 4. In Section 2, we give a complete description of the closure
and interior of Ay(A). In Section 3, we establish inclusion (1.4) for any operators
A, F € B(H) with rank(F) < r, where 1 <r < k < co. It follows that

(1.5) A (A) Cn{A_(A+ F): F € B(H) has rank <r}.
In particular, taking » = k — 1, we have
(1.6) A(A) CN{W(A+ F) : F € B(H) has rank < k}.

We show that the inclusions in (1.5) and (1.6) become inequalities if dimH is
finite. Examples are given to show that these not true for infinite dimensional
operators. Nevertheless, we show that equalities also hold in (1.5) and (1.6) for
infinite dimensional normal operators in Section 4. The set equalities in (1.5) and
(1.6) can be viewed as refinements of (1.3). Similar set equality results are given in
Corollary 3.3, which can be viewed as refinements of (1.2). In Section 5, we extend
the results in Sections 2 — 4 to Ay (A). In particular, we show in Theorem 5.1 and
5.2 that
(1.7) Aso(A) = () Ak(A) = N{W (A + F) : F € B(H) has finite rank},

E>1
and Ao (A) # 0 if and only if the closure of Ay (A) is the essential numerical range
of A. Then we determine the condition under which Ao, (A) is nonempty. The first
equality in (1.7) gives an affirmative answer to a question of Martinez-Avendano
[16].



4 CHI-KWONG LI, YIU-TUNG POON, AND NUNG-SING SZE

We close this section by listing some basic properties for the higher rank numer-
ical range; see [4, 5, 6, 7, 9, 13, 14, 18].

P1. For any a,b € C, Ap(aA+bl) = aAr(A) + .

P2. For any unitary U € B(H), A (U*AU) = Ar(A).

P3. If Ap is a compression of A on a subspace Hg of H such that dim Hy > k,
then Ag(Ag) C Ax(A).

P4. Suppose dimH < 2k. The set Ax(A) has at most one element.

P5. If dim H > 3k — 2 then Ay (A) is non-empty. Otherwise, there is B € B(H)
such that Ag(B) = 0.

P6. Ax(A) is always convex.

P7. If dimH < oo, then Ag(A) = Q(A) with

Q(A) = [ {HeC:eut e n< M(e€A+e AN},
£€l0,2m)
where Ag(H) denotes the k-th largest eigenvalue of the Hermitian matrix
H e M,.
P8. If A € M, is a normal matrix with eigenvalues \q,...,A,, then

Ar(A) = m conv { A, ..., Nj i}

1<ji < <Jn—r4+1<n

2. THE INTERIOR AND CLOSURE OF Ay (A)

First, we extend the definition of {24 (A) to infinite dimensional operators. For a

self-adjoint operator H, let
Me(H) = sup{\p(X*HX) : X is an isometry from C* to H so that X*X = I;}.
For A € B(H), let Re (4) = (A + A*)/2 be the real part of A and

Qr(A) = ﬂ {1e C:Re(e”pn) < A\p(Re(eA))}.
£€[0,2m)

By definition, Q(A) is a compact convex set. It may be empty if dim H < 3k—3;
see [5, Theorem 4.7]. In the finite dimensional case, we have Ai(A4) = Qx(A) as
noted in property (P7). Let A = I} ® diag(1,1/2,...). One easily checks that
Qr(A) = [0,1] and Ag(A) = (0,1]. (See also Example 3.5.) Hence, property (P7)
may not hold for infinite dimensional operator A.

We continue to use CI(S) to denote the closure of a set S in C. Let Int(S)

denote the relative interior of S. We have the following.

Theorem 2.1. Let A € B(H) be an infinite dimensional operator, and let k be a

positive integer. Then

Int(Q(A)) C A(A) C Qu(A) = CI(AR(A)).
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Proof. First, we establish the inclusion Agx(A) C Qx(A). By [13, Corollary
4], Ax(A) is always non-empty. Suppose pu € Ap(A). Then there is an isometry
X : C* — H such that X*X = I and X*AX = puly. As aresult, for any ¢ € [0, 27)
we have

Re (e 1) < Mp(Re (e A)).
Thus, € Qi(A).

Next, we turn to the equality 25 (A) = C1(A;(A)) and the inclusion Int (2 (A)) C

Ax(A). By Corollary 4 in [13], Ax(A) is non-empty. We consider three cases.

Case 1. Suppose Qi (A4) is a singleton. Then Ag(A) = Qi (A) because Ag(A) is
non-empty, and Int(Ag(A4)) = Int(Qx(A4)) = 0.

Case 2. Suppose 2 (A) has non-empty interior in C. Let p be an interior point
of Qx(A). We may replace A by A—pl and assume that g = 0, i.e., 0 € Int(Qx(A)).
Therefore, there exists d > 0 such that

{n € C:ul <d} CQx(A).

Thus, for all ¢t € [0,27), u = de®* € Qi (A). Write A = H + iG where H and G are
self-adjoint. Then
e A+ e A* = 2(costH + sint@).
Hence,
Me(e7A+e"AY) > e +e'n = A(costH +sintG) > d.
Then, for each t € [0,27) there is X; : C* — 'H with X;X; = I such that

Ai(costX]HXy + sintX;GX;) > d/2. Furthermore, there is 6; > 0 such that for
each s € (t — O, t+ 5,5),

[[(costX;HX,; +sintX;GX;) — (cossX; HX, +sin s X;GX,)| < d/4.

Note that |Ax(R) — A (S)| < ||R — S| for any two Hermitian matrices R and S by
the Weyl’s inequality; for example, see [2, II1.2]. Tt follows that

[Ai(costX; HX; + sintX;GXy) — Ap(cos sX;HXy +sinsX;GXy)| < d/4.
Consequently,
Ai(cos sX{HXy +sinsX;GXy) > Ap(cost X, HX; +sintX;GX;) —d/4 > d/4.

Since [0, 27] is compact, there exists a finite sequence 0 < t1 < -++ < &, < 27 80
that

[0,27] C | J(tj — O¢,,t5 + 0ty)-

-

Jj=1

Let A9 = Hy + iGp be a compression of A onto a subspace spanned by the range

spaces of X;,,..., Xy, . Then Ag(costHy + sintGo) > d/4 for all ¢t € [0,27) and

m
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s0 0 € Qr(Ag). Thus, 0 € Ax(4p) € Ax(A) by Theorem 2..2 in [14]. Hence,
Int(Q2%(A)) C Ax(A) and thus Cl(Ax(A)) = Qr(A).

Case 3. Suppose §2;(A) is not a singleton and has no interior in C. Since Qx(A)
is a compact convex set in C, if it is not a singleton and has no interior in C, then it
is a non-degenerate line segment. We will show that Ay (A) contains all the relative
interior points of Q(A4). The result will then follow.

Assume 7 is a (relative) interior point of the line segment. By property (P1), we
may assume that [—1,1] C Q,(A) CR and v = 0. Write A = H +iG where H and
G are self-adjoint. Since —1,1 € Qg (A), we have \i(costH + sintG) > |cost| for
all t € [0,27]. We claim that A\x(G) = 0. If it is not true, then there is 6 > 0 such
that A\;(costH +sintG) > ¢ > 0 for each t € [7/2 — §,7/2 4+ J]. By decreasing ¢, if
necessary, we may assume that | cos(mw/2 + 8)| = | cos(n/2 — )| > e. Therefore, we
have A\i(costH + sintG) > ¢ for all t € [0, w]. Let p = ie. Then, we have

‘ e < Ag(costH +sintG) if ¢t € [0, 7],
Re(pe ™) <

0 < Ag(costH +sintG@) if t € [m, 27].

Therefore, ic € Qx(A). This contradicts that Qx(A) is a line segment in R. Sim-
ilarly, we can show that Ap(—G) = 0. So, we may assume that G has operator
matrix D @ 0 with

D = diag(di,...,dptq)
such that dq,...,d, > 0 and dpy1,...,dp+q < 0, where p < k and ¢ < k. Let Hy
and Ag be the compressions of H and A to the kernel of G, respectively.

Suppose A\x(Ho) > 0 and A\g(—Hp) > 0. Then Hy has a compression Hy € Moy,
such that Hy has k positive eigenvalues and k negative eigenvalues. Clearly, 0 €

Ax(Hp) and Hy is also a compression of A. Then 0 € Ax(Hy) C Ax(A). So, we
assume that Ax(Hp) < 0 without loss of generality.

Suppose the kernel of Hy has dimension at least k. Then again we have 0 €
Ax(Hp) = Ax(Ag) C Ap(A). Thus, we may assume that the kernel of Hy has

dimension < k. Then H has operator matrix of the form
Hss & Hss

so that Hyy € M, with r < 2k — 1 is positive semi-definite and Hgsz is negative
definite such that the kernel of H3j is the zero space. Clearly, there is a negative real
number in Ap(Hss) € Ax(Ap) € Ai(A). We will show that Ai(A) also contains a
positive real number. By the convexity of Ay (A), it will then follow that 0 € Ag(A).

Note that 0 is an interior point, and Hss is finite dimensional. We may find a
small € > 0 such that € € Qi (A4) and Hy — el = Hayo & Hss so that Hoy is positive
semi-definite and fI33 is negative definite bounded above by —e < 0. Thus, ﬁgg is
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invertible, and there is an orthonormal basis of B(H) so that the operator matrices
of Gand H=H — el equal
I? 11 I? 12 His
D @0 and H21 H22 0
Hs; 0 Hss

for Hyy € M, with 7' < r. For notational simplicity, we rename 7’ as r. Suppose
S € B(H) has operator matrix
Iy 0 —HizHZ
0 I 0
0 0 I

Then SGS* and SHS* have operator matrices
Hyy — 1%316[3_311931 15112

Hss.
Hoy Ho © M

D®0 and [

Since 0 € Qi (A—eI), we see that for each t € [0,27), we have Ay (cos tH +sintG) > 0

and hence )\k(costSI:IS* +sintSGS*) > 0. Consequently, if we let Hss be the

leading k x k submatrix of Hss and let A = H +iG € Mpy g4r+k With

_ Hy — ﬁ}sffi),lﬁzn -7?12
Hay Hys

H :| @Hgg and GZD@Or+k,
then Ay (costH + sintG) > 0 for all ¢ € [0,27) and hence 0 € Q4(A). By Theorem
2.2 in [14], there is a (p + g + r + k) X k matrix X such that

X*X =1, and X*AX =0.

Consequently, as A is a finite compression of S (A—el)S*, there is a partial isometry
Y : CF — H such that Y*S(A—eI)S*Y = 0. Note that S*Y = ZT with Z*Z = I,
for some invertible T' € My. Thus, Z*(A — el)Z = O, i.e., € € Ax(A). O

In the finite dimensional case, Ax(A) is always closed. If dim H is uncountable,
then for any bounded convex set S in C one can construct a normal operator B
using the points in S as diagonal elements so that Ax(A) =S for A=B®I. In
the following, we give examples of A acting on a separable Hilbert space such that
A (A) has non-empty interior with no, some or all its boundary points. It is known
that Ax(A) is a singleton if A is a scalar operator, and that Ay(A) CRif A= A*.

We give examples different from these trivial cases.

0 0
(a) Let A= B ®I_1 ®0. Then Q4(A) = A(A) = {0}.

Example 2.2. In the following examples, let B = [0 2}.
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(b) Let A =B® I,_1 ®diag(1,1/2,1/3,...). Then Ax(A) = (0,1]. One can
easily modify the example so that Ag(A) = [0, 1] or Ag(A4) = (0,1).

(c) Let A=BI_1®C. If C = B®O0 then Ag(A) is the closed unit
disk; if C is the unilateral shift, then Aj(A) is the open unit disk; if
C = diag(—1,4,—1,1/2,2/3,3/4,4/5,...) then Qi(A) is the convex hull
of {—1,i,—i,1}, and Ax(A) is the union of the interior of Qx(A) and the

convex hull of {—1,4, —i}.

3. LOW RANK PERTURBATIONS OF GENERAL OPERATORS

For a positive integer r, let F,. be the set of operators in B(H) with rank at most

r, and let P, be the set of rank r orthogonal projections in B(H).

Theorem 3.1. Let 1 < r < k < oo. Suppose A € B(H) and F € F,. Then
Ap(A) C Ap—(A+ F). Consequently,

Ak(A) - ﬂ{Ak,r(A + F) :F e .7:7«}

Proof. Suppose A € Ai(A). Let X : C¥ — H be an isometry such that X*AX =

M. Then X*F X has rank at most r. There is a unitary U € M}, such that
U*X*FXU = {0’” *] .
0 *

Let U; be obtained by taking the first £ — r column of U, and V = XU;. Then
V*(A+ F)V = Aj_, so that A € Aj_.(A+ F). O

Note that one can easily adapt the above proof to show that for Aq,..., A, €
B(H), if X*A;X = A1}, with X*X = I}, and if F1,..., F,, € B(H) are such that

U*X*F; XU = {0’“04 :] j=1,...,m,

then V*A;V = A\l for all j = 1,...,m. So, the comment about a low rank
perturbation of a quantum channel in Section 1 follows.

Ifl <r <k <dmH and A € B(H), then Q(A) can be written as the
intersection of Qy_,.(A + F') for a collection of rank r operators F' as shown in the

following.

Theorem 3.2. Suppose A € B(H) and 1 < r < k < co. Let S be a subset of F,
containing the set Sy = {2e¥||A||[P : P € P, and & € [0,27)}. Then

Qu(A) = N{Q_(A+F): F e S}

Proof. The inclusion (C) follows from Theorem 3.1 and the fact that Q(A) =
Cl(Ak(A)) by Theorem 2.1.
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Suppose A ¢ Qi(A). Then there exists ¢ € R such that A\i(Re (e”*4)) <
Re (e")). Let e A = H+iG be with H = H* and G = G*. Then H has an opera-
tor matrix diag (A1, ..., Ay ) @ He with m < k — 1 such that sup o(Hz) < Re (e )).
Let F = —2¢ || A||(I, ® I_pn ®0) € B(H). Then M\p_,.(Re(e®(A + F)) <
Re (e")). Hence, A & Qi—, (A + F). O

Note that for the set S in the above theorem, we can take the whole F,. or the

much smaller subset Sg. We have the following corollary.

Corollary 3.3. Under the same setting as in Theorem 3.2. Fach of the following
sets is equal to Qp(A).

(a) N{Q_1(A+2%||A||P): € €0,2m), PPy}

(b) N{Q (A +2e%||A||P): € €[0,2n), P € Pr_1}.

With Theorem 2.1, the above result also holds if we replace 2,,, (B) by Cl1 (A, (B)).
Using the fact that Ag(A) = Qx(A) when A € M,,, we have the following result.

Theorem 3.4. Suppose A € M,, and 1 < r < k < n. LetS be a subset of F,
containing the set Sg = {2e*||A||P: P € P, and £ € [0,27)}. Then

(a) Ap(A) =n{Ax_.(A+F): FeS}.

(b) Aw(A) = N{Ay-1(A + 26€]| A|[P) : € € [0,27), P € Py},

(c) Ak(A) = N{W(A+2e%||A||P): € €[0,2n), P € Pr_1}.

The following example shows that Theorem 3.4 does not hold for infinite dimen-

sional operators.

Example 3.5. Let A = A, & As, where

A1 = |: ? ; :| and A2:diag(bg,gg,b;g,l_)g,"')@ diag(b27527b3763,"')

with b, = —1 4+ €™/™ for m = 2,.... Then 0 € Cl(Ay(A)) and 0 ¢ Ay(A), but
0enN{W(A+F): F is rank one}.

Verification. Note that every p € Aj(As) is an element of Ay(As), and hence
Al(Ag) = AQ(AQ) Clearly, 0e Cl(Al (A)) = Cl(AQ(A))
Next, we show that 0 ¢ Ay(A). Suppose 0 € Ay(A). Then 0 € Ay(H) for

H = (A+ A*)/2. Let U be unitary such that U*AU = [ (12 i ] Then U*HU

has the same form. Since H has spectrum {2,0} U {—1+ cosm/m : m = 2,...},
we may assume that U has the form [1] @ Uy such that the (1,1) entry of U is
nonzero. But then U*GU will have non-zero (1, 2) entry for G = (A—A*)/(2i). This
contradicts the fact that U* AU has zero (1,2) entry. So, we see that 0 ¢ Ay(A).



10 CHI-KWONG LI, YIU-TUNG POON, AND NUNG-SING SZE

Fip Fio
Fo1  Fao
x € C? be a nonzero vector such that Fi;2 = 0. If = is a multiple of e;, then the
(1,1) entry of Ay + F11 equals 0 and we have 0 € W(A; + F11) CW(A+ F). Ifz
is not a multiple of ey, then pg = 2*(A1 + Fi1)x = x* A1z € W(A;) has positive
real part and pg € W(A; + F11) C W(A+ F). Since Fhs has rank at most one, by

Theorem 3.1 we have

Now, suppose F' = [ } is a rank one operator with Fj; € Ms. Let

W(Az) = Aa(Az) CA1(As + Fao) = W(Az + Fao) CW(A+F).

So there exist u1, s € W(A2) C W(A+ F) on the different sides of the line passing
through p and the origin. It follows that 0 € conv {uo, u1,p2} C W(A + F) by
the convexity of W(A + F'). Consequently, we have

0 € N{W(A+ F) : F has rank one}. O

4. LOW RANK PERTURBATIONS OF INFINITE DIMENSIONAL NORMAL OPERATORS

In the following, we prove that Theorem 3.4 is valid for (infinite dimensional)
normal operators. We first establish some auxiliary results showing that one can
refine the spectral decomposition of a normal operator using the geometrical infor-
mation of its numerical range.

Let P ={z € C:Im(z) > 0} be the open upper half plane of C. For A € B(H)
and k < dimH, let

ur (A t) = )\k((e_”A — eitA*)/(2i)).
Notice also that

U(A)= () {peC:Im(e"p) < pr(A,1)}.
te[0,27)

Lemma 4.1. Suppose A € B(H) is normal. If p,(A,t) <0 for somem > 1 and
t € R. Then A has a decomposition A1 & Az & A such that dim Al <m,

W(A)) Ce'P, W(Ay) C —e*P  and W(A) C e"R.

Furthermore, if )\g(efitflJre“fl*)/Z < 0 for some £ > 1, then A has a decomposition
A3 ® Ay @0 such that dim Az < £,

W(A3) C e"(0,00), and W(A4) C e"(—00,0).
Note that each of the summands Ay, As, A, A3, Ay may be vacuous.

Proof. Without loss of generality, we may assume that t = 0. Let A = H + iG,
where H, G are self-adjoint. Then G = G1 ® G2 @0 such that G is positive definite



HIGHER RANK NUMERICAL RANGES 11

with dimension p < m and G5 is negative definite. Let

Hyy Hix His

H = |Hf;, Ha Hos

Hyy Hj3 Hss
such that Hio = [D|0], where D = diag (ds,...,dp) with dqy > --- > d, > 0. Since
GH = HQG, it follows that G1[D|0] = [D|0]G5. Since G; is positive definite and
G4 is negative definite, the (1,1) entry on the left side is nonnegative, and the
(1,1) entry on the right side is nonpositive. Thus, d; = 0 and hence Hy5 = 0. Since
G1H3 =0and GoHy3 = 0, we have H13 = 0 and Hoz = 0. So, H = H{1®Hox®Has
and A has asserted properties, with Ay = Hy1+iG1, Ay = Hoo+1iGo, and A= Hss.
If /\g(e_“fl + e“/l*)/? < 0 for some ¢, then we can apply the above result to A
and get the desired decomposition for A. O

The following result [1, Lemma 2 and Corollary] will be needed in later discussion.

Lemma 4.2. Suppose dim H is infinite. Let T € B(H). Then the following are
equivalent.
(a) A e We(T).
(b) There is an orthonormal set {e,} such that (Ten,e,) — .
(¢) There is a decomposition of H as H1 @ Ha and a sequence {\;} in C, such
that \; — X and

Furthermore, if a, 8 € W (T), then there exist two sequences {a;} and {8;} in C,
such that a; — «, B; — B and a decomposition of H as Hi ® Ho such that

o -
B1 0
(6%} *
T= 0 B2
. * * -

In both cases, we may take Ha to be infinite dimensional.

Lemma 4.3. Suppose T € B(H) is a normal operator such that for some m < s1 <
52 < 27T7
o(T) C{pe €C:p>0, t€[s1,50]}

Let k be a positive integer and s3 € (81, S2),

L={pe"cC:p>0, t€(s1,53)} and R={pe" €C:p>0, tc(s35)}
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We have
(a) If LN o(T) is infinite or contains an eigenvalue of T with infinite multi-
plicity, then T has a compression Ty € My, such that W (Ty) C L.
(b) If RNo(T) is infinite or contains an eigenvalue of T with infinite multi-
plicity, then T has a compression To € My, such that W (Tz) C R.
If both hypotheses in (a) and (b) hold, then T has a compression of the form Ty &1,
such that dimT} = dim Ty = k and

Proof. We will prove the last assertion. The proof of (a) and (b) are similar.
Suppose both RNo(T) and LNo(T) contain only isolated points of o(T'). Then we
can construct T; (respectively, T5) from any k (counting multiplicity) eigenvalues
of T in L (respectively, in R) and the corresponding eigenvectors.

Suppose one of the sets LN o(T) or R No(T), say, LN o(T), contains only
isolated points of o(T), and the other set contains an accumulation point of o(T).
Then we can construct 77 from any k eigenvalues of T in £ and the corresponding
eigenvectors. Let H; be the k-dimensional subspace spanned by the k-eigenvectors.
Then with respect to the decomposition H = H; ®Hi, T = T & S for some normal
S. Since R contains an accumulation point of o(S) and S is normal, by Lemma
4.2, S has a k-dimensional compression T» with W (Ty) C R.

Finally, suppose both £ and R contain an accumulation point of ¢(7"). Then

the result follows from the last statement in Lemma 4.2. O

Theorem 4.4. Suppose A € B(H) is normal. Then A ¢ Ay (A) if and only if A can
be decomposed into ;11 @Ag such that Al has dimension at most k—1, W(/L) CA\+S
and W(Az) € C\ (A + S), where S = €™ (PUi) with P = {z € C:Im(2) > 0}
and L = (—00,0] or [0,00) for some t € R.

Proof. Suppose A has the decomposition as stated with dimA; = m < k — 1.
Take F' € M,, such that W(A; + F) C C\ (A +S). By Theorem 3.1,

A(A) CW(A+ (F&0)) = W((A, + F) & A3) C C\ (A + 5).
Hence, A ¢ Ai(A).

Conversely, suppose A ¢ Ai(A). Without loss of generality, we may assume that
A=0.

Case 1. Suppose A = 0 ¢ Qi (A), then pr(A,t) < 0 for some ¢ € [0,27). By
Lemma 4.1, A = A; ® Ay ® A with dim 4; < k, W(A;) C ''P, W(Ay) C —e'P
and W (A) C e*R. Furthermore, as 1x (A, ) < 0, we must have dim A; +dim A < k.
Then A = A3 @ Ay so that W (A3) C [0, 00) and W (A,) € —e™(0,00). Then the
result follows with A; = A; @ A3 and A = As & Ay.
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Case 2. Suppose A = 0 € Qi(A) and such decomposition mentioned in the
theorem does not exist. Suppose ker A, the kernel of A, has dimension p < k. We
may assume that p = 0. Otherwise, replace A by the compression of A on (ker A)l
and replace k by k — p. We are going to derive a contradiction by showing that A
has a finite dimensional compression B such that 0 € Qi(B) = Ax(B) C Ax(A4).

To construct the matrix B, we first show that there exist s;1 < 0 < 7w < s5 with
89 — 81 < 27 such that A = A; @ Ay & A3 ® Ay, where

(4.1) dimA; < oo, W(A;) C{pe':p>0,tec (s1,5)},
W(Az) C {pe : p>0, t € (59,51 +2m)},
W(A3) C €e1(0,00), and W(Ay) C e2(0,00).

Then we show that A, ® A3® A4 has a finite dimensional compression By ® B3 ® By
such that B = A @ By @ Bs @ B, has 0 € Qi (B).

Since 0 € Qi (A), we have py(A,t) > 0 for all ¢ € [0,27). If puk(A,¢) > 0 for all
t € [0,27), then 0 lies in the interior of Qx(A). Hence, 0 € Ag(A4). So, we may
assume that there is tg € [0, 27) such that ug(A,t) = 0. We may further assume
that tg = 0.

As ur(A,tg) =0, A has at most k — 1 eigenvalues in the open upper half plane.
Suppose these eigenvalues have arguments 0 <t <ty <--- <t, <7, p <k. Take
tpy1 =m. Let g € {1,...,p+1} be the smallest integer such that y,,(A,t;—7) =0
for some m and h € {0,1,...,p} be the largest integer satisfying p,, (A, ) = 0 for
some m. Let sy =t, — 7 and sy = ¢}, + 7. We are going to find A; for j =1,2,3,4
satisfying (4.1).

By Lemma 4.1 with ¢t = ¢}, we have A = A; ® Ay @ A such that

dim A, < 0, W(Al) C eitnp, W(AQ) C —enP,  and W(A) C e R,

Let H = <e*”hfl + 6*“%21*) /2. If both A\, (H) and A\y(—H) are nonnegative,

then we have 0 € A(H), which implies that 0 € A(A), a contradiction. So, we
have either A, (H) or Ar(—H) is negative. By Lemma 4.1 and the assumption that
ker A =0, we have A= A;® A, with

W (As) C e (0,00) and W(A4) C —e'*(0,00).

If t), =ty —m, we take A; = Aj for j = 1,2,3,4. Then Ay, Ay, A3, Ay satisfy
(4.1) with sy =t; —m=0and s =ty + 7 = .
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Suppose tp, >ty — 7. Then dim Ag is finite. We further apply Lemma 4.1 to 1212
with t = t, — 7, we have Ay = A} @ A} ® A}, with

dim A} < 0o, W(A}) C{pe":p>0, te (t,—mtn)},
W(AL) C {pe :p>0, t e (th —mt,—m)}, and W(A}) C elta=™ (0, 00).

Note that A} is vacuous because t, < t; < tj + 7. Then A; = A @ As & Al
Ay = Ah, Ag = AL, and Ay = Ay will satisfy (4.1) with s =t, —m and sy =t + 7.

Now we choose a finite dimensional compression By & B3 @ By of Ay & A3 ® Ay
and show that p(A; @ Ba @ By @ By,t) > 0 for all t € [0,27). Observe that

(4.2) pr(Ar,t) >0 forall tg—m <t <t

Let Bs be a k-dimensional compression of Ag, if dim Ag is infinite and B3 = As,

otherwise. We claim that
(4.3) pur(A; ® Bs,t) >0 forall t,_ 1 —7m<t<t,—m.
g g

The claim is clear if dim Ajg is infinite. Suppose dim Aj is finite and pg (A4 B A3z, t) <
0 for some t € [ty_1 — m,ty — m|. Since dim(A; @ Ag) is finite and W(A; @ As) C
{pet:p>0, t €[ty —mty+m)}, AL & A3 has a decomposition A} & AY, with

dim AY <k, W(AY)CS, and W(AS)CC\S,

where S = ¢t~ (P U [0,00)) = {pe’ : p > 0, t € [t, — 7, t,)}. Notice also that
W(Ay ® Ay) € C\ S. Then if we take A; = Ay and Ay = Ay @ AY @ Ay, we
have W(A;) C S and W(Ay) C C\ S, which contradicts our assumption that such
decomposition does not exist.

Next, let B; be a k-dimensional compression of Ay, if dim Ay is infinite and
By = Ay, otherwise. By a similar argument as in the previous paragraph, we can
show that

(44) ,uk(Al (&) B47t) >0 forall ¢, <t< tht1-

In the following, we will choose a finite dimension compression of By of As so
that

(4.5) pi(Ba ® By @ By, t) >0 forall tp4 <t<ty_i+m.

Suppose dim Aj is finite. Then by the definition of ¢;, and ¢4, both dim A and
dim Ay are infinite. Then py(Bs @ Ba,t) > 0 for all t € [tj41,t4—1 + 7] and so (4.5)

holds with vacuous Bs.

Now suppose dim As is infinite. We consider the following three cases.
Case 1. t;, = t;. In this case, the summand A5 @ Aj is vacuous and so as Ay & As.
Also dim Ay is infinite. Then (4.5) holds with vacuous By and Bs.
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Case 2. t; = tp41. Let By be a k-dimensional compression of A;. Then
pr(Ba,t) > 0 for all t € [tp41,t4—1 — 7] and so (4.5) holds.
Case 3. t; > tp41. Because of the choice ¢, and t5, both LNo(A2) and RNo(Asz)

are infinite or contains an eigenvalue of Ay with infinite multiplicity, where
L={pe:p>0,te (tp+m thi1+m)} and R = {pe' : p >0, t € (ty_1+m,ty+m)}.
By Lemma 4.3, we can get finite dimensional compressions 77 and T of As such
that dim(7T}) = dim(T3) = k, W (T1) C £ and W (Tz) C R. Then ug(Ty,t) > 0 for
all t € [thy1,tn + 7] and pg(To,t) > 0 for all t € [ty,ty—1 +7]. Thus, Bo =T & 15
will satisfy (4.5).

Now let B = A; @ By @ B3 @ Bs. By (4.2), (4.3), (4.4), and (4.5), we conclude
that pp(B,t) > 0 for all ¢ € [0,27) and hence 0 € Q(B) = Ak(B). O
Theorem 4.5. Suppose A € B(H) is normal and 1 <r < k. Let S be a subset of
F, containing the set Sy = {2¢%||A||P : P € P, and £ € [0,27)}. Then

Ak(A) = ﬂ{Ak,T(A + F) :F e 8}

Proof. The inclusion (C) follows from Theorem 3.1. Suppose A ¢ Ai(A). By
Theorem 4.4, A has a decomposition Ay & Ay with A; € M,,, W(A;) C A+ S
and W(A2) CC\ (A+ S), where m < k —1 and S is defined as in Theorem 4.4.
Let F = —2ic'||A||(I, ®0) € Sp. Then A + F has less than k — r eigenvalues in

A+ S. Thus, A+ F has a decomposition By & By with dim B; < k — r such that
W(B1) C A+ S and W(By) CC\(A+S). By Theorem 4.4, A ¢ A, (A+F). O

If A€ B(H) is self-adjoint, Theorem 4.4 reduces to the following corollary.

Corollary 4.6. Suppose A € B(H) is self-adjoint and 1 < r < k. Then A € Ai(A)
if and only if A can be decomposed into Ay ® Ay such that dim A; < k, W(A;) C L
and W(Ay) CR\ L, where L = [\, 00) or (—oc0, A].

Using a similar argument as in the proof of Theorem 4.5, an analogue result can

also be obtained for self-adjoint operators.

Theorem 4.7. Suppose A € B(H) is self-adjoint and 1 < r < k < dimH. Let S
be a subset of F, containing the set {X2||A||P: P € P.}. Then

Ak(A) = ﬂ{Ak,T(A + F) :F e S}
In [16, Proposition 2.3], the author showed that A;(4) C Nxey,_, W(X*AX),

where V), is the set of X : H — H with X*X = Iy and X(H) = Hi for some
subspace Hi of ‘H satisfying dim H; < m. In general, we have the following.

Proposition 4.8. Suppose A € B(H) and 1 <r <k < oco. Then
Ak(A) - ﬂ{Ak,T(X*AX) X € VT}
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Proof. Let A € Ap(A). Then there exists a rank k orthogonal projection P
such that PAP = AP. Suppose X € V,. Then there exists a subspace H; of
H with dimH; < r satisfying X*X = Iy and X(H) = Hi. Therefore, dim
(P(H)N'H{) > k —r. Choose a k — r dimensional subspace Hz of H such that
X (Ha) € P(H)NHi. Let {y:}*=] be an orthogonal basis of Hy. Then {X (y;)}<=/
is an orthonormal subset of P(H). So, for 1 <4, j <k —r, we have

(XTAXyi,y;) = (A(Xyi), (Xy;) ) = 0i A
Hence, A € Ay (X*AX). O
Using Theorems 3.4 and 4.5, we have

Corollary 4.9. Suppose A € B(H) and 1 <r < k < co. If dimH < oo or A is
normal, then
Ap(A) = N{Ap—(X"AX) : X € V. }.
Proof. For each F' € F,, there is X € V, such that X*FX = 0. Then
Ap(A) € (] Mn(X7AX) C [ Mr XA+ F)X) C () Meer(A+F).
Xev, FeF, FeF,

By Theorems 3.4 and 4.5, the inclusions are indeed equalities. (Il
Similarly, using Theorems 2.1 and Corollary 3.3, we have the last corollary in

this section.

Corollary 4.10. Suppose A € B(H) and 1 <r <k < oo. Then
Qk(A) = ﬂ{Qk_T(X*AX) : X € VT}

5. RESULTS ON A (A)

Suppose H is infinite dimensional and A € B(H). It is clear that Ao (A) can
be viewed as the set of A € C for which there exists an infinite orthonormal set
{z; € H :i > 1} such that (Az;,x;) = J,;A for all 4,5 > 1. Extend the definition
of Qk (A) to

Qo (4) = ﬂ {pec: Re (e®u) < Ax(Re (e A)) for all k > 1}.
£€[0,2m)

We have the following result.

Theorem 5.1. Suppose dim H is infinite and A € B(H). Let S be a set of finite
rank operators on B(H) containing the set
{2€||A||P : € €[0,2n), P is a finite rank orthogonal projection}.
Then we have the following equalities.
(1) Qoo(A) = Myz1 W(A) = {CUW(A+ F)) : F € S} = We(A).
(2) Aoe(4) = Moy Ax(4) = {W(A+ F) : F € S}.



HIGHER RANK NUMERICAL RANGES 17

Proof. (1) By the definition of Q5 (A), we have Qs (A) = (5, 2 (4). By (1.2)

and Corollary 3.3, we have
We(A) = [J{CUW(A+ F)):F € B(H) has finite rank }

= (V[ MCUW(A+F)): F € B(H) has rank k — 1}

k>1

= [ %)

k>1

= (V[ {CUW(A+F)): F €S has rank k — 1}
k>1

= [({CUW(A+F)):FeS}

So, the second and third equalities in (1) hold.
(2) By Theorem 4 in [1],we have

(5.1) Ao (A) = ﬂ{W(A + F): F € B(H) has finite rank }.
Clearly, we have the inclusion

Aso(4) € () Ak(A).
E>1

To prove the reverse inclusion, suppose A € (5, Ax(A). Let F' € B(H) of rank m.
Choose k > m + 1. Then A € Ax(A). By Theorem 3.1, we have

AEA(A) CMAMA+F)=W(A+F).
Hence,

() Ak(A) S Y{W(A+ F): F € B(H) is of finite rank} = Ao (A).

k>1

Thus, we get the first equality in (2).
Next, we show that one only needs to use F' € S for the intersection on the right
side of (5.1). To this end, note that

(W (A+F): F € B(H) is of finite rank} C (|{W(A+F): F € S}.
To prove the reverse inclusion, assume that
¢ ﬂ{W(A + F): F € B(H) is of finite rank}.

If A ¢ Qo (A), then there is a finite rank F' € B(H) such that A ¢ CI(W (A + F))
and hence A ¢ W(A + F). So, assume that

(52) A€ W.(A) C W(A) and thus [A| < sup{|u| : p € W(A)} < [[A]l



18 CHI-KWONG LI, YIU-TUNG POON, AND NUNG-SING SZE

Then there is £ € [0,27) and a finite rank operator F' € B(H) such that

(5.3) ECW(A+F-XN)C{ueC:Im(u) <0}UL

with £ = (0,00) or £ = (—00,0). We may replace A by ¢ A and assume that
¢ = 0. Without loss of generality, assume that £ = (—o0,0).

Let A =a+ib with a,b € R and A = H + 4G with H = H* and G = G*. Since
(5.3) holds with & = 0 for a finite rank operator F' € B(H), there is r not larger
than the rank of Im F' such that G has an operator matrix of the form
(5.4) diag (g1, -, 9v) ® bI, & Gy
with g1 > -+ > g, > b, W(G2) C (—00,b) and 0 < s < co. By (5.2), we have

g1 — b < |g1] +[b] < 2||G| < 2[|A]|.
We consider two cases.
Case 1. Suppose g1 — b = 2||A||. Then g; = ||A|| = —b. Since A € W,.(A) and
[All = [b] < [a+db] = |A] < [|A],
it follows that
a=0 and X=ib=—i|A|
is the only element in CI(W(A)) N{p € C: Im () < —||A4||}. Thus, G2 in (5.4) is
vacuous, i.e., G has operator matrix diag (¢g1,...,¢g,) @ bl;. Using the same basis,

we let H have the operator matrix

Hll H12
Hi, Hyf"

Since ||Haz + ibI|| < ||Al| = |b], we see that Haa = 0. By the fact that
b2 = [ A% A]| = |(H +iG)*(H + iG]
we see that Hqs is zero as well. Thus, A has operator matrix
Ay @bl with Ay € M,,.
Since (5.3) holds for a finite operator F' with £ = 0 and £ = (—o0,0), we see that

s # 0o. But then dim H is finite, which is a contradiction.
Case 2. Suppose g1 — b < 2||A]|. If s is finite in (5.4), then

F=20A|(I,+s®0)eS and W(A—F)C{ueC:Im(y)<b}.
Thus, A = a4 ib ¢ W(A— F).

Next, assume that s = oco. Suppose the compression of H on the null space of
G — bl equals Hy. Then there is a positive integer m such that Hy has operator
matrix diag (hy, ..., hm)® Hy such that hy > -+ > hy, > a and W(H;) C (—o0, a).
Otherwise, (5.3) cannot hold for a finite operator F with £ = 0 and £ = (—o0,0).
Let F = i2||A||(I;4m ®0) € S, and let A = A—F —AI. Then Im (A) = (A— A*)/2i
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has an operator matrix Gy @ 0,_,, ® Gy with W(él @ ég) C (—00,0). Moreover,
the compression of Re (A) = (A+ A*)/2 on the null space of Im (A) equal H; —al.
As a result, if p = <Ax,x> € W(/l) has imaginary part 0, then z must lie in the

null space of Im (A), and hence the real part of p lies in W(H; — al) C (—00,0).
Thus, 0 ¢ W(A)7 equivalently, A ¢ W(A — F ). Consequently,

({W(A+F):FeS C({W(A+F):F e B(H) is of finite rank}. O
In [16], Martinex-Avendano asked whether Aoo(A) = (1,5, Ak(A). Assertion (2)

answers the question affirmatively.

Theorem 5.2. Suppose A € B(H), where H is infinite dimensional. Then
Int(200(A)) € A(A) C Qoo (A).
Moreover, Cl(Aso(A)) = Quo(A) if and only if Aoo(A) # 0.

Proof. By the Corollary after Theorem 4 in [1], we see that Int(Q(A4)) C
Ao (A). The inclusion Ao (A) C Qo (A) is clear.

Note that Q. (A) is always a non-empty compact convex set. If Ay (A) = 0
then Cl(Aw(A)) # Qoo(A). Conversely, suppose Aoo(A) # 0. If Int(As(A)) =
Int(25(A)) is non-empty, then Cl(Ax(A)) = Qo(A). If Int(Qs(A)) is empty,
then Q. (A) = {u} is a singleton and so is the non-empty set A (A). Hence
Cl(Ano(A4)) = A (A) = {u}. 0

The next example show that A, (A) may indeed be empty so that Cl(A(A)) #
Qoo (A).

Example 5.3. Let A =P, ., diag (e™/m/n,—1/n) € B(H). Then Qo (A) = {0}
but 0 ¢ Aq(A) so that Ao (A4) = N{Ak(A) : k=1,2,...} = 0. On the other hand,
if B=A® 0p, then Ao (B) = {0}.

From the proof of Theorem 5.2, we see that if As(A) is a singleton, then Qs (A)
is also a singleton, which can happen if and only if A— ul is a compact operator for
some p € C by the corollary after Lemma 3 in [1]. In connection to this comment

and Example 5.3, we have the following.

Proposition 5.4. Let A € B(H) and p € C be such that A — pl is compact. Then

the following are equivalent.

(a) Asc(A) is non-empty.

(b) Ao(A) = {p}-
(¢) € Ap(A) for each k=1,2,....

Proof. The implications “(a) <= (b)” is clear. We have “(c) < (b)”
because Ay (A) =, Ax(A) by Theorem 5.1. O
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