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Abstract
Let k € {1,...,n}. The k-numerical range of A € M,, is the set
Wi(A) = {(tr X*AX) /k: X is n x k, X*X = I},
and the k-numerical radius of A is the quantity
wi(A) = max{|z| : z € Wi(A)}.

Suppose k > 1, k' € {1,...,n'} and n' < C(n, k) min{k’,n’ — k’'}. It is shown that there
is a linear map ¢ : M, — M, satisfying Wi (¢(A)) = Wi(A) for all A € M, if and only if
n'/n=Fk/korn'/n=Fk/(n—k)isa positive integer. Moreover, if such a linear map ¢ exists,

then there is a unitary matrix U € M, and nonnegative integers p, ¢ with p+ ¢ = n’/n such
that ¢ has the form

AU A®--- A0 A D--- @ AU

p q

or
AT ) @ - ovA)eypd) & - @A),
P q
where 1) : M,, — M,, has the form A — [(tr A)I, — (n — k)A]/k. Linear maps ¢ : M,, — M,
satisfying wy (¢(A)) = wi(A) for all A € M, are also studied. Furthermore, results are
extended to triangular matrices.

AMS Classifications: 15A04, 15A60, 47A12.
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1 Introduction

There has been a great deal of interest in studying linear operator ¢ : M — M, where M
is a matrix algebra or space, with a certain special property such as:

(a) f(o(A)) = f(A) for all A € M, where f is a given function on M;
(b) ¢(S) € S or ¢(S) =S for a certain subset S C M;
(c¢) ¢(A) ~ ¢(B) in M whenever A ~ B in M for a certain relation ~ on M.
Very often, ¢ has nice forms such as
A MAN or Avrs MA'N

for some suitable M, N € M. One may see [19] for a survey on the subject. Recently, there
has been research on more general problems concerning linear transformations ¢ : M — M’
with some special properties such as



(a) f'(#(A)) = f(A) for all A € M, where f and f’ are appropriate functions on M and
M,
(b) ¢(S) C 8" or ¢(S) = &' for certain subsets S C M and &' C M’;

(c) ¢(A) ~" ¢(B) in M’ whenever A ~ B in M for certain relations ~ on M and ~' on
M.

Such problems are more challenging and their study often lead to the discovery of unexpected
results and hidden structures of the matrix algebras M and M’; see [6, 10]. In this paper,
we consider these types of problems. We solve a specific problem and develop some proof
techniques that may be useful for future study in this area.

Let us first introduce some notations and definitions. Denote by M,, the algebra of n x n
complex matrices. For 1 < k < n, define (see Halmos [11]) the k-numerical range of A € M,,

as
Wi(A) = {(tr X*AX)/k: X isn x k, X*X = L}

Since W, (A) = {tr A/n}, we always assume that & < n to avoid trivial consideration. When
k = 1, we have the classical numerical range W;(A), which is useful in studying matrices
and operators; see [11]. Researchers have studied linear maps ¢ : M,, — M,, such that

Wi(p(A)) = Wi(A) for all A€ M,. (1.1)
By a result of Pellegrini [18], a linear map ¢ : M,, — M,, satisfies (1.1) for k = 1 if and only
if there is a unitary U € M,, such that ¢ has the form
(S1) A—U*AU or A~ U*A'U.

Pierce and Watkins [20] extended the result of Pellegrini to other values of k as long as
k # n/2, and raised the open problem for the case k = n/2. In [12] (see also [17]), it was
shown that for k = n/2, a linear map ¢ : M,, — M,, satisfies (1.1) if and only if there is a
unitary U € M, such that ¢ has the form (S1), or

(S2) n =2k and

A (tr AR, —U*AU  or A~ (tr AJk)L, — U*A'U. (1.2)

In fact, for any k € {1,...,n — 1}, a mapping ¢ of the form (1.2) satisfies
(n —k)W,_r(A) = kWi(6(A)) forall A e M,.

In [6] the authors studied linear maps ¢ : M,, — M, such that (1.1) holds with & = 1. It
was shown that for n’ < 2n — 2, a linear map ¢ : M,, — M, satisfies (1.1) if and only if

n’ > n, there exist a unitary U € M, and a unital positive linear map f : M,, — M,,_, such
that ¢ has the form

A= UTA® f(AU or A U A" ® f(A)]U.



However, for n’ > 2n — 2, there are other linear maps ¢ : M,, — M, satisfying (1.1) with
complicated structure. The complete characterization of ¢ : M,, — M, satisfying (1.1) is
unknown.

The purpose of this paper is to study those linear operators ¢ : M,, — M, satisfying

Wi (6(A)) = Wi(A) forall A € M, .

By modifying the map in [6], we can easily get a map ¢ : M,, — M, with complicated
structure satisfying
Wi (p(A)) = Wi(A)  forall Ae M,.

Therefore, we will only study the case when k£ > 1. It turns out that we also need to impose
some conditions on n and n’ to avoid the pathetic situation described below.

Let k € {1,...,n}, and (o, ) be a pair of length k increasing subsequences of {1,...,n}.
Denote by Ala, 3] the submatrix of A € M, lying in rows and columns indexed by « and
B, respectively. Then the kth compound matrix of A is the C(n, k) x C(n, k) matrix Cy(A)
whose entries equal det A[a, ] arranged in lexicographic order of a and 3. The kth additive
compound is defined by

d
Ag(A) = aCk(l + tA)|i=o.

It is known (e.g., see [16]) that the mapping
A Ag(A)
from M,, to Mc(, k) is linear and satisfies
Wi(A) = Wi (Ak(A)) for any A € M,,.

So, if n’ > 2C(n, k) — 1 then there is a linear map ¢ : Mo, k) — M, satisfying Wi (¢(X)) =
Wi (X) for all X € M, without nice structure. Thus, the linear map ¢ : M,, — M, defined
by

A= Y(Ag(A))

satisfies Wy (A) = Wi(¢p(A)) for all A € M,, and does not have nice structure. For larger n’
one can extend the above idea to construct ¢ of the form

A= 1(Ag(A) @ -+ B U (Ar(A))

satisfying Wi (A) = Wi (¢(A)) for all A € M,, without nice structure.

By the above discussion, we see that it is reasonable to impose appropriate assumption on
n,n’, k, k' to obtain nice characterizations of linear map ¢ : M, — M, satisfying Wy(A) =
Wi (¢(A)) for all A € M,. This is done in Section 2. In fact, we show that the same
result is valid for real linear map ¢ : H, — H,, where H,, denotes the real linear space
of all m x m complex Hermitian matrices. In Section 3, we extend the result to triangular
matrices. Define the k-numerical radius of A € M,, by

wi(A) = max{|z| : z € Wi(A)}.
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In Section 4, we study those linear maps ¢ satisfying

wr (p(A)) = wi(A) for all A € M,.

Some open problems are mentioned in Section 5.
Note that recently, researchers have also considered mappings preserving the classical
numerical range and radius on more general operator algebras; see [1, 2, 4, 5, 7, 8, 14].

2 Results on Hermitian and Complex Matrices

The main theorem of this section is the following.

Theorem 2.1 Let (M, M') = (H,, Hy) or (M, M,). Suppose k € {2,...,n— 1}, k' €
{1,...,n'} and n' < C(n,k)min{k',n" — k'}. There exists a linear map ¢ : M — M’ such
that

Wi (0(A)) = Wi(A)  for all A e M (2.1)

if and only if there is a unitary U € M, and nonnegative integers p,q with p +q = n'/n
such that one of the following holds:

(W1) n'/n=FK/k and ¢ has the form

A-U'A®---0AdA' e - 0 AU

p q

(W2) n'/n=FK/(n—k) and ¢ has the form

A Up(A) @ - @ (A @A) @ - @ y(A)]U,

p q

where 1 : M — M is the mapping A — [(tr A)I,, — (n — k)A]/k.

Proof of the sufficiency part. Suppose n’/n = k'/k. Then any mapping described in (W1)
satisfies (2.1). If n’/n = k'/(n — k), then the mapping ¢ : M — M’ described in (W2)
satisfies

Wio (6(A)) = Wi i (b(A)) = Wi(A)  for all A € M. n

In the following, we consider the converse. Suppose there exists a linear map ¢ : M — M’
such that Wy (¢(A)) = Wi(A) for all A € M. We will show that n’/n is an integer and one

of conditions (W1) or (W2) holds by establishing a sequence of lemmas.
Let X € H,,. Denote the eigenvalues of X by

M(X) > > (X)),



Suppose r € {1,...,m — 1}. Let

T

SH(X) = i:l)\j(X) and  s,.(X) = ;/\m_jH(X).

We have the following result concerning the r-numerical range; see [11, 12, 20] and their
references.

Lemma 2.2 Suppose r € {1,...,m — 1}.
(a) W.(A) =W, (U*AU) for any unitary U € M,,.
(b) W.(aA+ B1,,) = aW,.(A) + G for any o, 5 € C.

(c¢) If A€ H,,, then
We(A) = [s.(A)/r, 5:(A)/r].

(d) A matriz B € M, satisfies W,.(B) C R if and only if B = B*.
(e) A matriz C € M, satisfies W,.(C) = {A} if and only if C = \,,.
Lemma 2.3 The mapping ¢ satisfies ¢(H,) C H, and ¢(I,) = L.

Proof. If A € H,, then Wy (¢(A)) = Wi(A) C R. By Lemma 2.2 (d), ¢(A) € H,.
Furthermore, since Wy (¢(1,,)) = Wi(I,) = {1}, we have ¢(I,,) = I, by Lemma 2.2 (¢). =

By the above lemma, we can focus on proving the result for the Hermitian case. Once it
is done, the result on complex matrices will follow from the fact that ¢(A) = ¢(H) + i¢p(G)
for any complex matrix A = H +1G € M,, with H,G € H,,.

A key step in our proof is to show that ¢ or ¢ o ¢)~! will map idempotents in H,, to
idempotents in H,;. Two idempotents F,G € H,, are said to be disjoint if FG = GF = 0,,.

Lemma 2.4 Suppose A,B € H,, and r € {1,...,m — 1}. The following conditions are
equivalent.

(a) The sum of the first r diagonal entries of A+ B equals S,(A) + S, (B).
(b) The sum of the last m — r diagonal entries of A+ B equals Spy—r(A) + Sm—r(B).

(c) A=A ® Ay and B = By @ By such that Ay has the r largest eigenvalues of A and By
has the r largest eigenvalues of B.

Proof. Clearly, (a) and (b) are equivalent, and (c) implies (a). To prove (a) implies
(c), let d4 be the sum of the first r diagonal entries of A, and dp be the sum of the first
r diagonal entries of B. Then dy < S,(A) and dg < S,(B). Now, the sum of the first r
diagonal entries of A+ B equals dq +dp = S,.(A)+ S,(B). So, dy = S.(A) and dg = S, (B).
By [13, Lemma 4.1, A= A; & Ay and B = B; @ B, with Ay, By € M, such that A; has the
r largest eigenvalues of A and B has the r largest eigenvalues of B. [ ]

By Lemma 2.4, one readily deduces the following.
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Lemma 2.5 Suppose A,B € H,,, and 1 <r < m. The following conditions are equivalent.
(a) S.(A+ B)=S,(A) + S,(B).
(b) Sm—r(A+ B) = S$m—r(A) + sm—r(B).

(c) If V € M, is unitary such that V*(A + B)V = diag(cy,...,cn) with ¢ > -+ >
Cm, then VAV = Ay @ Ay and V*BV = By @& By with Ay, By € M, such that A,
(respectively, By) has the r largest eigenvalues of A (respectively, B).

Lemma 2.6 Suppose k < n/2 and k' < n’/2. If E € H, is a rank one idempotent, then
¢(F) is positive semidefinite.

Proof. Suppose ) € H, is a rank k idempotent such that QF = EQ = 0. Then Q + F
is a Hermitian idempotent with trace k + 1. Since k < n/2,

Wi (o(Q + E)) = Wi(Q + E) =0, 1],

Wi (9(Q)) = Wi(Q) = [0,1],  and Wi (¢(E)) = Wi(E) = [0, 1/k].
Then Si (¢(Q)) =K', siw(p(Q)) =0, Sp(p(E)) = k'/k, and sp(¢(E)) = 0. So,

sw(P(Q) + O(E)) = sw(d(Q)) + sw(o(E)).

Let V' € M, be unitary such that V*(¢(Q + E))V = diag (c1,...,cn) with ¢g > -+ > ¢,
By Lemma 2.5, V*¢(Q)V =Y; @ Y; and V*¢(E)V = Z; ® Zy with Ys, Zo € My, such that
Zy has the £’ smallest eigenvalues of ¢(F). If Z, is the zero matrix, then Z; and hence,

¢(F) is positive semidefinite as asserted. If Z, has a negative eigenvalue, then the largest
eigenvalue of 75 is positive. Hence, Z; is positive definite. Now, suppose Vi € M,,_; such

that V;Y1Vi = diag (b, ..., by—w) with by > ... > by_p. Then ¥5 b = Sp(6(Q)) =
K'. Since Z; is positive definite and k' < n'/2; the sum of the first £’ diagonal entries of
Vi*Z1Vy = a > 0. Let X be the matrix consisting of the first £’ columns of the unitary
matrix V(V; & Ijs). Then

1< (K +a)/k = tr (X"0(Q + E)X) /K € Wi (¢(Q + E)),

which contradicts the fact that Wy (¢(Q + E)) = [0, 1]. n

Lemma 2.7 Suppose k <n/2 and k' <n’/2. Let E,...,E, € H, be rank one idempotents
such that 4y +---+ B, = I,,.

(a) Suppose s € {1,..., k' — 1} such that

Aw—s(O(E1)) > Aw—sr1(9(E1)).



Then there is an n’ X s matriz S whose columns are orthonormal eigenvectors of the
eigenvalues Ap—s11(P(E1)), ..., A (9(E1)) such that S*¢(E;)S = ;1 with

Nn=1=> 7%= Av—sr1(@(E1)) = -+ = A (d(E)),
=2
and
Vi = Aw—si1(O(E))) = = Awows(0(E)),  J=2,....n.

(b) Suppose r € {1,..., k" — 1} such that

Ar(@(Er)) > Arga(9(E1)).

Then there is an n' X r matriz R whose columns are orthonormal eigenvectors of the
eigenvalues A\ (¢(Er)), ..., A\ (¢(E1)) such that R*¢(E;)R = 7;1, with

5= 1= 305 = M6(B) =+ = M6,
and
:yj = )\k’frJrl(QS(Ej)) == )‘n’fk’Jrr((Zﬁ(Ej)% j = 27 N (2

Proof. Assume that ¢(F;) has eigenvalues a; > -+« > a,s. Since
Wi (9(Er)) = Wi(E1) = [0, 1/k],
Ay + -+ ap 11 =0. Let B € {E,,...,E,}. Then
Wi (¢(B)) = Wi(B) = [0,1/k] and Wi (¢(Er + B)) = Wi(E1r + B) = [0,2/k].

Suppose ¢(B) has eigenvalues by > -+ > b,
(a) Note that sp(¢(E1) + ¢(B)) = sp(d(E1)) + s (¢(B)). By Lemma 2.5, there is a
unitary V' € M, such that V*¢(F)V = A; @ Ay and V*¢(B)V = By @ By, where A; has

eigenvalues a,, ..., a, 41 and By has eigenvalues b, ..., by _po1. Now,
Wi (6(Er) — ¢(B)) = Wi(Ey — B) = [=1/k, 1/k].

Then sy (¢(E1)) + sp(—6(B)) = sp(¢(Ey — B)). By Lemma 2.5, there is a unitary V €
M, such that V*(b(El)V = A, ® Ay and V*(b(B)V = B, @ B,, where A, has eigenvalues
Gty ooy Qpr—jry1 and Bg has eigenvalues by, ..., bp. Since a,_s > a, 11, We may assume
that the last s columns of V and V are the eigenvectors of ¢(FE4) corresponding to the

eigenvalues a,/_s11,...,a,. So, the lower s X s principal submatrices of B, and By are the
same, say, equal to X € H,. Suppose X has eigenvalues d; > --- > d,. Because B; has
eigenvalues by 11 > -+ > by, it follows from the interlacing inequalities (see [9]) that

bn’—k’—i—j > dj, j = 1, ey S (22)



Because B, has eigenvalues by > -+ > by, by the interlacing inequalities again, we have
dj Z bk’—s+j; ] = 1,...,8. (23)
Since k' < n'/2, byr_sy; > by _py4j for 1 < j < s. By (2.2) and (2.3), we see that

bk’—s—l—j - d] = bn’—k’-‘y—ja j = 17 s S

Thus,
dl — ... = dS = bk‘/78+1 —= e = bnlfk/+8' (24)

Use the last s columns of V' to form the matrix S. Then S*BS = d; 1.
By the above arguments, S*¢(E;)S = ;1 for j =2,...,n, where 7; = A\py_s11(¢(E;)) =
A —ir+s(0(E;)). By Lemma 2.3,
O(Ey+ Ey+ -+ Ey) =o(1,) = 1y.
It follows that

j=2

is a scalar matrix, where vy =1 — Z?:2 ;. Clearly, v1 = @511 = Q.
(b) Note that
Wi (¢(Er + B)) = Wi(Er + B) = [0,2/k].

Thus, Sk (d(E1) + ¢(B)) = Sp(¢(Er)) + Sk (¢(B)). Then there is a unitary W € M, such
that W*(o(Ey))W =Y, @Y, and W*(p(B))W = Z; & Zy with Y1, Z; € My, where Y] has
eigenvalues aq, ..., ar and Z; has eigenvalues by, ..., by. Now,

Wi (¢(Er — B)) = Wi(Ey — B) = [=1/k, 1/k].

We see that Sp(¢(E)) + ¢(—B)) = Sp(d(E1)) + Sk (¢(—B)). So there exists a unitary
W € M, such that W*gb(El)W =Y, &Y, and W*gb(B)W = 7, & Zy, where Y; has
eigenvalues aq,...,ar and Zl has eigenvalues b/, ..., by _41. Since a, > a,.1, We may
assume that the first  columns of W and W are the eigenvectors of ®(F1) corresponding

to the eigenvalues ai, ..., a,. So, the leading r x r submatrices of Z; and Z; are the same,
say, equal to T' € H,. Suppose T has eigenvalues t; > --- > t,. Since Z; has eigenvalues
by > - -+ > by, by the interlacing inequalities

tj>by_y; Jj=1,...,7 (2.6)
Since Zl has eigenvalues b,/ 11 > --- > b,, by the interlacing inequalities
by i >, J=1,...,r (2.7)
Since k' < n'/2, byr_yij > by, for 1 < j <r. By (2.6) and (2.7), we see that
by =t = by, J=1,...,1.
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Since k' < n'/2,

==t =byry1 =" =by pir.
Use the first r columns of W to form the matrix R. Then R*T'R = t,I,. Consequently,
R*¢(E))R = 71, for j = 2,...,n, as ¥; = Aw—r11(P(E;)) = Ay—iw+r(¢(E;)). Moreover,
R'o(Ey)R = I, — Y}_y7il,, where 3y = 1 — 320, 4;. Clearly, 31 = a1 = a,. [ ]

Lemma 2.8 Suppose k =n/2 and k' < n'/2. If there is a rank one idempotent E € H,, such
that ¢(E) has negative eigenvalues, then k' = n'/2 and ¢ o ¢~ (F) is positive semidefinite
for any rank one idempotent F' € H,,.

Proof. Suppose there is a rank one idempotent E such that ¢(F) has negative eigenvalues.
Assume that ¢(FE) has eigenvalues a1 > -+ > a5 > 0> @541 > -+ > a,y. Since

Wi (0(E)) = Wi(E) = [0,1/k],

Apr 4+ + ap 41 = 0. Thus, s < k',

Let E1,...,E, € H, be rank one idempotents such that £y = E and Z;‘:l E; =1I,. By
Lemma 2.7 (a), there is an n’ x s matrix S whose columns are orthonormal eigenvectors of
the negative eigenvalues of ¢(E;) such that S*¢(E;)S = v;1, with

Nn=1- Z’Y]’ =0 = = A/ -5l (2.8)
j=2
and
Vi = >\k/—s+1(¢(Ej)) = /\n’—k’+s(¢(Ej))a J=2,...,n. (2-9)
We must have
Ay = - = Q.

Otherwise, there is r < k' such that a, > a,,;. By Lemma 2.7 (b), there is an n’ X r matrix

R whose columns are orthonormal eigenvectors of the r largest eigenvalues of ¢(F;) such
that R*¢(E;)R = 7,1, with

Vi = A—r1(0(E))) = Aw—w1r(9(Ej)), J=2,...,n. (2.10)

By (2.9) and (2.10), we have 7; = A\ (¢(E;)) = v, for j = 2,...,n. But then, we have
R*¢(EV)R = I, — X5 v;l,, where ay = 1 — 3%, v; = a,/, which is a contradiction. Since
Wi(Ey) = Wi (o(E1)), we see that ay = -+ = ap = 1/k.

Observe that >°7_;v; = 1 and 73 < 0. Thus, there exists j > 2 such that v; > 0. We
may assume that v, > 0. Since sp/(¢(E2)) = 0 and A\y_pris(A(E2)) = 72 > 0, we see that
A (6(E2)) < 0. Suppose ¢(Es) has t negative eigenvalues. Applying the arguments on ¢(F)
to ¢(Ls), we see that the last ¢ eigenvalues of ¢(£5) all equal to 1 — 3,5 Aw—s11(0(F})) and

1k =N(o(E))  forl=1,..., K.



By (2.9), we have

1/k =Y = /\k’—s+1(¢(E2)) == )‘n’—k"+5<¢(E2>>-
Interchanging the roles of Fy and Ey, we see that
1k = (¢(Er)) = -+ = Aw—wa(9(Er)).

Moreover, since g (¢(E1)) = M\ (@(E2)) = 1/k, we see that
Mel91)) = 1= 3" M (0(E3)) = 1/k = Aul(6(E2))

Suppose j > 3 is such that ¢(E;) has negative eigenvalues. We can apply the above argu-
ments on ¢(Es) to ¢(E;) to conclude that A\, (¢(E;)) = 71, and

1k = N(o(E))) fori=1,....n — kK +s. (2.11)

Suppose j > 3 and ¢(E;) is positive semidefinite. Then A\p_p1(P(E;)) = -+ = A\ (@(E;)) =
0. By (2.9), we have

A—s1(9(E))) = Aw—ws(0(E5)) = 0. (2.12)

Relabeling Fy, . .., E, if necessary, we can assume that ¢(FEs), ..., ¢(F,,) have negative eigen-

values, and ¢(E;) is positive semidefinite for j > m. Then each one of ¢(E), ..., #(E,,) has
smallest eigenvalue

= 1= Y M(d(E) = 1 (m = D/ <0.

If m < n, then ¢(FE,) is positive semidefinite with fewer than &’ positive eigenvalues. Since
Wi (o(Ey)) = Wi(E,) = [0,1/k], we see that A\i(E,) > 1/k. By Lemma 2.7 (b), we have

1k < M(6(BR) = 1= 3 Me(0(E) = 1= m/k < 1= (m—1)/k <0,

which is a contradiction. So, we have m = n. By (2.11), and the fact that Wy (¢(E;)) =
Wi(E;) =1[0,1/k] for j =1,...,n, we have

n = tr([n/)zzn:tl"ﬁb(Ej)

= SSeE) Y M) + X selo(E)

= n(k'/k) +n(n' —2K)(1/k) = 2k" +2(n' — 2k') = 2n’ — 2K’
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Hence, n’ = 2k’.

Suppose I’ € H, is a rank one idempotent. We claim that A\ (F") = 1/k. Since n = 2k >
4, there is a rank one idempotent G € H,, such that EG = GE = 0 and FG = GF = 0.
Moreover, there exist rank one idempotents Gs, ..., G, € H, such that E+G+G3+--- G, =
I,,. Applying the previous argument with (E, Es, ..., E,) replaced by (E,G,Gs, ..., G,), we
see that G has negative eigenvalues. Now, there exist rank one idempotents Fj, ..., F, € H,
such that G+ F+ F5+---+ F, = I,,. Applying the previous arguments with (E, Es, ..., E,)
replaced by (G, F, F3, ..., F,), we see that ¢(F') has largest eigenvalue 1/k.

Now, observe that ¢)~!(F) = I,,/k—F. Since ¢(F') has largest eigenvalue 1/k, we conclude
that ¢( 1 (F)) = Ly /k — ¢(F), is positive semidefinite as asserted. n

Lemma 2.9 Suppose k <n/2, 2k' <n' <k'-C(n,k), and ¢(F) is positive semidefinite for
any rank one idempotent E € H,. Then ¢(F') and ¢(G) are disjoint idempotents in H,: for
any disjoint rank one idempotents F,G € H,.

Proof. Let Ey,...,E, € H, be rank one idempotents such that ' = F,, G = FE,, and
Ey+---+ E, =1, ThenY; = ¢(E;) € H, is positive semidefinite and

Wie (¥;) = [0, /K] = [s (Y;)/K', Ser(¥;) /]

for all j =1,...,n. We claim that there is 7 € {1,...,n} such that the largest eigenvalue of
Y; has multiplicity r < &’. If it is not true, then for j =1,...,n,

M(Y}) = = A(Y3) = 1/k,

as Sp/(Y;) = k'/k. Now, for any 1 < j; < jo <--- < ji <m,

Wi <t§: th> =W, (Z Ejt> =[0,1].

t=1

Thus, there exists an n’ x k' matrix U such that

k k k k
K= Sy (Z Y) = tr (U* (Z Y) U) =Y tr(UY,U) <3 Sp(Y;) =K.
t=1 t=1 t=1

t=1
It follows that tr (U*Y;,U) = k'/k and hence U*Y;,U = (1/k)I}y for t = 1,... k. Since
Yi+ -+ Y, =1, we see that U*Y,U = Oy for any ¢t ¢ {j1,..., 7k}

Now, for any other choice of 1 < 77 < jo < --- < Jx < n, there is a corresponding
n' x k" matrix U such that U*U = Iy such that U*Y; U = (1/k)[}, for t = 1,... k, and
U*Y,U = 0y for any t ¢ {J1,..., k. Suppose j’p ¢ {j1,..-,Jr}. Then U*Y; U = Oy and
U *Y}p[j = (1/k)Iy. Thus, the columns of U belong to the kernel of Y; whereas the columns
of U belong to the kernel of Y; — (1/k)Iy. So, UU = 0.
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Combining the above arguments, we see that there are C(n, k) matrices U’s of size n/ x £/
such that U*U = I. Any two of such U have mutually orthogonal columns. So, there are
k'-C(n, k) orthonormal columns. Hence k- C'(n, k) < n', which contradicts our assumption.

By the above argument, we see that

min{r : \.(Y;) > A1 (V) with ¢ € {1,...,n}} < k.
Relabeling Y7, ..., Y, if necessary, we may assume that
MY)=--=AM) > A1)

and for t =2,...,n,
MYy == A (V).
Note that the last &’ eigenvalues of Y; are all zeros. We claim that the first &' eigenvalues of

Y, can contain at most two distinct values. Otherwise, there are 1 < s < s’ < k' such that
As(Y:) > A1 (V) and Ay (Y:) > Agi1(Y:). But by Lemma 2.7 (b), A\ (Y;) = -+ = As(V2),
which is impossible.

Note that the last k&’ eigenvalues of Y; are all zeros. Applying Lemma 2.7(b) to Y;, we
have

)\k/frJrl (Y;‘/) = )\n/fk/Jrr(Y;‘/) =0
for t =2,...,n. Then there is r; < ¥’ —r + 1 <k’ such that

Al(th) = )\Tt(}/;J > )\rt—i-l(y;f) = )\n/<th) = 0,

i.e., Y; is unitarily similar to v, 1,, ®0,_,, for t = 2,... n. Interchanging the role of Y; and Y,
we conclude that Y; is unitarily similar to v11,, & 0,—y,. Since Wy (Y;) = Wi (E;) = [0, 1/k],
rey = K k.

Furthermore, we can see from Lemma 2.7 (b) that for s # ¢, all eigenvectors of Y;
corresponding to the eigenvalue v, are eigenvectors of Y; corresponding to the eigenvalue 0.
Hence, Y,Y; = 0 for any s # t. Since Y1+---+Y, = L, =1land ri+---+7r, =n’. Hence,
r=k/k=rforalt=1,...,n and k'/k = n’/n. This shows that every Y; is unitarily
similar to I, @ 0,,_,. Hence, A — ¢(A) maps disjoint idempotents to disjoint idempotents.

|

Proof of the necessity part of Theorem 1. Suppose k < n/2 and k' < n'/2. By Lemmas 2.6
and 2.9, ¢ will map idempotents to idempotents. So, (see Corollary 4.3 in [10] and also [3,
Theorem 2.1]), ¢ has the asserted form.

Suppose k = n/2 and k' < n'/2. Apply Lemma 2.8; then apply Lemmas 2.6 and 2.9 to
¢ o1~ to get the conclusion.

Suppose k > n/2 and k' < n'/2. Then ¢ o ¢p~! satisfies W,,_x(A) = Wi (¢ o v (A)) for
all A € M,. So, ¢ o1p~! has the desired form.

Suppose k > n/2 and k' > n//2. Replace ¢ by ¥ o ¢ o~ with U : M,, — M,, defined
by (X)) = [(tr X) I,y — K’ X]|/(n' — k') for all X € M,,. Then W, _r(A) = Wy _p(6(A)) for
all A€ M,. So, U o ¢o~! has the asserted form. It follows that ¢ has the same form as
well. ]
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3 Results on Triangular Matrices

Let T}, be the set of n x n upper triangular matrices. In this section, we study those linear
maps ¢ : T, — T, satistying

Wi (3(A)) = Wi(A) forall A€ T,. (3.1)

Clearly, if a map ¢ has the form (W1) or (W2) in Theorem 2.1 for some unitary U such that
o(T,) € T, then condition (3.1) holds. The following theorem shows that the converse of
the above statement is also valid, and gives a condition on U to ensure that ¢(7,,) C T, .

Theorem 3.1 Supposek € {2,...,n—1}, K € {1,...,n'} andn’ < C(n, k) min{k’,n'—k'}.
There exists a linear map ¢ : T,, — T, such that

Wi (p(A)) = Wi(A)  forall AT,

if and only if there is a unitary U = (u;;) € M,y and nonnegative integers p,q with p+ q =
n'/n such that

p—1 pt+q-—1
Zﬂ(jn+a),d U(jn+b),c + Z E(jner),al U(jnta),c = 0 (32)
Jj=0 Jj=p

foralll<a<b<nandl<c<d<n', and one of the following holds:

(T1) n'/n=K'/k and ¢ has the form

AU A A0 A ®---© AU

p q

(T2) n'/n=FK/(n—k) and ¢ has the form

A Up(A) @ - @ (A @ (A @ - @ h(A)]U,

p q

where ¢ : T,, — T, is the mapping A — [(tr A)I,, — (n — k)A]/k.

Let us further analyze condition (3.2) in the following. For any 1 < a < b < n and
1 <e<n/,define

’Ub Upe u(pn+a)c
ul = (wca) with o) = : and w; = : .
‘ U((p—1)n-+d)e W(pta—1)nta)e

Then (3.2) reduces to

(03, 00) 4+ (wh, w?) = (P, u*) =0 foralll<a<b<nandl<c<d<n,

Cc Cc

13



where (-,-) denotes the usual inner product, i.e., (z,y) = y*z. Suppose U = (u;;) satisfies

(3.2). Clearly, the set {u%,... u%} forms an orthogonal set on €™/". Then at most n’/n
vectors of the set can be nonzero. Hence, at most n(n’/n) = n’ vectors of the set

can be nonzero. As U is an n’ x n/ unitary matrix, exactly one vector in {ul',...u""} can
be nonzero. Otherwise, U has a zero column. Furthermore, if a # b, then at most one of v°

and w? can be nonzero, as only one of u? and u2* can be nonzero. Thus, we deduce from
(3.2) that

(v3,0)) =0 = (w5, w?) foralll<a<b<nandl<c<d<n

[

In conclusion, we have the following
Proposition 3.2 A unitary matriz U = (u;;) € M, satisfies (3.2) if and only if
(i) for each 1 < c </, there is a a € {1,...,n} such that
(vi, ve) + (wg, wg) =1
and v and w® are zero vectors for all b # a; and
(ii) foranyl <a<b<nandl<c<d<n,

(v3, v2) + (wg, wg) = (v3,v2) = (wg, we) =0.

Example If n =6, n=p =2 and g = 1, then

1/v2 0 1/V2 0
1/v/2 0 1/v/2
0 -1/v/2 0
1/v/2 0 —1/v/2
0 0 0
0 0 0

—_
~~

o O O ]
&

_— 0 O O O O

O = OO OO

satisfies (3.2). But if U; is the matrix obtained from U by interchanging its (4,4)-th and
(4,6)-th entries, then U; does not satisfy (3.2) as (v}, vi) = 1.

Proof of Theorem 3.1. Note that the left side of (3.2) equals the (d, ¢)-th entry of

U'Eab @ -+ @ By ® Epa @ - -+ @ EipgU.

p q

Hence, (3.2) holds if and only if

U'lAe - AdA'®-- - AU €T, foral AeT,.

p q

14



Therefore, if ¢ has the form (T1), ¢(T,,) C T,». If ¢ has the form (T2), since ¥(T,) = T,
we have the same conclusion too. Therefore the sufficiency part holds.
For the converse, take any diagonal matrix R with real diagonal entries. Then

Wi (p(R)) = Wi(R) € R.

By Lemma 2.2(d), ¢(R)* = ¢(R). As ¢(R) € T,s, $(R) must be a diagonal matrix with real
diagonal entries.

Now for any diagonal matrix D € D,,, write D; = (D + D*)/2 and Dy = (D — D*)/(24).
Then D; and D, are diagonal matrices with real diagonal entries. It follows that ¢(D;)* =
¢(D1) and ¢(D2)* = ¢(D2). As D = Dy +iDs,

(D)" = (¢(D1) —id(D2))" = ¢(D1)" +ig(D2)" = ¢(D1) +id(Do) = ¢(D).
Every A € M, can be expressed as 17 + T3 for some upper triangular matrices 7} and

T,. Define ® : M,, — M, by
O(A) = ¢(T1) + o(To)".

Clearly, ® is linear. Suppose A can be written as Uy + Uj for some Uy, U, € T, distinct from
Ty and Ty. Let D =Ty — Uy = U; — T5. Then D is a diagonal matrix. Observe that

(D) — (D7)

o(Th — Ur) — ¢(Us — Tp)"

o(Th) + ¢(12)" — d(Ur) — ¢(U2)*
— (T 4T — DUy + UD).

0 =

-

Hence, ® is well defined. On the other hand, we see that for any A € M,, and 1 <r < m,
W, (A+A") = {tr (X"AX)/r+tr (XA X)/r: Xismxr, X*'X =1}
= {tr (X"AX)/r+tr (X*AX)/r: Xismxr, X*X =1,}
= {z+z:2€W,.(A)}.
Since every matrix H € H, can be expressed as H =T + T* with T' € T,,,
Wi (®(H)) = Wie(o(T)+o(T)) ={z+7z:2€ Wp(o(T))}
= {24Z2:2e W, (D)} =W (T +T") = Wi(H).
Hence, ® : M,, — M, is a linear map such that

Wi (®(H)) = Wi(H) forall H € H,.

By Theorem 2.1, there exist a unitary U € M, and nonnegative integers p, ¢ with p+q = n'/n
such that ® satisfies (W1) or (W2) in Theorem 2.1. Since ¢(A) = ®(A) for all A € T,,, ¢

has the form (T1) or (T2). Finally, we check that U satisfies (3.2) as ¢(Eq) € T, for all
a <b. [}
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Remark 3.3 Denote by T'(nq,...,n,) the algebra of upper block triangular matrices A =
(A;;) such that A; € M,, for i = 1,...,r. One can extend Theorem 3.1 to linear map
¢ :T(ny,...,n.) — T(mq,...,mg) forng +---+n. =n, m+---+my =n', and n’ <
C(n, k) min{k’,n’ — k’}. The result and proofs are basically the same provided that U
satisfies (3.2) for all 1 < a,b < n, 1 < ¢,d < n’ such that E, € T(ny,...,n,) and Ey ¢
T(my,...,ms). Since the corresponding statements are rather tedious, we omit the details.

Note also that if a linear map ¢ : T'(ny,...,n,) — T(my,...,m;) satisfies Wi (¢(A)) =
Wi(A) for all A € T(ny,...,n;), then one can replace T'(my,...,ms) by other block tri-
angular matrix algebras such as T'(my + ma, ms3...,mg) or T(my + ma, m3 + my, ..., my),
etc.

4 k-Numerical Radius

Theorem 4.1 Let (M, M’) = (H,, Hy), (M, M) or (T,,,T), k € {2,...,n—1}, k' €

{1,...,n'} and n' < C(n, k) min{k',n' — k'}. Then a linear operator ¢ M — M’ satisfies
wi (P(A)) = we(A)  for all Ae M, (4.1)

and ¢~5(X) = I for some X € M if and only if there is a complex unit u such that ¢ = ;LQNS
satisfies

Wi (6(A)) = Wi(A)  for all A e M,
equivalently, ¢ has the form in Theorem 2.1 or Theorem 3.1.

Lemma 4.2 For any T = (t;;) € T,, if

=wi(T) foralll<mn; <---<ng<n, (4.2)

then T is a diagonal matriz.

Proof. Suppose t;; # 0 for some i < j. Denote by X[i, j| € M, the submatrix of X € M,
lying in the rows and columns indexed by i and j. Then W1(Ti, j]) is an elliptical disk with
the length of minor axis equal to |t;;], and foci ¢;; and t;;; see [11]. Thus, there is a unitary
U € M, such that the (1,1) entry of U*T[i, j]U equals t; + z and

k

=2

k

1=2

> = kwy (T),

where 1 < ny < -+ < ng < n are chosen from {1,...,n}\ {i,j}. Let V € M, be obtained
from I,, by replacing I,,[i, j] with U, and V*TV = (t,,). Then

k
1=2

which is a contradiction. [ ]

k

=2

kwp(T) = kwy(V*TV) >

> kwk(T),
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Lemma 4.3 Let M = H,, M, or T,. Suppose k € {1,...,n — 1}. Given any matriz
A e M, A= ul, with |u| = 1 if and only if for any B € M, there is 0 (depending on B)
with || = 1 such that

wi(A+0B) = wi(A) + wi(B) = 1+ wi(B),
i.e., there is an n X k matriz U (depending on B) with U*U = I, such that
wig(A) = [tr (UTAU)|/k =1 and wi(B) = |tr (U*BU)|/k. (4.3)

Proof. Suppose A = ul,, for some |u| = 1. For any B € M, if wy(B) = |tr (U*BU)|/k
for some n x k matrix U with U*U = I}, then

|tr (UFAU)|/k = [tr (U (ul)U)|/k = 1 = wi(A).

For the converse, suppose for any B € M, there is an n x k matrix U with U*U = I
such that (4.3) holds.
Let K =1, ®0,,_;. For any n x k matrix X with X*X = [, we write X = (§1> with
2
X1 € M. Clearly, tr (X7X; + X;X,) =tr (X*X) = k. Then

(k — tr (X:X))/k = tr (X7 X))k = tr (X*KX)/k € Wi(K) = [0, 1.

It follows that tr (X*KX)/k = 1 if and only if tr (X;X,) = 0. Since X;X5 is positive
semidefinite, tr (X;X5) = 0 if and only if X; X5 = 0;. Thus, X; must be unitary.
Suppose M = H, or M,. Take any n X k matrix V with V*V = [, we extend V to

an n X n unitary matrix W = (V' V') with some suitable n x (n — k) matrix V’. Choose
B = WKW?¥. Then there is an n x k matrix U with U*U = I, such that

1 =wgp(A) = [tr (UTAU)|/k  and  wy(K) = wpe(WEKW?*) = |tr (U"WKW?*U)|/k.

By the above argument, W*U = X = <)81> for some unitary matrix X; € Mj. Thus,
U=VX; and
itr (V*AV)|/k = [tr (XJVTAV X)) |/k = |[tr (UAU)| = wi(A) = 1.

It follows that all elements of Wy (A) lie on the unit circle. Since Wy (A) is convex, Wy (A)
must be a singleton set. By Lemma 2.2(e), A = ul,, for some |u| = 1.

It remains to show the case for M =T,. For any 1 <ny < --- <ny <n, let P = (p;;)
be the n x n permutation matrix with p,,; =1fori=1,...,k and B = PKP* € T,,. Then
there is an n x k£ matrix U with U*U = I}, such that

1 =wi(T) = |tr (U'TU)|/k and wi(K) = wp(PKP*) = |tr (U"PKP*U)|/k.
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By the above argument, P*U = X = <)él) for some unitary matrix X; € Mj. Thus,

k
kw(T) = |tr (U*TU)| = |tr (X*P*TPX)| = |tr (X]T1 X4)| = [tr T3 | = Ztnmi ,
i=1
where T3 is the k x k principal submatrix of P*T'P. As nq,...,n; are arbitrary, T satisfies

(4.2). By Lemma 4.2, we conclude that T is a diagonal matrix.
Finally we show that the diagonal entries of 1" are the same. Suppose t;; # t;; for some

0 2
0 0) @ Iy—1 ® 0p——1. Then

wi(B) = 1 and |tr (X*BX)|/k = wg(B) if and only if the n x k matrix X has the form

1 # j. For simplicity, we assume that t1; # toy. Take B = (

X, 0 :
0 X, | with X; = ( ) for some || = 1 and unitary X, € My_;. In this case,
0 0 a/v2

1 k+1
1=3

Let a = t1; + Y8 ¢ and B = toy + ¥ ¢4, Since T satisfies (4.2), we see that

(e +5)/2] = k = |a| = |6,

and hence t1; = t99, which is the desired contradiction. [ |

The following lemma is a modification of [15, Lemma 2], we give the proof here for the
sake of completeness.

Lemma 4.4 Let (M, M') = (H,,H,), (M,, M) or (T,,,Tv), k € {1,...,n — 1} and
Ke{l,...,n'}. If ¢ : M — M is a linear map satisfying (4.1) and ¢(I,) = L, then

Wi (p(A)) = Wi(A)  for all A € M.

Proof. Suppose Wi(A) € Wi (d(A)). Let z € Wi(A)\Wi(d(A)). Since Wi (p(A)) is
compact, there exists some A € C such that

2+ A > 2+ A

for all 2 € Wy (¢(A)). Here,

WA+ ML) > wp(G(A) + M) = wi (G(A + ML) = we(A + AL,)

which is impossible. Therefore, Wi (A) C Wi (¢(A)). Similarly, we have Wy (p(A)) C
Wi (A). The result follows. n
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Proof of Theorem 4.1. The sufficiency part is clear. For the necessity part, suppose there

is X € M such that ¢(X) = I,,. For any B € M, there exists some § € € with |§] = 1 such
that

By Lemma 4.3, X = ul, for some p € € with || = 1. We see that the map A — ugp(A)
maps I, to I, and satisfies (4.3). Then the result follows by Lemma 4.4. |

5 Open problems

There are many open problems deserved further study. We mention a few of them in the
following.

1. If n’ = C(n, k) min{k’,n’ — k’}, there are exceptional maps for the range preservers
have the form

A UAp(A)U or A UAR(A)YU
with &’ = 1. Are there other exceptional maps?

2. Ifn’ <2C(n, k) min{k’, n'—k'} —2, there are exceptional maps for the range preservers
have the form

A= U AK(A) ® f(AR(ADIU or A UT[Ar(A)" @ f(AR(A))T

for some unital positive linear map f : Momry — My —c(nk), here &' = 1. Are there
other exceptional maps?

3. In Theorem 4.1, an assumption that gg(X) = I, for some X € M is needed. For k' =1,
since wy(A) = w1 (A & 0), the condition is clearly necessary. Can this assumption be
removed when k' > 17

4. How about extending the results to infinite dimensional operators, nest algebras, etc.?

5. What about other types of generalized numerical ranges and radii?
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