PRESERVERS FOR NORMS OF LIE PRODUCT

CHI-KWONG LI, EDWARD POON, AND NUNG-SING SZE

ABSTRACT. Let || - || be a unitary similarity invariant norm on the set M, of
n X n complex matrices. A description is obtained for surjective maps ¢ on
My, satisfying ||AB — BA|| = ||¢p(A)¢p(B) — ¢(B)¢p(A)|| for all A, B € M,,. The
general theorem covers the special cases when the norm is one of the Schatten
p-norms, the Ky-Fan k-norms, or the k-numerical radii.

1. INTRODUCTION

Let M,, be the set of n x n matrices. A norm | - || is called a unitary similarity
invariant norm if |[UAU*|| = ||A| for all A € M,, and unitary U € M, and is
called a wunitarily invariant norm if ||[UAV| = ||A|| for all A € M, and unitary

U,V € M,. Clearly, any unitarily invariant norm is a unitary similarity invariant
norm. To understand a normed vector space, researchers study maps preserving
the norms. Linear maps ¢ satisfying ||¢(A)|| = ||A| are known as linear isometries
for the norm; maps ¢ satisfying ||¢p(A) — ¢(B)|| = ||A — B|| are known as distance
preserving maps. Linear isometries for unitarily invariant norms and unitary sim-
ilarity invariant norms are quite well studied; see [1, 5] and the references therein.
For instance, linear isometries for unitarily invariant norms not equal to multiples
of the Frobenius norm on M,, always have the form

A—UAV or A—UAYV

for some unitary U,V € M,,.

Since M, is an algebra, researchers also study multiplicative maps ¢ satisfying
lo(A)|l = ||A]l, or maps on a subset of M, satisfying ||¢(A)¢(B)| = ||AB||; see
[3, 2]. For instance, it was shown in [2] that for a unitary similarity invariant norm
Il - || on M, and a subset S of M,, containing all rank one idempotents, if a map
¢: S — M, satisfies |¢(A)p(B)| = ||AB]|| for all A, B € S, then ¢ has the form

(1.1) A paUAU” or A pUAU*

for some unitary U and complex unit p4, depending on A.
In this paper, we determine the structure of surjective maps ¢ : M,, — M, such
that for any A, B € M,

(1.2) llo(A), o(B)]Il = [I[A; BIIl,
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where [A, B] = AB — BA is the Lie product of A and B. In Section 2, we show
that if ¢ : M,, — M, is a surjective map satisfying (1.2), then there is a unitary
U € M, and a subset A,, of normal matrices in M, such that ¢ has the form

S(A) = MAUATU*+VAIn AEMn\Nn,
pAU (AN U* 4 val, A€ N,

where 14,74 € C with |pa| = 1, depending on A, and A — AT denotes one of
the following map: A — A, A— A, A — A' or A — A*. The set N,, depends
on the given norm || - ||. For unitarily invariant norms, we characterize N,, in
terms of the norm || - || in section 3. In particular, if || - || is the Frobenius norm

|AllF = (tr A*A)'/2, then N, can be any subset of the set of normal matrices.
The situation is more intricate for unitary similarity invariant norms which are
not unitarily invariant. In Section 4, we consider a class of norms of this nature,
namely, the k-numerical radius for k € {1,...,n — 1}. In such cases, we show that
N, is always empty.

2. UNITARY SIMILARITY INVARIANT NORM

In this section, let || - || be a unitary similarity invariant norm on the set M,, of

n x n complex matrices. Our main result is the following.
Theorem 2.1. Suppose n > 3, and ¢ : M, — M, is a surjective map satisfying

Ilo(A), o(B)IIl = [I[A; Bll-

Then there is a unitary matriz U and a subset N, of normal matrices such that ¢
has the form

$(A) = /J,AUATU*-‘FVA[TL AEMn\Nn,
[LAU(AT)*U* +uvql, A€ Nn,

where pia,va € C with |pa| = 1, depending on A. Here, AT = A, A, At or A*.
We need the following result from Semrl [7] to prove the above theorem.
Theorem 2.2. Suppose n > 3, and ¢ : M, — M, is a bijective map satisfying

[A,B]=0n <= [9(4),6(B)] = On.

Let T be the set of matrices A such that the Jordan form of A only has Jordan
blocks of sizes 1 or 2. Then there are an invertible matriz S, an automorphism o
of the complezx field and a regular locally polynomial map A — pa(A) such that

(2.1) P(A) = S(pa(AL)S™  forall AcT.
Here, X, is the matriz whose (i, j)-entry is o(X;;), and AT = A or Al

Denote by o(A) the spectrum of A and N(A) the null space of A.
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Lemma 2.3. For any two matrices A and B, if
(2.2) A, X]|l = II[B, X]l| for all rank one X € M,,

then there are p,v € C with |u| = 1 such that one of the following holds with
A= pA+vl,.

(a) o(B) =0(A) and for any X € o(A),

N(B —\,,)=N(A—\,) and N(B'—\I,)=N(A"—\I,).

(b) The eigenvalues of A are not collinear, o(B) = o(A) and for any A € o(A),
N(B—X,)=N(A—\,) and N(B'—2XI,)=N(A"—\I,).

Proof. Note that for any rank one matrix X = xy', [C, X] = 0 if and only if x
and y? are the right and left eigenvectors of C' corresponding to the same eigenvalue.
To see this, as [C, X] = (Cx)y" — z(y'C), then [C,X] = 0 if and only if Cz = Az
and y!C = Myt for some ) € C.

Suppose A and B satisfy (2.2). By the above observation on rank one matrices,
A and B must have the same sets of left and right eigenvectors. Furthermore, x;
and x5 are the right eigenvectors of A corresponding to the same eigenvalue if and
only if the two eigenvectors correspond to the same eigenvalue of B. Thus, the
eigenvalues of A and B have the same geometric multiplicity.

Let A1,...,Ax be the distinct eigenvalues of A with x1,...,2, and y1,..., Yk
being the right and left eigenvectors. Also for each pair of eigenvectors z; and vy},
let y; be the corresponding eigenvalue of B. Take X;; = gczy}f Then AX;; = X\ X,
and X;;A = X;X;;. Soforany 1 <4,5 <k,

1A, Xighl| = 11X X5 = A Xigll = [Ai = Ayl [[ X
Similarly, |[B, Xyl = b — 211Xl Therefore, |\ — Aj| = |y — | for al
1 <4,j < k. Then there are u,v € C with |u| = 1 such that either
(1) vi=pri+vforalll <i<k;or
(2) the eigenvalues of A are non-collinear and 7, = puX; + v for all 1 < i < k.

Then the result follows with A = pA + v1,. O

Lemma 2.4. Suppose A and B commute and satisfy (2.2). If A has at least two
distinct eigenvalues, then there are p,v € C with |u] = 1 such that
(a) B=pA+vl,, or

(b) A is normal with non-collinear eigenvalues and B = pA* + vi,.

Proof. As A and B commute, there is a unitary matrix U such that both U* AU
and U*BU are upper triangular, see [6, Theorem 2.3.3]. By replacing (A, B) with
(U*AU,U*BU), we may assume that A and B are upper triangular.
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As A and B satisfy (2.2), Lemma 2.3 holds. Suppose Lemma 2.3(a) holds with
A = A + vI,. Notice that o(B) = o(A) and

I[A, X]|| = ||[nA + vI,, X]|| = ||[B, X]|| for all rank one X € M,,.

Suppose A is an eigenvalue of A and y € N(A! — \I,,). For any z € C", let Z = zy".
Then ZA = AZ and [A, Z] = (A — \I,)Z. Note that (A — AI,,)Z has rank at most
one and tr (A — A,,)Z) = tr([A, Z]) = 0, so (A — A,,)Z is unitarily similar to
(A — AL)z||||yt]| Br2, where ||yt|| = ||y|| is the fo-norm of the vector y. Thus,
IEA, 21 = (1A = ALz Iy 1| Eae -
Similarly, [[[B, 2]l = |(B — ML)zl /]| Evall. Hence,
(A= Azl = ||(B = Al,)z|| for all z€ C" and A € o(A).
Now as
2*A*Az — 2Re (V2" Az) + | A2z 2 = ||(A — ML) z|?
= ||(B = A,)z||*? = 2*B*Bz — 2Re (A\2*Bz) + |\[*2* 2,
this implies that

2Re (\z*(A — B)z) = 2*(A*A— B*B)z for all z € C" and A € o(A).

As A has at least two distinct eigenvalues, so does A. Taking any \,v € O’(A) with
A # 7, we have

29Re (\z*(A — B)z) = 2*(A*A — B*B)z = 2Re (72" (A — B)2).

Thus, W((X—=7)(A — B)) C iR, where W (X) is the numerical range of X. Then
(A—=7)(A — B) is a skew-Hermitian matrix and hence A — B is a diagonal matrix.

Now for any 1 < i < n, b; € 0(B) = 0(A). Also the ith entry of (B — b1, )e; is

zero while only the ith entry of (A — B)e; can be nonzero. Then

1(B = biiln)eil)? I(A = bii I )es |
= (B =bila)ei + (A— B)es?
= [I(B—=biilp)eil* + I(A = B)es|*.
Thus, (/1 — B)e; =0 for all 1 <i < n and hence B = A.
Now suppose Lemma 2.3(b) holds. Then by a similar argument, we can show
that

(2.3) (A= AL)z|| = (B = AL,)z|| forall A € o(A) and z € C"
and so (X —~)A — (A — 7)B is a skew-Hermitian matrix. Then

(A =Ta—(A="Tp =0,
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or equivalently, T = %TA, where T4 and T are the strictly upper triangular

parts of A and B. Now as the eigenvalues of A and hence A are not collinear, we
can always find another w € o(A) such that = ;\\—:1 Then the above equation

is possible only if Ty = T = 0. In this case, A and B are both diagonal and hence

normal. Also (2.3) implies that A = B. O
From Lemma 2.4, we have the following consequence for diagonalizable matrices.

Corollary 2.5. Suppose A and B satisfy (2.2) and A is diagonalizable. Then there
are p,v € C with |p| = 1 such that

(a) B=pA+vl,, or

(b) A is normal with non-collinear eigenvalues and B = pA* + vI,.

Proof. Suppose A is diagonalizable. Then A = SDS~! for some invertible S
and diagonal D. By Lemma 2.3, B = S(uD +vI,)S~ ' or B = S(uD +vI,)S~t. If
A has only one eigenvalue, then A is a scalar matrix and so is B. Then the result
follows. Suppose A has at least two eigenvalues. As A and B commute, the result
now follows by Lemma 2.4. O

Lemma 2.6. For any two matrices A and B, if
(2.4) 1A, X]| = 1B, X]|| for all X € My,

then there are p,v € C with |u| = 1 such that

(a) B=pA+vl,, or
(b) A is normal with non-collinear eigenvalues and B = pA* + vi,.

Proof. Suppose A and B satisfy (2.4). Then clearly A and B commute. If A has
at least two eigenvalues, then the result follows from Lemma 2.4.

Suppose A has only one eigenvalue, say A. Then by Lemma 2.3, B has one
eigenvalue only, say 7. Write A = SJS~! + \I,,, where S is invertible and J =
Iy @ -+ @ Jy, is the Jordan block form of A with ny > --- > ns. Now as A
and B satisfy (2.4), A and B have the same set of commuting matrices. Then
B = Sp(J)S~! + ~1I,, for some polynomial p of degree at most m = n; — 1 with
p(0) = 0.

By a similar argument as in Lemma 2.4, we can show that

(B —~I,)z|| = [[(A—AL,)z|| forall z€ C™.
Then there is a unitary matrix W such that

Sp(J)S™' = (B —~I,) = W(A - \I,,) = WSJS™1.

Write S = UT for unitary U and upper triangular T, V = U*WU and p(x) =

>, iz, Then we have

(2.5) Tp(NHT ' =vTJT .
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Notice that both Tp(J)T~! and TJT~! are strictly upper triangular. Further-

1

more, the first n; — 1 entries in the super-diagonal of Tp(J)T ! are ¢; times the

corresponding n; — 1 super-diagonal entries of TJ7T~!.

As V is unitary, we must have |c1| =1 and V = ¢;1,,—1 @ V4 for some unitary
Vi € M;,_pn, +1. Now comparing the leading n1 X ny principal submatrices in (2.5),
we have

Tlp(Jnl)Tfl = (61[7”,1 S [Unl,nl])Tl Janlil = clTlJn1T1717

where T} is the leading nq xn principal submatrix of . Thus, Ty (31", ¢;J} ) 7t =

0 and so Y./",¢;Ji = 0. Hence, ¢c; = --- = ¢, = 0. Then p(z) = ¢;z and so

BzclA—F(’Y—Cl/\)In. [l
We are now ready to present the following.

Proof of Theorem 2.1.
First we assume that ¢ is bijective. Since

14, Blll = [[¢(A), ¢(B)]||  for all A, B € M,,

by Theorem 2.2, ¢ has the form (2.1) with AT = A or A*. In particular, for any
rank one matrix R € M, there are ugr,vg € C with ug # 0 such that
¢(R) = S(urR} +vrl,)S™",

Without loss of generality, we may assume that ur > 0 and vy = 0.
We here consider only the case when AT = A. The case when At = A? is
similar. Fix an orthonormal basis {z1,...,2,} and define Xij = xx. Take o =

J
(a1,...,a5) €C" and let A = Z;‘L:1 a; Xj1. Fork=2,...,n,

lanx,.o(@r)S(Xin)e ST = l[6(A), p(Xr)]| = I[A, Xpa]l| = lloe Xpa .

In particular, if as # 0 and a3 = 1, we can deduce that

a2 ([ X1 ] 11 ([ Xs1]]
(26) ' S(Xa1),5—1 ~ M7 o] S(Xs1)8-1||"
o(a2) | [[pxaeS(Xa1)o S o(1)] lpxssS(Xs1)o S
Thus, 0'(00122) is a constant. Since o is an automorphism on C, it is either the

identity map A — X or the conjugate map \ — A.
Also as ||[Xs2, Xoa]l| = [| X5z = [|[Xs2, Xs3][l,

11Xt S (X32) o STH = [|[6(X52), ¢(Xo2)]|
= [[6(Xs2), o(X33)]ll = |1t a0 S (X32) s S 7.
Thus, px,, = pixs, and from (2.6) and the fact that || Xa1|| = || X31]|, we have
18(X21)o S = [1S(X31)0S ™.

We now claim that S is a multiple of some unitary matrix. If not, then there is
a pair of orthonormal vectors ys,y3 such that || Sya|| # ||Sys|. Extend {y2,ys} to
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an orthonormal basis {y1,¥2,y3,...,yn} and let ; = (yj)y—1. Then {z1,...,2,}
also forms an orthonormal basis. By the above study, we have

I1Sy2llllyr S~ Il Brzll = 118 (X21)o S 74 = 19(X31)o S| = [1Sysllllyi ™[ Bzl

which contradicts that ||Syz|| # ||Sys||. Thus, S is a multiple of some unitary
matrix. By absorbing the constant term, we may assume that S is unitary. Now
for any rank one matrices R and 7',

IR T]|| = llo(R), o(DIl = l|prpr[Re, Tolll = prpr|l[Ro, T5 ]|l

Since the norm is unitary similarity invariant, ||[R, T]|| = ||[Re, T5]|| whenever [R, T
is a rank one nilpotent matrix, and hence purur = 1 in this case.

Now for any rank one matrix A, we can always find two other rank one matrices
B and C such that [A, B], [4,C] and [B,C] are all rank one nilpotents. Then
we must have papup = papc = puppuc = 1. As all ua, up, pc are positive real
numbers, the equality is possible only when p4s = up = pc = 1. Then we have
¢(A) = SA,S71 = SA,S* for all rank one A.

By replacing ¢ with the map A — S*¢(A)S, we may assume that ¢(X) = X+
for all rank one matrices X, where XT = X, X, X* or X*. Then

I[A, Bl = 1l[6(A), 6(B)]]| = IIIA*, Bl = [A, B]*|| for all rank one A, B € M,

Notice that the set {X : X = [A, B] for some rank one A and B} contains the set
of trace zero non-nilpotent matrices with rank at most two and so is dense in the
set of trace zero matrices with rank at most two. Thus, we see that

[ X]| = |XT| for all trace zero matrices X with rank at most two.

Now define ® : M,, — M, by A — ¢(A)T. Then ®(X) = X for all rank one
matrices X. For any A € M,, and rank one matrix X € M, as [4, X] is a trace
zero matrix with rank at most two,

1A, XTI = [[[(A), (Xl = Ne(A), XF]I| = l[¢(A)*, X]|| = [[@(A), X]|.
Thus, |[[4, X]|| = ||[®(A), X]|| for all rank one X. Then Corollary 2.5 implies that
D(A) = paA+val, or ®(A) = paA* +val, for all diagonalizable matrices A and
the latter case happens only when A is normal.
After absorbing the constants pa and v4, we may assume that ®(X) = X for
all non-normal diagonalizable matrices X. Then

1A, Bl = [ll¢(A), (Bl = [l[@(A), 2(B)] || = [I[A, B ||
for all non-normal diagonalizable matrices A and B. Since the set of all non-normal
diagonalizable matrices is dense in M,,, we see that ||[4, B]|| = ||[A, B]T|| for all
A, B € M,,. Then for any A € M,
ITA, X111 = [lle(A), p(X)]I = [@(A), (X)] T = [[[2(A), 2(X)]]| = [[2(A), X]]|
for all non-normal diagonalizable matrices X, and so ||[4, X]|| = [|[®(4), X]| for

all X € M,,. Now the result follows by Lemma 2.6.
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Finally, we show that one only needs the surjective assumption to get the
conclusion on ¢.
For any A, B € M,,, we say A ~ B if

I[A, X]|| = |[[B, X]|| for all X € M,,.

Then ~ is an equivalence relation. For each A € M,,, let Sy = {B : B ~ A} be the
equivalence class of A. By Lemma 2.6, either

(I) S4 is the set of matrices of the form pA+wvI for some p, v € C with |u| =1,
or
(IT) A is normal and A ~ A*, Sy is the set of matrices of the form pA + vI or

uA* + vI for some p, v € C with |u| = 1.

Pick a representative for each equivalence class and write A for the set of these
representatives. Since ¢ is surjective, S4 and ¢~!(S4) have the same cardinality
c for every A € A. Thus there exists a map 1 : M,, — M,, which maps ¢=(S4)
bijectively onto S for each A € A. Clearly 9 is bijective and ¢(A4) ~ ¢(A) for all
A € M,,. Then, for any A, B € M,,

(1A, Bll| = lllo(A), o(B)]I| = [[:(A), (Bl = [[[:(A), ¥ (B)]]|-
That is, v is a bijective map satisfying (2.2). By the previous part of our proof of

the theorem under the bijective assumption, we see that ¢ has the desired form.
Hence so does ¢, as (A) ~ ¢(A) implies ¢(A) = pup(A)+vI or ¢p(A) = p(A)*+vl
when ¢ (A)* is normal and ¥(A)* ~ ¥ (A). O

Remark 2.7. We point out that the triangle inequality of the unitary similarity
invariant norm has not been used in any part of the proofs in this section. So the
result actually holds true for more general unitary similarity invariant functions.

3. UNITARILY INVARIANT NORM
Using Theorem 2.1, one can give complete descriptions of maps ¢ satisfying
o (A), #(B)]|| = |I[A, B]|| for a specific norm by characterizing the elements in the

set A, in the theorem. For example, let ||Al|r = (tr A*A)Y/? be the Frobenius
norm on M,,. We have the following.

Proposition 3.1. If N € M, is normal, then ||[[N,X]||lr = |[[N*, X]||r for all
X € M,. Consequently, if || - || is a multiple of the Frobenius norm in Theorem

2.1, then ¢ has the form described there and N,, can be any subset of the normal
matrices.

Proof. Write N = U*DU where D = diag(\1,...,\,) is diagonal and U is
unitary. Notice that [D, X] = A o X where A is the skew-symmetric matrix with
(4,7)-entry A; — A; and o denotes the Schur product. Then

IV, Xl IID. UXU"|r = [|A o UXU"||p = [A o UXU"|

I[P UXU]||r = I[U"D*U, X][|p = [[[N", X]| ¢

The second assertion is clear. O
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Similarly, one can use Theorem 2.1 to characterize the set N, for specific norms
such as the Schatten p-norm and Ky Fan k-norm on M,, defined by

n P k

Al = | D si(4)” and [ Alle = s;(A),

Jj=1 Jj=1

respectively. Instead of doing a case-by-case study, we prove a general result con-
cerning the characterization of A, for unitarily invariant norms. In the following,

we always assume that || - || is a unitarily invariant norm on M, not equal to a
multiple of the Frobenius norm. We shall always normalize || - || so that we may
assume ||Eqq]| = 1.
Proposition 3.2. Let || - || be a unitarily invariant norm on M,, and let

m = max{r : ||A]| = ||A||r for all A with rank at most r}.

Suppose N € M, is a normal matriz. Then
(3.1) IV, XJ = IIN*, X]I - for all X € M,
if and only if one of the following holds.

(i) N has collinear or concyclic eigenvalues;
(ii) the mazimum multiplicity of eigenvalues of N is at least n —m/2;
(iii) the mazimum multiplicity of eigenvalues of N equals n—(m++1)/2, provided
that for any A, B € M,, with rank at most m + 1, ||A|| = || B|| whenever

m—+1 m—+1

l4lle = 1Blr and ] s(4) = [ 5(B)

In all other cases, there exists X € M, with real distinct eigenvalues such that

IV, XTI 7 [[[v=, XTJ[-

By the above proposition, we can say more about Theorem 2.1 if the underlying
norm is unitarily invariant.

Theorem 3.3. Suppose n > 3 and ¢ : M,, — M, is a surjective map satisfying
1A, Bl = ll[¢(A), ¢(B)]I|.

Then ¢ has the form described in Theorem 2.1 and a normal matrix N is in N,
only if N satisfies Proposition 3.2(i), (ii) or (iii).

It is clear that for the Schatten p-norm on M, with p # 2, A € M, satisfies
|AlF = ||A|lp if and only if rank(A) < 1. Similarly, for the Ky Fan k-norm on M,
A € M, satisfies | A||r = ||A||x if and only if rank(A) < 1. Consequently, we have
the following.

Corollary 3.4. If the norm under consideration is the Schatten p-norm with p # 2
or Ky Fan k-norm, the set N, in Theorem 3.8 is a subset of normal matrices with
collinear or concyclic eigenvalues only.



10 CHI-KWONG LI, EDWARD POON, AND NUNG-SING SZE

To prove Proposition 3.2, we need the following result.

Theorem 3.5. [Frobenius-Konig] Let A be an n x n matriz. Every diagonal of

A contains a zero entry if and only if A has an r X s zero submatrix such that
r+s>n.

Lemma 3.6. Let N € M,, be normal with collinear or concyclic eigenvalues. Then
N, X]|| = |[N*, X]|| for all X € M,.

Proof. If N is normal with collinear eigenvalues, then N* = aN + I, for some
a, 8 € C with |a| = 1. Then the result clearly follows.

If N is normal with concyclic eigenvalues, N = aU + (1, for some «, 3 € C and
unitary U € M,,. Then

IV, X = [lleU, X]| = |l [UX = XU|| = o [UF(UX = XU)U"|
= [al[xXU* = U X]| = [[[aU", X]|| = [[N7, X]||-

(]

Proof of Proposition 3.2. If N is normal with collinear or concyclic eigenvalues,
the result follows by Lemma 3.6.

Now assume that N has neither collinear nor concyclic eigenvalues (so N has at
least 4 distinct eigenvalues and n > 4). Let A be an eigenvalue of N with maximal
multiplicity; write n — k for its multiplicity. Without loss of generality we may
replace N by N — Al and assume rank N = k. Note k > 3.

Case 1. Suppose 2k < m. Since both [N, X] and [N*, X] have rank at most 2k, the
norm of both is equal to their Frobenius norm. The result follows from Proposition
3.1.

Now suppose 2k > m. Write N = UDU™* where
D :diag(/\l,)\g,...,)\k,O,...,O)

and all A\; are nonzero. Without loss of generality, A1, A2, A3, 0 are neither collinear
nor concyclic. Let A be the matrix whose (¢, j)-entry is A\; — ;. A transversal of
an n X n matrix is defined to be a set of n positions such that no two positions lie
in the same row or column.

Case 2. Suppose 2k > m + 1. It suffices to show that [[A o X| # ||A o X|| for some
X with distinct real eigenvalues. By way of contradiction, suppose not.
Let Y be a rank m + 1 matrix such that ||Y|| # |[|Y||r. Let s1 > -+ > 41 be

the nonzero singular values of Y. Let t = /s? + s3.
Define a matrix X = (X;;) as follows. Set

Xiz=a/(M —A3), Xoz=c/(A2a—A3), Xipp1 =0/ 1, Xopp1=d/X

(a,b,c,d are free parameters).
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Subcase a. If 2k < n, define
Xiktj—1 =sj/A; for3<j<k,
Xiyjj = _5k+j/>\j for j =1,2,
Xpsjj = —Sktj—1/A; for3<j<k.

Set all other off-diagonal entries of X equal to zero. Finally, choose values for the
diagonal so that X has distinct real eigenvalues (this can be done by [4]).

Subcase b. If 2k > n, find a transversal of the (n — 2) x (n — 2) submatrix
obtained by deleting the 1st and 2nd rows, and 3rd and (k + 1)th columns, of A,
which avoids any positions in which A has a zero. Such a transversal exists by the
Frobenius-Konig theorem (Theorem 3.5). Indeed, the largest zero submatrix of A
has size (n — k) x (n — k), so such a transversal exists if (n — k) 4+ (n — k) < n — 2,
or 2k > n+ 2. If 2k = n 4+ 1, there is only one (n — k) x (n — k) zero submatrix of
A (since N has at least 4 distinct eigenvalues). Since we have deleted the (k + 1)th
column of X, the largest forbidden submatrix has size (n — k) x (n — k — 1). Since
(n—k)+(n—k—1) <n-—2if and only if 2k > n + 1, we can again find such a
transversal.

Define the entries of X on this transversal to be the singular values ss,..., s,
of Y divided by the entries of A in the corresponding positions. Set all other off-
diagonal entries of X equal to zero. Choose values for the diagonal so that X has
distinct real eigenvalues.

In either case, the singular values of A o X (respectively Ao X) are given by the
singular values s3, ..., s, of Y, together with the singular values of [g 2] (respec-

—ix —if3
tively [CCLZ—M ZZ_M], where o = 2arg(A\ — A3), 8= 2arg A\, v = 2arg(Aa — A3),

and 0 = 2arg Ay, Given A = {Z Z] and z € C, write

F(A,2) = [Z de}GBdiag(Sg,,...,sn)

Letting @ = —a — § + 3+ 7, we have F(A,1) = F(A,¢e") for any A € M, (by

our initial assumption ||A o X|| = ||[A o X||). Replacing d by de? we see that
F(A,1) = F(A,e*?) for all k € Z.
Note that

A t |cos¢ coso
457% sing sing

has singular values ¢t and 0, so F((A4,1) = |Y|| . Since any pair (01, 02) satisfying

1

we are done if /7 is irrational (by continuity, we can make ||Y||p = F(A,/4,e™?)

. 11 .
02 + 02 = t? can be the singular values of A, /4 © [ z] for some complex unit z,
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arbitrarily close to ||Y]|, giving a contradiction). Otherwise choose kg € Z so that

ko0 is as close to —1 as possible. (Since 0, A1, A2, A3 are neither collinear nor

w=e
concyclic, 0 is not a multiple of 27.) We have argw € [27/3,47/3], so |1 + w| < 1.
Since |Y|| = F(Ag,1) = F(Ay,w) for any ¢ € [0, 2], the norm is constant on

all matrices with singular values equal to

P;q,83,--.,5n
2 .2 2 . t/2 t/2| .
where p? 4+ ¢> = t?, p > ¢, and p > t/3/2, ¢ < t/2. Writing B = /2 /2 , it
follows that
|Y|lr = F(B,e") = F(B,e'e™?)
for all 0 < ¢ < 27/3 and k € Z. Choose ¢, k so that the singular values of

1 1
Bo [1 ei(w%—k@)} are s1,s2. Then ||Y||r = ||Y||, a contradiction.

Case 3. Now suppose 2k = m + 1. We divide into two subcases.
Subcase a. Suppose ||A|| = ||B|| whenever

2k 2k
rank A, rank B < 2k, ||A|r =[|B|lp, and  []s;(4) =[] s;(B).
j=1 j=1

Recall that N has rank k. Then ||[N, X]|| = ||[[N*, X]|| for all X € M, since
[N, X] and [N*, X] both have rank at most 2k, have the same Frobenius norm,
and the products of the largest 2k singular values are the same. To see this last
assertion, we may assume N = D & 0,,_j, where D € M}, is a nonsingular diagonal
X1 Xio

where X717 € Mj. Using QR decompositions,
Xo1 Xoo

matrix, and write X = [

we may write Xjo = [B O] Vand Xo1 =U [g} where U,V € M, _; are unitary

and B,C € My. Then

[D, X14] D[B O]
D, X11] DXl [l 0 I, 0
[N,X}{_XQED 012}[0’c U] mD On—rk H V],
2k 2k
[ 5:(Iv. X]) = |(det DB)(det CD)| = |(det D*B)(det CD*)| = [ [ s;(IN*, X])
Jj=1 j=1
as claimed.

Subcase b. Suppose Case 3a does not holds. That is, there exist positive
numbers aq,...,as; and by, ..., bog such that

2k 2k 2k 2k

2 _ 2 o .
E aj = E bj and Haﬂ_Hbﬂ
j=1 =1 j=1 =1
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but ||diag (a1, ..., as)|| # ||diag (b1, ..., bax)||. Without loss of generality we may
assume a; = b; for j > 4.

Let C = a? + a3 + a3 and D = a}a%a?, and define
Q={(z,y,2): 2>+ +22=C, 2*y*2* =D, and . >y > 2 > 0}.

Let $pmin = min{z : (z,y,2) € Q for some y, z} and S;ma, = max{x : (x,y,2) €
2 for some y, z}. One sees that Q@ = {(z,y(x),2(x)) : © € [Smin, Smaz]} Where
y(z), z(x) are the unique (continuous) functions such that (z,y(x), z(z)) € Q. Let
h(z) = ||diag (z, y(x), 2(x), as, . . ., azp)]|.

Since h is continuous but not constant on the interval [$;nin, Smaz], there is some
T € (Smins Smaz) such that h(7) # h(smin). Let

t = inf{x € [Smin, Smaz] : A(x) = h(T)}.

Note that s, < t, since, by continuity of h, h(t) = h(7).
Clearly, the set

s1(Y) Y5 =C,|detY|? = D,Y =

Q o O
O+ O

c
0l,¢fig>0
0

is just [Smin, Smaz)- By continuity, (Smin, Smaz) 1S @ subset of

a
s1(4) 1 A5 =C, [det A =D, A= |d ; a,bed f,g>00,
g

O~
SO0

b
so we can find A = ! with a,...,g > 0, ||A]|% = C, |det A|> = D, and
0

Q@ Qe
S o0

s1(A) =t.
Define a matrix X = (X;;) as follows. Set
Xiz=a/(M —A3), Xige1 =0/M\1, Xigie =c/),
Xoz=d/(Aa—A3), Xojki1=f/ra, Xit13=—g/As,
Xjpej =aji1/N; for 3<j <k,
X1 = —ars2/A1, Xpgso = —apys/A2, Xiyjj = —ary;/A;  for 4<j<k.

Set all other off-diagonal entries of X equal to zero. Choose values for the diag-
onal so that X has distinct real eigenvalues. Then the singular values of A o X

(respectively Ao X) are given by ay,...,a,, together with the singular values of A
a b ¢

(respectively B = |d fe® 0| where @ is as defined in Case 2b, so e? # 1).
g 0 O

By way of contradiction, suppose ||A o X| = [|A o X|. We have
h(t) = [|A o X|| = Ao X[| = h(s1(B)),
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so s1(B) >t by the definition of ¢. On the other hand, we have
s1(B)? = p(B*B) < p(A*A) = 51(4)* = *

since |B*B| < A*A but |B*B| # A*A (see the proof of Theorem 8.4.5 in [6]; here
|C'| denotes the matrix with (7, j)-entry |C;;|), giving the desired contradiction. O

4. k-NUMERICAL RADIUS

If the norm in Theorem 2.1 is unitary similarity invariant but not unitarily
invariant, it is not so easy to characterize the set N,,. In the following, we consider
a class of unitary similarity invariant norms and show that the set A, in Theorem
2.1 has to be empty. Recall that for 1 < k < n, the k-numerical range of A € M,
is the set

Wi(A) = {tr (AP): P € M,,, P> = P = P*, tr P = k},
and the k-numerical radius of A is the quantity

wi(A) = max{|p| : p € Wi(A)}.

Notice that wg(+) is a unitary similarity invariant norm but not a unitarily invariant
norm. We have the following result.

Theorem 4.1. Suppose 1 < k <n, and ¢ : M,, — M, is a surjective map satisfying
wi([¢(A), #(B)]) = wi([A, B]) for all A,B € M,.
Then ¢ has the form described in Theorem 2.1 with N,, = 0. That is,
H(A) = paUATU* 4+ v4I for all A € M,

for some unitary U, pa,va € C with |ua| = 1, depending on A, and AT = A, A,
At or A*.
By Theorem 2.1, we only need to prove that A, has to be empty. We start with

the following lemma.

Lemma 4.2. Suppose C € M3 has trace zero and tr (C*C) = 1. Then
The equality holds if and only if C is unitarily similar to £(Js — I3) for some £ € C
with |€] = 1/v/6. (Recall J,, is the n x n matriz whose every entry is one.)
Proof. Since trC = 0, we have p € Wi(C) if and only if —p € W5(C). So,
For each t € [0,27), let H; = (e®*C +e~%C*)/2. Then tr (H;) = 0 and tr (H?) <
tr (C*C) = 1. Thus, H; has eigenvalues hy > ho > hg satisfying hy + ha + hg =0
and h? + h3 + h3 < 1. It is easy to show that

wi(Hy) = max{hy, —hs} < \/2/3,
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and the equality holds if and only if (hy, ha, hs) = +(2, —1, —1)/v/6. Consequently,

wy (C) = max{wi (Hy) : ¢ € [0,27)} < /2/3,
and the equality holds if and only if there is ¢ € [0, 27) such that H; has eigenvalues
(2, —1,—1)/+/6, that is, H; is unitarily similar to (J3 — I3)/v/6. Note that e**C' =
H; + iGy such that tr (C*C) = tr (H?) + tr (G?). As tr (C*C) = tr (H?) = 1,
tr G? = 0 so that Gy = 0. Thus, w;(C) = /2/3 if and only if there is ¢ € [0, 2n)
such that e'*C = H, is unitarily similar to (J3 — I3)/V/6. O

Proof of Theorem 4.1. First, suppose N,, contains a normal matrix with collinear
eigenvalues N. Then N* = aN + I for some «, € C with |o| = 1, and so
$(N) = pn(NT)* +vnI = fin(NT) +0n1 where iy = apy and oy = Buy + vy if
Nt =N or N, or iy = auy and ox = Bun + vy if NT =N or N*. In all cases,
we can replace NV, by N, \ {N}. Thus, we may assume that A, does not contain
any normal matrix with collinear eigenvalues.

Now assume N,, contains a normal matrix A with at least three non-collinear
eigenvalues. Applying a unitary similarity, we may assume that A = diag (a1,...,an)
where a1, as, a3 are the three distinct non-collinear points.

For any non-normal X € M,, wi([4, X]) = wi([¢(4), ¢(X)]) = wi([A*, X]).
Since this is true for all non-normal X € M,,, by continuity of the map X +— wy(X)
and the fact that the set of non-normal matrices is dense in M,,, we see that
wg([4, X]) = w([A*, X]) for any X € M,,.

Let

0 1/(a1 —az) 1/(a1 —as)
B=/1/6 |1/(az — a1) 0 1/(az —az)| @ 0,—3.
1/(as —a1) 1/(az —a2) 0
Then [A, B] = (J3 — I3)/v/6 © 0,,_3 has eigenvalues 2/v/6, —1/v/6,—1//6,0,... 0.
Note that if H is Hermitian with eigenvalues h; > --- > h,, then

k k
(4.1) wk(H) = max Zhj, — Zhnfjjtl
j=1 j=1
Hence wy([4, B]) = v/2/3. Now, [A*, B] = C @ 0,,_3 with
0 b c
C=+/1/61b 0 df,
c d 0

where b = (61 — dg)/(al — ag), c= (al — ag)/(al — a3) and d = (&2 — &3)/(&2 — CL3)
are complex units. If kK =1, then w1 (C & 0,—3) = w1 (C). If 1 < k < n, then

wi(C & 0,,—3) = max {wy (("C +e "C*) B 0,_3) /2:t € [0,27) } = wa(C).

Note that C satisfies the hypothesis of Lemma 4.2, and wy(C) = w2(C) = /2/3.
Thus, there is p € C with |u| = 1 such that uC is Hermitian with eigenvalues
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(2,—1,-1)/V6. Replacing (A, B) by (A, B)/\/i, we may assume that y = 1. So,
C is Hermitian, and we have bv?> = ¢ = d®> = 1. Thus, b,¢,d € {1, -1}, and two of
the real values in {b, ¢, d} are equal. Without loss of generality, assume b = c.

Case 1. If b=c =1, then a; — as = ay — az and a; — az = a; — az. So, both
a1 —ag and a1 —ag are real. It follows that aq,as, ag are collinear. This contradicts
the fact that aq, as, ag are non-colinear.

Case 2. If b =c = —1, then a1 — as = —(a1 — a2) and a; — az = —(a1 — as).
Thus, a1 — as and a; — a3 are real multiples of i. It follows that a1, as, a3 are
collinear. Contradiction arrived.

So, we see that A, cannot contain a matrix with three non-collinear eigenvalues
and so N, is empty. O
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