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Abstract

In this paper, we provide some characterizations of inverse M-matrices with
special zero patterns. In particular, we give necessary and sufficient conditions
for k-diagonal matrices and symmetric k-diagonal matrices to be inverse M-
matrices. In addition, results for triadic matrices, tridiagonal matrices and
symmetric 5-diagonal matrices are presented as corollaries.
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1. Introduction

A matrix A is called an M -matriz if A has non-positive off-diagonal entries
and the eigenvalues of A have positive real part. There are many equivalent
characterizations of M-matrices, see [3], for instance, A is an M-matrix if A
is nonsingular and A~! is a nonnegative matrix. However, in general a non-
negative matrix is not necessarily the inverse of an M-matrix. A nonsingular
matrix A is called an inverse M -matriz if A=! is an M-matrix. A first study in
finding sufficient conditions for a nonnegative symmetric matrix to be an inverse
M-matrix was conducted in [11] by T.L. Markham, and it was also shown in
[11] that the inverse of a type-D matrix A with positive (1, 1)th entry is a tridi-
agonal M-matrix. Since then, many efforts have been devoted to characterize
nonnegative matrices whose inverses are M-matrices [1, 6, 7, 13], and certain
special inverse M-matrices such as ultrametric matrices have been investigated
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in [8, 9, 10, 12]. Researchers call this problem the inverse M -matriz problem
[13]. However, until now only few sufficient conditions were developed.

The aim of this paper is to provide some characterizations for nonnegative
matrices with special zero patterns to be inverse M-matrices. A necessary and
sufficient condition for a matrix to be an inverse M-matrix will be given in
Section 2, and this main result will be used in Section 3 to study certain special
matrices, namely, k-diagonal matrices and triadic matrices.

We first fix some notation. Denote by (n) the index set {1,...,n} for positive
integer n. For notation convenience, we set (n) = ) if n < 0. Let o and 8 be
nonempty ordered subsets of (n), both of strictly increasing integers. Then
Ala, f] is the submatrix of A with rows indexed by « and columns indexed by
B. For simplicity, we write Ala]=Ala,a]. It is not surprising that inverse M-
matrices inherit certain considerable properties from M-matrices. Here, we list
some properties that will be frequently used in this paper.

Suppose A is an inverse M-matrix.

(P1) A is a nonnegative matrix with positive diagonal entires.
(P2) All principal submatrices of A are inverse M-matrices.
(P3) For any permutation matrix P, PT AP is an inverse M-matrix.

(P4) For any o C (n), the Schur complement of A/A[«a] is an inverse M-matrix.

To present the next property, we require the following definition. A nonneg-
ative matrix B = [b;;] is called zero-pattern invariant if for any 1, j, the (¢, j)th
entry of B equals zero if and only if

bij =0 <= bikbkj =0 for all k.

Indeed, if B is zero-pattern invariant, then every power B™ of B has the same
zero pattern as B. Let A = [a;;] be an inverse M-matrix. Then (P1) implies
that A has positive diagonal entires and (P4) implies that the Schur complement
A/[agk] is an inverse M-matrix for all k and hence A/[ag] is nonnegative. Then
for any distinct 4, j and k,

_ QikOkj > 0.
Ak
It follows that a;; = 0 implies a;pax; = 0 for all k. Then

aij

A5 = 0 — Zaikakj =0 — QA5 = 0 — Q5 = 0.
k
Thus, we have the following property.

(P5) Every inverse M-matrix is zero-pattern invariant.

It has to be noted that (P5) is equivalent to a well known fact that the directed
graph of every inverse M-matrix is transitively closed. That is, in the directed
graph of an inverse M-matrix, there exists a path form 4 to j if and only if there
is an edge from i to j (see e.g., [7] and [10]). For a more detailed description of
inverse M-matrices, we refer readers to [3, 5].



2. Main result
We now present the main theorem of the paper.

Theorem 1. Suppose A = [a;;] is an n X n nonnegative matriz with positive
diagonal entries. Define the ordered index sets

vi={ke n):aix >0} and p;={ken):ar; >0} foralli,je (n).

Then the following are equivalent.

(a) A is an inverse M-matriz;

(b) A is zero-pattern invariant and the principal submatriz Aly;] is an inverse
M -matriz for oll i € (n);

(c) A is zero-pattern invariant and the principal submatriz Alp;] is an inverse
M -matriz for oll j € (n).

Proof. The implications (a) = (b) and (a) =
and (P5). We now prove (b) = (a). The proof for

¢) clearly follow from (P2)
c) = (a) is similar.

S~ o~

Assume (b) holds. Fixed any arbitrary ¢ € (n). We choose a sequence
i1,...,0m € (n) with 4, = i such that

Yigsr Vi, 70 forallk=1,...,m—1 and U%‘k=<n>.
k=1

Define a; = 7;;, and ax = 75, \ (fyl-l U--- U’Yik,l) for k = 2,...,m. Then for
any k < ¢,

o Napy =0 and Uak: (n).
k=1

Suppose k < £ and take any arbitrary (r,s) € ay x ay. Notice that r € ~;, while
s € 7;,. Hence, a;,, # 0 and a;,s = 0. Then zero-pattern invariant property
ensures that a;, ra,s = 0 and thus a,; = 0. In short,

ars =0 forall (r,s)€arxa; with k</.

From this, there exists a permutation matrix P such that

Al)] 0 - 0
prap=| * Al |
: , 0

* *x  Alom)

Furthermore, since 7;, C aq U--- U ag, Alvi,] is permutationally similar to

Alvi, \ax] 0
* A[ak]



Then the assumption that A[v;, ] is an inverse M-matrix ensures the invertibility
of Alay] for all k, and therefore PT AP is invertible. Moreover,

PTA-1P_ (PTAP)! [<A[a11>1 o} _ [<Am>l o} |

* * * *

By the assumption, A[y;] is an inverse M-matrix and hence (A[y;])~! has non-
positive off-diagonal entries only. In particular, all off-diagonal entries in the
ith row of A~! are non-positive. As i is arbitrary, we conclude that A~! has
non-positive off-diagonal entries only. Therefore, A is an inverse M-matrix. O

A few remarks on Theorem 1. By (P1) and (P5), it is natural to assume in
Theorem 1 that A is zero-pattern invariant and has positive diagonal entries. On
the other hand, given an n x n matrix A with the above mentioned properties,
to determine whether A is an inverse M-matrix, by applying Theorem 1, one
only needs to check whether the n principal submatrices A[vy1],..., A[y,] are
inverse M-matrices. In particular, if |y;| < k < n for all ¢ € (n), one only has
to consider n submatrices of A which are of size at most k. It will be definitely
an advantage in computation if k is much smaller than n. To illustrate this, let
us consider the following simple example.

Example Let

1 01 01
01100
A=1(0 0 1 0 O
01 110
0 01 01

First it can be checked that A is zero-pattern invariant. Since

"= {17375}7 Y2 = {273}7 Y3 = {3}7 Y4 = {27374}7 and V5 = {375}7

one suffices to check the submatrices

1 1 1 1 10
A[{1,3,5}]=10 1 0| and A[{2,3,4}]=|0 1 0
0 1 1 1 1 1

Observe that both these two matrices are inverse M-matrix matrices, so as A
by Theorem 1. Indeed,

1 0 0 0 -1
0 1 -1 0 0
At=]10 0 1 0 0
0 -1 0 1 0
0 0 -1 0 1

The following corollary is immediate from Theorem 1.

Corollary 2. Suppose A is an n X n matriz with at most k nonzero entries
in every row (column). Then A is an inverse M-matriz if and only if A is
zero-pattern invariant and every k X k principal submatriz of A is an inverse
M -matriz.



3. k-diagonal matrices and triadic matrices

The sufficient condition in Theorem 1 can be further reformulated if certain
special zero pattern is imposed. A matrix A = [a;;] is called k-diagonal if a;; = 0
for all [i — j| > %51, Obviously, we can always assume k is odd. Now we have
the following series of results for k-diagonal matrices.

Theorem 3. Suppose A is an n X n nonnegative k-diagonal matriz with 1 <
k <mn. Then A is an inverse M -matriz if and only if A is zero-pattern invariant
and the (k — 1) x (k — 1) principal submatriz

A[(r)\(r =k +1)]
18 an inverse M-matriz for allr =k —1,...,n.

Proof. The necessity part is trivial by (P2) and (p5). For the sufficiency
part, note that for any ¢ € (n), there is k <r <n such that A[y;] is a principal
submatrix of the k x k matrix A[(r)\(r—k)]. By Theorem 1 and (P2), it suffices
to show that A[(r)\(r — k)] is an inverse M-matrix for all r = k,...,n.

Let B = [b;;] = A[(r)\(r—k)] and p = ®EL. Clearly, B is a k x k nonnegative
zero-pattern invariant k-diagonal matrix. By considering (1, k)th entry of B2
with the fact that by = 0, we have

k
0 < bipbpr < > bjbjr = 0.

j=1

Then either by, = 0 or by, = 0. If by, = 0, then B has at most k — 1 nonzero
entries in every row. Define 8; = {€: by > 0} for i € (k). Observe that B[§;] is
a principal submatrix of either

Bl{k—1)] = Allr — I\(r = k)] or Bk\(1)] = AP\ (r — & + 1)),

By assumption, both these two matrices are inverse M-matrices. Thus, B[f;]
is an inverse M-matrix and the same conclusion occurs to B by Theorem 1. If
bip = 0, then B has at most k — 1 nonzero entries in every column. By a similar
argument, the result follows by considering 7; = {£ : by; > 0}. O

If A is also symmetric, then one only needs to consider submatrices with size
% as shown below.

Corollary 4. Suppose 1 < k <n and A is an n X n nonnegative symmetric k-
diagonal matriz. Then A is an inverse M -matriz if and only if A is zero-pattern
nvariant and the p X p principal submatrix

A[r)\(r = p)]
k+1

is an inverse M-matriz for all v = p,...,n, where p = *3=.



Proof. If A is an inverse M-matrix, obviously the conclusion is true by (P2)
and (P5). Conversely, to get the result, it suffices to show that every A[y,] is a
principal submatrix of A[(r)\(r — p)] for some p <r < n.

To see this, suppose a;s and a;; are the first and the last nonzero entires in
the ith row, respectively. Notice that the (s,t)th entry of A? is equal to

n

E QspQpt 2 QgiQip = AisQig > 0.
=1

Because of the zero-pattern invariance property, A2 is also k-diagonal and so
[t —s| < E52 < p. Then y; C {s,...,t} C ()\(t — p), and therefore, A[y,] is a
principal submatrix of A[{(t)\(t — p)]. O

Notice that a 2 x 2 nonnegative matrix B is an inverse M-matrix if and only
if the determinant of B is positive. Then Theorem 3 implies the following.

Corollary 5. Suppose A is a nonnegative tridiagonal matriz. Then A is an
inverse M -matriz if and only if A is a zero-pattern invariant matriz with all its
principal minors of order 2 being positive.

For 3 x 3 case, we have the following equivalent conditions for inverse M-
matrix, which can be found in [4, 13].

Lemma 6. Suppose A = [a;;] is a 3 x 3 nonnegative matriz with positive diag-
onal entries. Then the following are equivalent.

(a) A is an inverse M-matriz;
(b) For any distinct i, j and k,

Qi3 < Qj; 055 and Qi Ak < QijALk-
(¢) The Schur complements A/la11], A/lazz], and A/[ass] are nonnegative with
positive diagonal entires.

Now Theorem 3 and Lemma 6 give the following result.

Corollary 7. Suppose A = [a;;] is a nonnegative symmetric 5-diagonal matriz
with positive diagonal entries. Then A is an inverse M -matriz if and only if
the Schur complement A/la;;] is nonnegative with positive diagonal entries for
all j € (n).

Proof. The necessity part is clear by (P1) and (P4). For the sufficiency part,
suppose the Schur complement A/[a;;] is nonnegative with positive diagonal
entires for all j € (n). Then for any distinct ¢, j and k,

Qa5 < QA and Qi Ak < QijQLk-

So a;; = 0 implies a;rar; = 0 and hence 22:1 airar; = 0. Thus, A is zero-
pattern invariant. Also by Lemma 6, the submatrix A[(r)\(r — 3)] is an inverse
M-matrix for all » = 3,...,n. Then the result follows by Theorem 3. U



A matrix A is called a triadic matrix if each row of A has at most two
nonzero off-diagonal entires. Obviously, a tridiagonal matrix is a special case.
We remark that this definition is slightly different from the one given by Fang
and O’leary in [2]. By a similar argument as in the proof of Corollary 7, we
have the following result for triadic matrices.

Theorem 8. Suppose A = [a;;] is a nonnegative triadic matriz with positive
diagonal entries. Then A is an inverse M-matriz if and only if the Schur
complement A/[a;;] is nonnegative with positive diagonal entires for all j € (n).

Corollary 9. Suppose A is a triadic (0,1)-matriz. Then A is an inverse M-
matriz if and only if A is a nonsingular zero-pattern invariant matriz.

Proof. The necessity part is clear by (P5). Suppose A is nonsingular and
zero-pattern invariant. Clearly, all its diagonal entries must be positive, i.e.,
a;j; = 1. In addition, if a;rar; # 0, then zero-pattern invariant property ensures
a;; # 0 and by the fact that A is a (0, 1)-matrix, we conclude a;rar; < aijaik
for all distinct 4, j and k.

We next claim that a;ja;; = 0 for all i # j. Suppose not, then a;; = a;; = 1.
For any k # i and j,

a;r =0 = Q;; Q5 = 0 = Ak = 0 = Qi ik = 0 = a;r = 0.

Therefore, a;; = 0 if and only if a;, = 0. In this case, the ith and jth rows of A
are the same as A is a (0, 1)-matrix. But this contradicts that A is nonsingular.
So ajjaj; = 0 and hence a;ja;; < aiaj;. Since the above inequalities hold for
any arbitrary distinct ¢, 7 and k, it can be concluded by Lemma 6 that any 3 x 3
principal submatrix of A is an inverse M-matrix. Then the result follows by
Theorem 3. O

Back to the Example before Corollary 2. Indeed, the matrix A in the exam-
ple is a triadic zero-pattern invariant (0, 1)-matrix. One can conclude directly
by Corollary 9 that A is an inverse M-matrix, and the examination of those
principal submatrices A[v;] is actually redundant.

However, it has to be noted that the sufficiency part of Corollary 9 is not
true if one removes the triadic condition. This can be seen by considering the
following counter-example.

111 1 1 -1 -1 1
o101 L lo1 0 -1
B=1g o1 1| 2 B =19 ¢ 1 -1
000 1 0o 0 0 1

Notice that B is a nonsingular zero-pattern invariant (0, 1)-matrix, but B is not
an inverse M-matrix.
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