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ABSTRACT. This paper considers the spreading speed of cooperative nonlocal
dispersal systems with irreducible reaction functions and non-uniform initial
data. Here the non-uniformity means that all components of initial data decay
exponentially but their decay rates are different. It is well-known that in
a monostable reaction-diffusion or nonlocal dispersal equation, different decay
rates of initial data yield different spreading speeds. In this paper, we show that
due to the cooperation and irreducibility of reaction functions, all components
of the solution with non-uniform initial data will possess a uniform spreading
speed which decreasingly depends only on the smallest decay rate of initial
data. The decreasing property of the uniform spreading speed in the smallest
decay rate further implies that the component with the smallest decay rate can
accelerate the spatial propagation of other components.

1. Introduction. The long-range dispersal, such as the spread of infectious disease
across countries and continents by the travel of infected humans [22], has increas-
ingly become an important phenomenon nowadays, and it has attracted extensive
attention of researchers (see [7, 36, 40]). Mathematically the long-range dispersal
can be modelled by a nonlocal dispersal operator that describes the movements be-
tween not only adjacent but also nonadjacent spatial locations. A typical nonlocal
dispersal equation with reaction is given by

u=kxu—u+ f(u), t>0, z€R, (1)

where u(t, ) stands for the population density at time ¢ and location z, f(u) is a
reaction function, and the nonlocal dispersal operator is represented by

kxu(t,z) —u(t,z) = /Rk(x —y)u(t,y)dy — u(t, z).

Here k : R — R is a nonnegative and continuous function with [ k(z)dz = 1. As
stated in [18], k(x — y) can be viewed as the probability for individuals to move
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from location y to location =, k * u(t,x) = fR k(z — y)u(t,y)dy stands for the
rate at which individuals arrive at location x from other locations, and —u(t,z) =
— Jo k(y — 2)u(t, z)dy is the rate at which individuals leave location 2 and move
to other locations. One of the significant research topics in the literature for (1) is
the wave propagation phenomena which are associated with the studies of traveling
wave solutions, entire solutions and spreading speeds. These results can be used to
describe the spreading process of populations, such as the spatial spread of infectious
diseases and the invasion of species. For the traveling wave solutions of (1), we refer
to the classical works by Bates et al. [5], Carr and Chmaj [9], Chen [10], Chen and
Guo [11], Coville, Ddvila and Martinez [14], Schumacher [43], Yagisita [55], etc. For
the entire solutions of (1), we refer to, for example, Li, Sun and Wang [29]. For the
spreading speeds of (1), we refer to the works by Lutscher, Pachepsky and Lewis
[35], Shen and Zhang [44], Zhang, Li and Wang [57], Rawal, Shen and Zhang[41],
Finkelshtein, Kondratiev and Tkachov [19, 20], Liang and Zhou [33], etc. For the
results on nonlocal dispersal equations with free boundary, we refer to Cao et al.
[8], Du, Li and Zhou [15], and Du and Ni [16], etc.

In this paper, we are concerned with the spreading speed of the following m-
component nonlocal dispersal system

U=DK=«U-U)+ F(U), t>0, zeR,

_ _ (2)
U(0,z) = Up(z) = (u1,0(x), ... umo(z)), z€R,

where U = (ut, ..., ), K = (k1. k), F = (fi,-, f), D = diag{dy,....dun}

with dj > 0, and 2 < m € Z". The nonlocal dispersal is represented by

KxU(t,z) - U(t,z) £ (k1 *ur(t, o) —ui(t, @), ... k% um(t, ) — um(t, 2)).

We assume that F(U) is cooperative (namely %fj(U) > 0 for any j # i) and
monostable with an unstable equilibrium U = 0 € R™ and a stable equilibrium
U= Pe (RT)™. Assume that

Uo(:) #0, 0 < Up(x) < P for all z € R.

The kernel K € C(R,R™) is symmetric on R and satisfies the Mollison condition
(see [14, 39, 40]), in the sense that, there exists A > 0 such that

/ kj(x)eAlz‘dx < 400, je{l,...,m}.
R

The local dispersal system, as a counterpart of (2), is called the reaction-diffusion
system which reads as

U, =DAU+FU), t>0, xR,
U(0,z) = Up(x), z € R. ®)

When m = 2, traveling wave solutions and entire solutions were obtained for (2)
by Li, Xu and Zhang [30], Meng, Yu and Hsu [38], and for (3) by Hsu and Yang
[24], Zhao and Wang [58], Xu and Zhao [50], Wu and Hsu [49]. When the initial
data Uy are compactly supported (or equivalently Up(z) = 0 for large 2 > 0), there
are numerous results on the spreading spread of (2) and (3). For the nonlocal
dispersal system (2), we refer to Bao et al [3], Bao, Shen and Shen [4], Hu et al.
[25]. For the local dispersal system (3) and its discrete-time counterpart, we refer
to Kolmogorov, Petrovsky and Piskunov [26] and Aronson and Weinberger [1, 2]
for the case m =1 (i.e. classical reaction-diffusion equation), and Weinberger [47],



THE UNIFORM SPREADING SPEED FOR NON-UNIFORM INITIAL DATA 587

Lui [34], Weinberger, Lewis and Li [48], Li, Weinberger and Lewis [28], Liang and
Zhao [31, 32], Fang and Zhao [17], and Wang [46] for the case m > 2.

Note that the aforementioned existing results on the spreading speeds of (2)
and (3) essentially assume that the initial data Up(z) are compactly supported.
However, when the initial data Uy(z) are not compactly supported, the results of
spreading speed are much fewer. Especially, when the initial value function decays
exponentially, namely

u(0,z) ~ Ce™1 as || = 400 with o > 0, C >0, (4)
the system (2) with m = 1, namely (1), has a spreading speed

s(0) = i{/ﬂ{k@)ﬂ@ 14 f’(O)} for o € (0,07), (5)

where 0* = min{o > 0 | s(o) = min{s(o);0 > 0}}, see e.g. [13, 45, 54]. In (4),
the symbol “~” means lim, |, u(0,2)/(Ce~?!*l) = 1. Similar results for (3) with
m = 1 (i.e. reaction-diffusion equation) and exponentially decaying initial data
were previously obtained by Booty, Haberman and Minzon [6], Hamel and Nadin
[23], McKean [37], and Sattinger [42], etc. When m = 2, a recent work by Xu, Li
and Ruan [53] studied the spreading speed of (2) for initial data w1 o(z) and ug ()
decaying exponentially with the same decay rate.

The purpose of this paper is to study the spreading speed of (2) where m > 2 and
all components of initial data Uy decay exponentially but their decay rates may be
different. We assume that each component of Uy (z) has its own decay rate, namely

ujo(z) ~ Cje~ 1% as |z| — oo with C; > 0 for any j € J 2 {1,...,m}.  (6)

We call the initial data Up(z) are non-uniform if there exist some i,j € J with
i # j such that A; # A;. The case of non-uniform initial data considered in this
paper is essentially different from the case in [53] where m = 2 and A\; = Ay. From
(5) and other results mentioned above, we conclude that the spreading speed of
scalar dispersal equations essentially depends on the decay rate of exponentially
decaying initial data. For the dispersal system, if all components of initial data Uy
have the same decay rate (i.e. uniform initial data), the spreading speed can still be
determined by this single decay rate as shown in [53] for m = 2. But now if the initial
data are non-uniform, an immediate question is whether all components of (2) have
the same spreading speed, and if so, which component will paly a prevailing role
in determining this spreading speed. To proceed, we give the definition of uniform
spreading speed of (2).

Definition 1.1 (Uniform spreading speed). Given initial data Uy satisfying (6), a
positive constant ¢g is called the uniform spreading speed of the solution of (2), if
for any j € J and € € (0, ¢p), there is a constant v > 0 such that
lim sup  w;(t,z) =0,
EH00 0> (e pe)t
liminf  inf  w;(¢,z) > v
t—=+0o0 |z|<(co—e)t
We will show that when the reaction function F' is cooperative and F’(0) is
irreducible, all components of the solution U of (2) with non-uniform initial data
(different decay rates) satisfying (6) have a uniform spreading speed (the same
spreading speed), see Theorem 2.2. Furthermore, this uniform spreading speed
depends only on the smallest decay rate \g £ min{}\;,j € J} and is decreasing with
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respect to Ag, which implies that the component with the smallest decay rate can
accelerate the spatial propagation of other components of U (see details in Section
2). We also refer to a recent work by Xu, Li, and Ruan [52] where the acceleration
propagation of (3) was obtained for non-uniform non-exponentially decaying initial
data, and other works by Coulon and Yangari [12], Yangari [56], and Xu, Li and
Lin [51] for the acceleration propagation with non-uniform nonlocal dispersal kernels
and compactly supported initial data.

Remark 1.2. The problem how the dispersal kernel affects the spreading speed
has attracted wide attention of researchers, and there are mainly two directions.
First, some works study the effect of the decaying behavior of the dispersal kernel
as x — +o0o. In (2), it is shown that the spreading speed is finite when K satisfies
Jg kj(z)eM*lde < 400 for j € J and some A > 0 (see [25, 35]), but infinite when
the condition fails (see [21, 51, 55]). Second, the authors of [53, 54] study the effect
of asymmetric dispersal kernel on the sign of spreading speed, and obtain a direct
relationship between them.

The rest of this paper is organized as follows. In Section 2, we present the main
assumptions and results. In Section 3, we study a special case where all components
of initial data have the same decay rate A, and prove that (2) has a uniform spreading
speed dependent on A. In Section 4, we focus on the general case that the initial
data satisfy (6) and complete the proof of our main result.

2. Main assumptions and results. In this section, we give the main assumptions
and results. Let us introduce some notations first. For U = (uq,...,u;,) € R™,
V=w,....,on) ER™ wewrite U >V ifu; >v, forany j € J; U > Vifu; >v;
for any j € J. Denote

[U,V]={¢ e R™U < o<V}

Let |U| = /u? + ... + u2, denote the norm of R™. We write 0 = (0,...,0) € R™
and 1 = (1,...,1) € R™. Assume that

(A1) (a): there is a strictly positive equilibrium P = (p1,pa, ..., pm) such that
F(0) = F(P) =0 and F € C*(]0, P],R™); there is no other equilibrium
¢ in [0, P] such that F(¢) = 0.
(b): F is cooperative in [0, P|, namely aiuifj(U) > 0 for any U € [0, P] and
J# i
(c): F’(0) is an irreducible matrix satisfying
max{Re \| det(A] — F'(0)) = 0} > 0.

(d): for any j € J, the function k; is nonnegative, continuous, symmetric
on R, and decreasing on R*. Moreover, [, k;j(x)dz = 1 and there exists
A > 0 such that

/ kj(z)eM*lde < +oo. (7)
R

Note that (2) is monostable on [0, P] under (Al)(a) and (c¢); namely, the equilibrium
U = 0is unstable and U = P is stable. From (A1)(b), the matrix F’(0) is essentially
nonnegative. Note that a matrix A = (aij)mxm is essentially nonnegative if all
coefficients of the matrix (A —min;e(q, . my{@ii}LIn) are nonnegative.

.....
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We define
A = sup {A >0 ] / kj(z)erdr < 400, j € {1,... ,m}} € (0, 400) U {+00}.
R
For A € (0,A), let X(A\) denote the m x m matrix as follows

K(A\) = D - diag {/R ki (y)edy, ..., /R k:m(y)e)‘ydy} — D+ F'(0). (8)

Since F(0) is irreducible, so is K(A). By the Perron-Frobenius theorem (see [27]),
K(A) has an eigenvalue v(\) with algebraic multiplicity one, and we denote by V()
the positive unit eigenvector corresponding to (), namely K(A)V(A) = v(A\)V(N)
and

V(A) >0 for A€ (0,A). 9)
From the symmetry of k;, it follows that [, k;(y)e*dy > 1 for any A € (0, A). Then
(A1)(c) implies that v(A) > 0. For A € (0,A), denote

c(A) =~v(A)/A>0. (10)
Obviously, ¢()\) is continuous on (0, A) and
c(MAV(X) = KA)V(X) = 0 for any X € (0, A). (11)
Define
& inf {c(\)} < +oo. (12)
A€(0,A)

It was shown in [25, Lemma 2.4] that A* < 400, where \* is the smallest positive
number at which the above infimum is attained, namely

" =c(N) =~y(A") /A" > 0.

Remark 2.1. The function ¢(-) defined by (10) is strictly decreasing on (0, A*).
Indeed, by Lemma 6.5 and (6.5) in Lui [34], ¢()) is twice continuously differentiable
and decreasing (i.e. ¢/(A\) < 0) on (0, A*), and it satisfies
(A2) =2X + A2 > 0.

Then ¢’(A\) > 0 for A € (0,A*). Suppose that ¢()) is decreasing but not strictly
decreasing on (0,A*). Then there exists p € (0,A\*) such that ¢/(1#) = 0. From
d(A) < 0 and ¢’(A) > 0 on (0,\*), we get that ¢/(A\) = 0 for any A € [u, A*),
which implies by the continuity of ¢(\) that ¢(\) = ¢(A*) for A € [u, \*]. On the
other hand, recall that A* is the smallest positive number at which infy~o{c(\)} is
attained, and we have c¢(A) > ¢(A\*) for A € (0, \*). It is a contradiction.

There are some additional assumptions on F.
(A2): for A € (0, \*], F(min{P,qV (\)}) < ¢F’'(0)V () for any ¢ > 0.
(A3): there are positive numbers qo, g, and M such that

F(U) > F'(0)U — MU for any U € [0, P] with ||U]| < qo,

where U0 = (y}T% . yl+d) ¢ R™.

The assumptions (A2) and (A3) correspond to the Fisher-KPP assumption in the
scalar case, namely f/(0)u — Mu'*% < f(u) < f/(0)u. The assumption (A3) can
be easily satisfied, for example, when F' € C'1%[0,go1]. As stated in [25], under
(A1)-(A3), c¢* is the spreading speed of (2) with compactly supported initial data.
Denote

Ao e min{)\j | j € J}
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The following theorem about the uniform spreading speed for non-uniform initial
data is the main result of this paper.

Theorem 2.2. Assume (A1), (A2), and (A3) hold. For the non-uniform ini-
tial data Uy(x) satisfying (6) with Ao € (0, "), the solution of (2) has a uniform
spreading speed c(Xo), which is independent of the decay rate \; satisfying Aj > Xo.
Moreover, c¢(Xg) is strictly decreasing with respect to Ag € (0, A*).

From Theorem 2.2, the cooperation and irreducibility of reaction functions can
ensure that all components of the solution of (2) with non-uniform initial data have
a uniform spreading speed. In fact, if F € C'[0, P] and a%ifj(O) > 0 with ¢ # 7,
then as seen from the jth equation of (2), namely

Frt = dilkj *uj —uj) + £5(U),

the component u; of U has a direct positive effect on the growth of the component
uj, when u; is small enough. We say u; has an indirect positive effect on the
growth of u;, if u; does not directly affect the growth of u; (i.e. %fj (0) =0), but

through other components of U, in the sense that there exists a set {j1,52,..., 7k}
with j; = i and ji, = j such that %fjp(o) > 0 for any p = 2,...,k. The
p—1

irreducibility of F’(0) = (aiui £i(0))mxm means that a direct or indirect positive
effect exists between any two components of U, and hence, all components of the
solution with non-uniform initial data can have a uniform spreading speed.

Theorem 2.2 shows that the uniform spreading speed depends only on the small-
est decay rate Ag. This conclusion, along with the fact that the spreading speed
¢(Ao) is strictly decreasing on (0, A*) in Remark 2.1, means that the component with
the smallest decay rate can accelerate the spatial propagation of other components.
To understand this, we assume the joth component of initial data Uy has the small-
est decay rate, namely A;, = Ao € (0, \*). Let the decay rate of the joth component
uj,,0 become smaller and fix the decay rates of other components of initial data Uy.
We denote the new decay rate of uj, o by X' € (0, ). Then the uniform spreading
speed becomes ¢(\') from ¢()\g). Since c(-) is strictly decreasing on (0, A*), we have
that ¢(\) > ¢(A\g), which means that the decrease of the smallest decay rate in the
initial data can increase the spreading speed of other components of the solution.

Our idea to prove Theorem 2.2 consists of two steps. First, we focus on the
special case that all components of initial data Uy have the same decay rate A €
(0,A*) (namely A; = X for any j € J) and prove that the solution has a uniform
spreading speed c¢(\) in Section 3. Second, the general case that Uy satisfies (6)
with Ao € (0,\*) is considered in Section 4. By constructing a lower solution,
we show that after a period of time T > 0, all components of U(T,-) are larger
than an exponentially decaying function with the decay rate A\g. This case is then
transformed into the special case considered in Section 3 as long as u; (T, x) is set
as the new initial data.

Moreover, from Theorem 2.2 and its proof in Section 4, the components of initial
data Uy whose decay rates are not \g affect neither the result of uniform spreading
speed nor its proof method. Therefore, Theorem 2.2 also holds if (6) is changed to
the following assumption

(H): there exist jo € {1,2,...,m} and Ag > 0 such that

wjo.0(x) ~ Ce ™y o(x) < eIl for j + jy and |z| large enough.
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In this assumption, the component u;o of Uy with j # jo is not restricted to
exponentially decaying functions, but any function that is smaller than e~*°
|| is large enough.

12l when

Remark 2.3. The methods in this paper are also applicable to the reaction-
diffusion cooperative system (3). Therefore, no matter whether we consider a non-
local or local dispersal system, the cooperation and irreducibility of F' can ensure
that the solution has a uniform spreading speed and the component of U with the
smallest decay rate can accelerate the spatial propagation of other components.

3. Case of the same decay rate. In this section, we consider the case that all
components of initial data have the same decay rate A € (0, \*). First, we state two
important lemmas that are proved in [53, Theorem 4.1] (for Lemma 3.1) and [25,
Theorem 4.5] (for Lemma 3.2).

Lemma 3.1. (Symmetry and monotone property) If the functions k;(-) and u;o(-)
are symmetric on R and decreasing on R for any j € J, so is u;(t,-) for anyt >0
and j € J.

Lemma 3.2. (Comparison principle)_ Assume that U is an upper solution and U
is a lower solution of (2); namely ZU(t,x) and & U(t,z) exist and

%UfDK*U+DU7F(U)>O fort>0, v €R,
%QfDK*L/#DQfF(Q)SO fort>0, z €R.

IfU(0,z) > U0, z) for x € R, then U(t,z) > U(t,x) for anyt >0 and x € R.

The following result is a special case of Theorem 2.2 where all components of Uy
have the same decay rate A € (0, \*).

Proposition 3.3. Assume (A1), (A2), and (A8) hold. Let Uy(x) satisfy (6) with
Aj =X € (0,X) for any j € J. Then the solution of (2) has a uniform spreading
speed c(A).

Proof. Let U = (uq,...,u) be the solution of (2) with initial data Uy. By (6) and
(9), there is a constant I' > 0 large enough such that
Uo(z) < Te™ Mol ().
For A € (0,\*), define
U(t,z) =min{P, Te »*V(\)} withz=|z|—c(\)t, t >0, z €R. (13)

Now we check that U = (i, ..., 4y,) is an upper solution. Let v;()\) denote the jth
component of V(A), namely V(A) = (v1(A),...,v,(N)). For any j € J, when z <
A~ n(Tw;(N)/pj), we have that @;(t,x) = p;. Then by (A1)(b), from u;(t, =) < p;
for any ¢ € J we can get that

;W — diky x 05 + dju; — f3(U) = = f;(P) = 0.
When z > A 1In(I'v;(\)/p;), it holds that i;(t,x) = Te **v;(\). We denote
fii= a%ifj(o) and (A1)(b) implies f;; > 0 for ¢ # j. By (A2) and (11), we have
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that
a B _ _ _
auj — djkj * Uj + dej — fJ(U)
>Te | (eA - d; / B (y)edy + d; Ju;(\) = 3 (V)] = 0.
R i=1
Thus U = (4, . ., Uny) is an upper solution of (2). Lemma 3.2 implies that

Ut,z) <U(t,z) <Te *V(\) for any t > 0 and z € R.
Then for any ¢ > 0 and j € J, we have that

lim sup  wui(t,z) < lim sup  Te Azl=ety (n)
400 o> (e be)t EH00 |43 (c(\) et !
< 3 —Aet .
< t_lgnoo Te™**v;(A)
=0.

Now we just need to prove that for any € € (0,¢(\)) and j € J, there exists v > 0
such that
li inf (tz) > 1. 14
1o \z|<(g(1)\)—s)tuj( @) 2 v (14)
The proof of (14) consists of the following two steps.
First, we prove that there exist two positive constants v and yg such that

U(1l,z) = ymin {e_”\la’l, e_”\yo} V(N), z eR. (15)

From (6) it follows that Up(z) > 0 for sufficiently large |x|. Then by (A1)(d), there
exists Ny € Nt such that

K+ Kx...« KxUy(z) > 0 for any € R. (16)
—_—
No

For j € J, let m; : R™ — R™ denote the function
it (U, ) — (0,04, ..., 0);
namely the jth component of 7;(U) is u; while others are zero. We define

bj= inf {fj(m;(U))/u;}. (17)

u; €(0,p;]

Let n € NT and we divide equally the time period of [0, 7] into n parts, namely
[0,7/n], [T/n,27/n],..., and [(n — 1)7/n,7]. In [0,7/n], we consider

W(t,z) = (wy(t,x),...,w, (), t€[0,7/n], x € R,
where
wj(ﬁ, J}) = Mj [Uj70(l‘) =+ tdjkj * Ujp(l‘)jl e(bj_dj)t, jE J (18)
and
M= (1+djr/n) Y1+l d)T/m)y=1 G e g
It is easy to check that
Ow; — djkj * w; + djw; —bjw; <0 for j € J
For t € [0,7/n], by u;o(z) < p; we have that
w;(t,x) < Mjp;[1 + dy/n]e®i=)T/m < pi for x € R.
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From (A1)(b) and (17), it follows that

W, — DK « W + DW — F(W)
< Et _DK*E"‘DE_ (fl(ﬂnl(w))w-~7fm(7rm(w)))
< W, — DK « W + DW — diag{by, . .., by }W < 0.

By W(0,z) < Up(z) for = € R, from Lemma 3.2 we get that
U(r/n,z) > W(r/n,x). (19)

Denote C; £ meiIIl{deje(bJ'_dj)T/”T/n} and then
jE.

U(r/n,x) 2 C1 K x Uy(x).

Repeat this argument for ¢ € [7/n,27/n] and substitute K * Up(x) for Up(x). We
can find a constant Cy > 0 such that

U2t/n,z) = CoK * K « Up(x).
Similarly, there exists C,, > 0 such that
U(r,z) 2 Cr, K x K x ... x K #Ug(x) for z € R.
—_—

n

When n = Ny, it follows from (16) that U(r,x) > 0. When n = 1, we get from
(18) and (19) that

U(r,z) 2 W(r,z) 2 C;Uy(x) with C; = r_neir]l{Mje(bf*df)T}.
jE.

Then for any 7 > 0 there exists C. > 0 such that
U(r,z) > 0 and U(r,z) > C Up(z) for z € R. (20)
When 7 =1, by (6) with A\; = X we can find v > 0 and yo > 0 satisfying (15).

Let v be smaller (if necessary) such that ye % < qg, where qq is given by
assumption (A3). Define Wy(z) = ~min {e_M“,e_)‘yo}V(/\), z € R. Then
[[Wo(z)|| < qo for z € R and
ve N2V (A)  for |
ye MOV (X)) for |

Let W (t, ) be the solution of (2) with initial data W (0,z) = Wy(x). Then we get
from Lemma 3.2 that

Ut+1,z) > W(tx) fort >0, z € R. (22)

> b
| = Yo (21)
| <

U(l,z) = Wy(z) = {

Since Wy(+) is symmetric and decreasing on RT, so is W (t,-) by Lemma 3.1.
Second, we construct a lower solution and prove (14). Now define some notations.
By Remark 2.1, for any A € (0, \*), there is a constant §y = A*/A—1 > 0 such that

(A + As) < ¢(A) for any s € (0,0y).

Denote
p=A14+68)>0 with = min{dp,d/2} >0,
where the positive constant Jy is given by (A3). Then it follows that

e(u) < c(N). (23)
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For j € J, let G(c, A;7) be the jth component of the vector cAV(A) — K( ANV (A),
namely

m

G(e, X)) = (CA —d; /]R kj(y)edy + dj) v (A) =Y favi(A),  €>0, A>0,
1=1

where f;; = a%ifj(o) and v;(\) is the jth component of V/(A) > 0. For A € (0, \*),
it follows from (11) that

G(c(N), N 4) = (c()\))\ —d, /]R k; (y)e)‘ydy + dj> v;(A) — Z fiivi(A) =0. (24)
By (23) we get that
Gl gi) = (0 =y [ kstwetvay + d; ) o) - >~ fontn

> G(e(p), p155) = 0.
For A € (0,\*), we define U = (uy,...,u,,) as follows

s Zm

U(t,z) = max {0, ye MV (\) — Le ™V (p)} with z = |z| —c¢(M\)t, t >0, z €R,

(25)

where L is a positive constant large enough such that
Adyo (N oI
L > max e max (vj( )) , M~ max 37() . (26)
1+6 jes \v;(u) i€t \ G(c(N), 13 5)
Denote

ey (L + 80 () ) oy (Lo ,
:)\ 15 11H (J and Z':)\ 1(5 111’1 —INM fOI' EJ.
Yi yu;(\) 7 yu; (V) J

Then y; > z; for any j € J. Note that y; and z; correspond respectively to the
maximum point of z + ye~*v;(\) — Le ##v;(n) and the root of ye *#v;(\) —
Le™##y;(p) = 0, that is

0, when z < zj,

, when z = zj, (27)
, when z > z;,

and

rggﬂé({fye*)‘zvj()\) — Le "% v;(1)} = ve iv;(\) — Le v () > 0.

From (26), it follows that y; > yo for any j € J. Then we have that

t>soup jo(t, r) = u;(t, c(A\)t +y;) = *ye*Ayfvj(/\) — Le™™iv;(u) < vefAyovj(/\).
20,ze
(28)

Since V(A) is a unit vector, it holds that
|U(t, z)|| < ve ¥ < qo forany t >0, x €R. (29)

x
Particularly, when ¢ = 0, it follows from (28) that U(0,z) < ye~ V() for any
z € R. The definition of U(t,z) implies that U(0,z) < ve V() for = € R.
Then we get from (21) that

U(0,z) < Wy(x) for z € R. (30)
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In order to verify U(t,x) is a lower solution, namely
U,—-DK«U+DU-F(U) <0,

we check it holds for each component. For any j € J, when z < z;, since gj(t, z) =0,
it is easy to check that

)
oty — diks *u; + djug — f;(U) <O

When z > z;, we get that

u;(t, ) = ye () — Le " u; (),

w;(t, ) = ye M (\) — Le "*v;(p) for i # 7.
From (A3) and (29), it follows that

f](g) > ifj,iﬂi(t’l') - My}+5(t’$)
i=1

>3 i e () = Le M ui()] — Moy Hoe=0l 00,
i=1

Then some calculations show that

T djkj *u; + dju; — f;(U)

< ye e [(C()\)A —d; /]R kj(y)eMdy + dj)”j()\) - Zm: fj,ivi(A)]

— Le 1 [(c(A)u —d; /R kj(y)e™dy + dj)“a‘(“) - i fi»”’”(“)}

+ M’yl+5e*"zv}+5()\)
= ye MG(c(N), Ay j) — e " [LG(c(N), 3 §) — M’71+5’UJ1-+6()\)] .
By (24), (25), and (26), for z > z;, we have

il — ik *uy + dju; — fiU) <0.

Therefore, U(t,x) is a lower solution.
Lemma 3.2 and (30) imply that

W(t,z) > U(t,x) for any t > 0, z € R.
Let Ymax = Ijr_leaf{yj}. It follows from y; > z; that Ymax > 1}1635{{2’]'}, which implies
by (27) that
= ?g?{yj(t, (M)t 4 Ymax)} > 0.
We denote W(t, x) by (wi(t,x),...,wn(t,x)). Then it follows that
w;(t, c(A)t + Ymax) = 1, (t, (M)t + Ymax) = v for any ¢t > 0 and j € J.
Since W (t,-) is symmetric and decreasing on R, it holds that
wj(t,x) > v for any |z| < ¢(A)t + Ymax and j € J.

By (22) we get that

uj(t+1,2) > v for any |z| < ¢(A)t + Ymax and j € J,
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which implies (14). This completes the proof of Proposition 3.3. O

4. General case. In this section, we give the proof of Theorem 2.2. By construct-
ing a lower solution, we transform the proof for the general case where U, satisfies
(6) into the special case in Section 3, where all components of the initial data have
the same decay rate.

Proof of Theorem 2.2. The strictly decreasing property of ¢(Ag) with respect to
Ao € (0, A%) has been obtained in Remark 2.1. By (6) and Ao < A; for j € J, there
exists C' > 0 such that u;o(z) < Ce /%l for j € J and large |x|. Then the proof
of

lim sup ui(t,z) =0 forjeJ
1400 o> (c(o)be)t

is similar to the counterpart in the proof of Propositions 3.3, and we only need to
substitute Ao for A.
Now prove that for any € € (0, ¢(Xg)), there is a constant v > 0 such that
lim inf wi(t,x) > v for any j € J.
D oy B o i (0 7) 2 v

From the proof of Propositions 3.3, we only need to prove that there exist 7' > 0
and My > 0 such that

uj(T,xz) > Mop(x), = € R for any j € J, (31)

where
p(x) = ek,
Now we reorder the equations in the system (2), namely the components of U.
Define

fii= 7

Choose the component which has the smallest decay rate as the first component
uy of U, and then A\; = Ao = min{}\;,j € J}. Since F’(0) is irreducible, we can
choose the second component uy such that f; > 0. Similarly, we can choose
the third component us satisfying f31 > 0 or f32 > 0. Repeat this process, we
reorder the components of U satisfying that for any i € {2,3,...,m} there exists
je{1,2,...,9— 1} such that f; ; > 0.

We give an important inequality. Since F' € C''[0, P]), by (A1)(b), we can find a
constant g3 > 0 such that

1
fi0) = (fj; — Du; + 5 Zfﬂuz for any j € J and U € [0, ¢31]. (32)
i#]
In order to prove (31), we need to construct a lower solution
W(t,l’) = (wl(tvx)a ce 7wm(t7x)) € [O»QBl]a tz1, x€ R.

The form of W (¢, z) will be given for every component. First, we construct the first
component wq (t,z) of W(t,z). By (20) and (6) with A\; = Ag, there is a constant
Cy € (0, g3] such that
ui(l,z) = Cop(x) for x € R.
Let
wi(t,z) = Mie @ Yp(z) for t > 1, = € R,
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where M; is a constant in (0, Cp] and
o > max{d; +|f;;[} +2
Note that M; will be reselected as a smaller constant later. It is easy to check that
wi(t,x) <My <Co<q3 fort>1, z€eR
and

wy(1,2) < Mip(x) <ui(l,z) for x € R. (33)

From p(z) > 0, it follows that ky % w; > 0. By the cooperation of F and (32), we
have that f1(W) > (f1,1 —1)wy for W € [0, g31]. Then some calculations show that

0
&wl —dik1 xwy + dywy — fL(W)
< Mi(—a+dy — fi1+ 1)€_a(t_1)p(x) < 0.

Second, we construct the second component ws(t,x) of W (¢, z) under the condi-
tion fo1 > 0. Define

wa(t, ) = My (e‘ﬁ"’(t_l) - e_o‘(t_l)) p(z) fort>1, zeR,

where
J21 M,
(a—dy+ fao—1)
By a > B9, we get that wy > 0 for ¢ > 1, which implies that ko xwy > 0. Let My be

smaller (if necessary) satisfying M7 < 2¢3/f21. From o > do — fa 2 + 2, it follows
that

Bo=day+ |fao| +1, M= 5

1
wa(t,x) < My < §f2,1M1 <gzfort>1, zeR.

Assumption (A1)(b) and (32) show that fo(W) > (fa,2 — 1)wa + 3 f2 1wy for W €
[0, ¢31]. Then we have that

0
awg — doks * wg + dowg — fo(W)

1o} 1
< Fricie doka * wo + dowe — (foo — L)wy — §f2,1w1

< My {(*52 +dy — foo+1)e™ 2D 4 (@ —dy + fap — 1)V | p(a)
1
- §M1f2,16_a(t_1)p($)

< [Mao o+ oo 1) = SMufo]e=Vp(a) = 0.
Moreover, it is easy to check that
wo(1,2) =0 for z € R.
Note that e=#25 > 2¢=%5 for s > 7 £ In2 and then
wy(t, ) = Mae " Vp(z) fort>1+7, z€R, (34)

which is a key inequality for the construction of w; with j > 2 when f;2 > 0.
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Third, we construct the third component ws(t, x) of W (t, ) under the condition
fa1 > 0or fz5 > 0. For the case f31 > 0, we can construct ws(t,z) by the same
method as wa (¢, z). For the case f3 2 > 0, we define

0, 1<t<1l+7,
w3(t7 x) = M (e—ﬁs(t—l—‘r) _ e—o‘(t_l_T))p(a:), t>1+

where

f3,2M>
260‘7(04 — d3 =+ f373 — 1)

Let My be smaller (if necessary) such that M3 < g3, and then 0 < w3 (¢, x) < g3 for
t>1, x € R. By (32) and (34), we have that

f32

Bs=ds+|fs3] +1, Mz=

f2

fs(W) = (fs3—1ws+—="ws > (f33—1)ws+—==M> ealt= 1)17( ) for W € [0,q51].

Following similar calculations to these for ws, we can prove that

0
s~ dsks * w3 + dsws — f3(W) < 0.
We also have that
ws(t, z) > Mge_o‘(t_l_T)p(a:) fort>1+27, z€R,

which provides the key inequality for the construction of w; with j > 3 when

fj73 > 0.
To construct w; for j € {4,5,...,m}, when f;1 > 0, we apply the construction
method for wo, and when f;; > 0 for some i € {2,...,j—1}, we use the construction

method for ws in the case f3 2 > 0. Then we can define every component of W (¢, )
satisfying

0
5,V ~DE W+ DW —~F(W) <0fort>1, z €R,

and
wi(t,x) = Mie = 1=0=27py fort > 14 (i—1)7, 2 €R, i=2,...,m.

We obtain two constants
T=1+(m—1)7 and M= {Mle_a(T_l), min }{Mie_a[T_l_(i_QH}}
1€{2,....,m

such that

w;(T,x) > Mop(z), x € R foranyi=1,...,m. (35)
The definition of W also shows that w;(1,2) = 0 for any i = 2,..., m. We get from
(33) that

Ull,z) >W(1,z), x € R.

It follows from Lemma 3.2 that

Ut,z) 2 W(t,x) fort>1, z€R.

Then we have U(T,z) > W (T, z) for z € R, which implies (31) by (35). It completes
the proof of Theorem 2.2. O
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