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A B S T R A C T

The numerically efficient solution describing the sound radiation from a circular source located
in a flat, rigid baffle is obtained. For this purpose, a half-space was divided into two subregions
coupled through continuity equations. The Helmholtz equation was solved in both subregions.
The proposed method can be used for circular baffled sources in the case when fluid–structure
interactions are included, as well as for an input from a waveguide or cavity. The validity and
numerical efficiency of the presented solution were tested assuming that a clamped circular
plate is a source. The numerical simulations show that the results given by the proposed method
agree with those given by the known integral solution. The exceptions are the field points at
which the integral formulas fail and provide incorrect values of the sound pressure. Hence, the
presented formulas can be the only method to perform accurate calculations at troublesome field
points. The numerical efficiencies of the obtained formulas and integral ones were compared
by estimating the value of the appropriate time ratios. The numerical analysis shows that the
proposed method can be used to significantly improve calculations of the sound power and the
sound pressure.

. Introduction

Vibrating baffled planar surfaces very often generate acoustic waves. Therefore, there are many studies focused on predicting
he sound radiation from such structures. The sound radiation of a set of circular pistons randomly placed on a flat baffle was
alculated using Bouwkamp’s impedance theorem [1]. The modal radiation efficiency of complex-shaped plates was obtained based
n an equivalent piston model [2]. In this approach, each mode shape is approximated by a distribution of circular pistons oscillating
n or out-of-phase.

Based on the discrete calculation method proposed by Hashimoto [3], the radiation matrix approach was developed to calculate
he acoustic radiation from a baffled planar sound source [4,5]. This method can only be used at low frequencies because it requires
ividing a sound source surface into elements much smaller than the wavelength.

The sound radiation of a baffled circular and elliptical radiator was predicted by dividing the vibrating surface into a finite
umber of small circular pistons [6,7]. The acoustic field of a vibrating baffled circular piston was obtained with the use of the
eries containing the integral of spherical Bessel functions [8]. Moreover, an efficient method to calculate the necessary integrals was
roposed, employing a recurrence approach. The sound power radiated by a baffled circular plate was obtained by using the Rayleigh
ntegral and integrating the acoustic intensity over a hemispherical surface [9]. Additionally, a low-frequency approximation was
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presented for the radiation efficiency. The sound radiation from a baffled rectangular radiator was obtained based on the Rayleigh
integral [10–12]. The spatial convolution method was used to solve the Rayleigh integral and provide numerically efficient formulas
for the self and mutual radiation impedances of rectangular radiators located in a flat baffle [13]. Making use of the modified Fourier
series and the Rayleigh–Ritz method, the sound power radiated by a baffled rectangular plate with elastically supported edges was
found [14]. The acoustic radiation of a simply supported baffled rectangular plate excited by turbulent flow was predicted using the
uncorrelated wall plane wave technique [15]. The vibro-acoustic response of the functionally graded lightweight square panel was
investigated within the low and mid-frequency regions using the first-order shear deformation theory and finite element method [16].

Based on the Rayleigh integral, the acoustic field of a baffled circular piston was expressed as a series of spherical harmonics [17].
he series coefficients were given with the use of the recurrence formula. Then, by considering the special cases, the solution
roposed by Hasegawa et al. was presented in simpler forms suitable for numerical computations [18]. Beranek and Mellow
resented the formulas for the far-field acoustic pressure radiated by a shallow, spherical shell [19]. This solution can be modified
o obtain the formulas describing the sound field generated by a flat plate in the case when fluid–structure interactions are included.
oreover, by using an analytical evaluation presented by Rdzanek [20] for an improper integral of a pair of Bessel functions, the

btained formulas can be expressed without the use of improper integrals. Based on the Bouwkamp’s solution for the free space
ave equation, the pressure field of a membrane in free space was presented in the form of multiple series [21]. Then, this method
as used to obtain the formulas describing the sound radiation from a membrane located in an infinite baffle.

The formulas describing the sound radiation from a circular source were obtained by using the Hankel transform [22]. However,
his solution, called the integral solution, is expressed by improper integrals and is not convenient for performing numerical
alculations. To avoid difficulties caused by numerical integrations, some mathematical methods were proposed to conveniently
alculate the coupling coefficients describing medium – structure interaction as well as the sound power. Making use of the Cauchy
heorem on residues, the high-frequency asymptotic formulas for the coupling coefficients were obtained for a circular clamped
late [23]. This method was used to provide the high-frequency asymptotic formulas for the coupling coefficients in the case of
n elastically supported circular and annular plate [24,25]. Using summations of multiple series containing the hypergeometric
unctions, the low-frequency asymptotic formulas for the real part of the coupling coefficients were presented for a simply supported
ircular plate and an elastically supported annular plate [26,27]. Based on the radial polynomials, the rapidly converging expansion
eries were obtained to calculate the coupling coefficients for a clamped circular and annular plate and for an elastically supported
ircular plate [28–30].

The presented literature review showed that the sound radiation from baffled sound sources is widely studied. The well-known
ntegral solution describing the sound radiation from a circular clamped plate was presented in Appendices C and D. However, it
s still needed to propose efficient and accurate methods for calculating the sound power and sound pressure radiated by baffled
ources. Therefore, the main aim of this study is to propose a method for performing efficient and accurate calculations of the sound
ower and the sound pressure radiated by an arbitrary baffled circular source such as a membrane, a plate with different boundary
onfigurations, or the outlet of a waveguide or cavity. The formulas for the sound pressure are obtained by dividing the half-space
egion into two subregions connected through continuity equations. The boundary between these subregions was a hemisphere that
nclosed a sound source. The formulas given by the proposed method do not contain any improper integrals, and therefore, they
an be highly numerically efficient for calculating the sound power as well as the sound pressure. Moreover, this approach, by
liminating some errors in numerical integrations, provides correct and accurate results.

. Statement of the problem

The sound propagation is analyzed in a half-space. The sound source is a vibrating circular surface, called the source surface,
ocated in an infinite, flat and perfectly rigid baffle. This source surface can be a planar sound source such as, e.g., a piston, membrane
r plate, as well as an input from a circular waveguide or cavity. Therefore, the problem to be solved represents many practical
ases. In order to describe the distribution of the acoustic pressure 𝑝, the spherical coordinate system (𝑟, 𝜃, 𝜑) is introduced, where
is the radial distance, 𝜃 denotes the inclination angle, and 𝜑 is the azimuthal angle (see Fig. 1). It is assumed that the vibrating

ircular surface of the radius 𝑎 is located in the plane 𝜃 = 𝜋∕2. The time harmonic processes with the time dependence exp(−𝑖𝜔𝑡) are
onsidered, where 𝜔 is the angular frequency. The linear theory of the acoustic field is employed, which means that the acoustic
ressure satisfies the following Helmholtz equation

𝛥𝑝(𝑟, 𝜃, 𝜑) + 𝑘2𝑝(𝑟, 𝜃, 𝜑) = 0 (1)

here 𝛥 is the Laplace operator in the spherical coordinate system, 𝑘 is the acoustic wavenumber. Additionally, the following
boundary condition

𝜕𝑝
𝜕𝜃

|

|

|

|𝜃=𝜋∕2
=
{

−𝑖𝜔𝜌𝑟𝑣(𝑟′, 𝜑) for 𝑟 < 𝑎
0 for 𝑟 ≥ 𝑎

, (2)

ust be satisfied, where 𝜌 is the medium density and 𝑣(𝑟′, 𝜑) is the distribution of the normal component of the vibration velocity
on the source surface in the polar coordinate system (𝑟′, 𝜑). It should be noted that the coordinate 𝑟′ is equivalent to the spherical
2

coordinate 𝑟 at the source points.
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Fig. 1. A vibrating circular source of the radius 𝑎 in a rigid baffle in the spherical coordinate system with the leading vector 𝑟 and the inclination angle 𝜃. The
considered subregions: the first one for 𝑟 < 𝑎 and the second one for 𝑟 ≥ 𝑎.

The transverse deflection of the circular source surface 𝑊 (𝑟′, 𝜑) can be expressed in the form given by Eq. (D.2) where the
igenfunctions �̃�𝑚,𝑞(𝑟′, 𝜑) are related to the considered sound source. Then, the distribution of the vibration velocity 𝑣(𝑟′, 𝜑) can be

written as

𝑣(𝑟′, 𝜑) = −𝑖𝜔
𝑀
∑

𝑚=−𝑀

𝑄
∑

𝑞=0
𝑐𝑚,𝑞𝑊|𝑚|,𝑞(𝑟′)𝑒𝑖𝑚𝜑. (3)

where 𝑐𝑚,𝑞 are constants to determine and 𝑀 and 𝑄 are the truncation integers, which will be determined numerically to assure
required accuracy (cf. Numerical Analysis herein).

The considered region extends to infinity, hence, the sound pressure must satisfy the Sommerfeld radiation conditions

lim
𝑟→∞

[

𝑟
(

𝜕𝑝
𝜕𝑟

− 𝑖𝑘𝑝
)]

= 0. (4)

The solution of the considered problem is the function 𝑝 which satisfies the Helmholtz equation Eq. (1) and the conditions from
Eqs. (2) and (4).

3. Analytical solution for sound pressure

In order to solve the considered problem, the half-space region is divided into two subregions: subregion 1, for which 𝑟 < 𝑎,
0 ≤ 𝜃 ≤ 𝜋∕2 and 0 ≤ 𝜑 < 2𝜋 and subregion 2, for which 𝑟 ≥ 𝑎, 0 ≤ 𝜃 ≤ 𝜋∕2 and 0 ≤ 𝜑 < 2𝜋 (see Fig. 1).

It is assumed that 𝑝1(𝑟, 𝜃, 𝜑) and 𝑝2(𝑟, 𝜃, 𝜑) describe the sound pressure distribution for subregions 1 and 2, respectively. It is
necessary to find the appropriate functions describing the quantities 𝑝1 and 𝑝2. Furthermore, it should be noted that both solutions
𝑝1 and 𝑝2 must satisfy the Helmholtz equation from Eq. (1) and 𝑝2 must satisfy the radiation condition from Eq. (4). Additionally,
the boundary condition from Eq. (2) indicates that the solutions 𝑝1 and 𝑝2 must satisfy the following conditions

𝜕𝑝1
𝜕𝜃

|

|

|

|𝜃=𝜋∕2
= −𝑖𝜔𝜌𝑟𝑣(𝑟, 𝜑), (5)

and
𝜕𝑝2
𝜕𝜃

|

|

|

|𝜃=𝜋∕2
= 0. (6)

Moreover, the following continuity conditions
𝜕𝑝1
𝜕𝑟

|

|

|

|𝑟=𝑎
=

𝜕𝑝2
𝜕𝑟

|

|

|

|𝑟=𝑎
, (7)

𝑝1(𝑎, 𝜃, 𝜑) = 𝑝2(𝑎, 𝜃, 𝜑), (8)

have to be satisfied.
The following solutions

𝑝1(𝑟, 𝜃, 𝜑) =
𝑀
∑

𝑚=−𝑀

𝑁
∑

𝑙,𝑛=0
𝜗𝑚,𝑙,𝑛𝑗|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛𝑟∕𝑎)𝑌 𝑚

2𝑙 (𝜃, 𝜑)

+
𝑀
∑

𝑚=−𝑀

𝑁
∑

𝑛=0
𝐴𝑚,𝑛𝑗|𝑚|+1(𝛾|𝑚|+1,𝑛𝑟∕𝑎)𝑌 𝑚

1 (𝜃, 𝜑) +
𝑀
∑

𝑚=−𝑀

𝑁
∑

𝑙=0
𝐵𝑚,𝑙𝑗|𝑚|+2𝑙(𝑟∕𝑎)𝑌 𝑚

2𝑙 (𝜃, 𝜑),

(9)

𝑝2(𝑟, 𝜃, 𝜑) =
𝑀
∑

𝑁
∑

𝐷𝑚,𝑙ℎ|𝑚|+2𝑙(𝑘𝑟)𝑌 𝑚
2𝑙 (𝜃, 𝜑), (10)
3

𝑚=−𝑀 𝑙=0
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are proposed where 𝑁 is the truncation integer, 𝑗𝜈(⋅) and ℎ𝜈 (⋅) denote the spherical Bessel function of the 𝜈-th order and the
spherical Hankel function of the first kind and 𝜈-th order, respectively, the prime symbol denotes the derivative operation,
and 𝛾𝜈,𝑛 is the eigenvalue for the following Neumann boundary condition 𝑑𝑗𝜈 (𝛾𝜈,𝑛𝑟∕𝑎)∕𝑑𝑟||𝑟=𝑎 = 0, 𝑛 = 0,… , 𝑁 is the ordinal
number of the eigenvalue, 𝑌 𝑚

𝜈 (𝜃, 𝜑) = 𝑃 |𝑚|
|𝑚|+𝜈 (cos(𝜃)) 𝑒

𝑖𝑚𝜑, 𝑃 |𝑚|
𝜈 (⋅) is the associated Legendre polynomial defined by Eq. (B.2) and

𝐷𝑚,𝑙 = 𝐵𝑚,𝑙𝑗′
|𝑚|+2𝑙(1)∕[𝑘𝑎ℎ

′
|𝑚|+2𝑙(𝑘𝑎)], 𝜗𝑚,𝑙,𝑛, 𝐴𝑚,𝑛, 𝐵𝑚,𝑙 are constants to find. The solution given by Eq. (9) consists of the three parts.

The first one, in the form of the triple sum, allows the sound pressure 𝑝1 to satisfy the Helmholtz equation. The series with the
constants 𝐴𝑚,𝑛 and the series with the constants 𝐵𝑚,𝑙 are superimposed on the former to satisfy the boundary conditions in Eqs. (5)
and (8), respectively. It should be noted that the same truncation integer 𝑀 is used in the presented solutions and in the solution of
the equation of motion given by Eq. (3). All the necessary values of 𝛾𝜈,𝑛 are numerically calculated, and it is assumed that 𝛾0,0 = 0.
The acoustic pressure 𝑝2 satisfies the Helmholtz equation as well as the Sommerfeld radiation condition. Taking into account that
𝑃 |𝑚|′
|𝑚|+2𝜈 (0) = 0 for 𝜈 ≥ 0 and 𝑃 |𝑚|′

|𝑚|+1(0) ≠ 0, it can be noted that the acoustic pressure 𝑝2 satisfies the condition from Eq. (6) and
𝜕𝑝1∕𝜕𝜃||𝜃=𝜋∕2 ≠ 0. Moreover, the proposed solutions satisfy the continuity condition from Eq. (7).

Inserting the solution from Eqs. (9) into the boundary condition given by Eq. (5) and using Eq. (3) leads to
𝑁
∑

𝑛=0
𝐴𝑚,𝑛𝑗|𝑚|+1(𝛾|𝑚|+1,𝑛𝑟∕𝑎)𝑢|𝑚| = 𝜔2𝜌

𝑄
∑

𝑞=0
𝑐𝑚,𝑞𝑟𝑊|𝑚|,𝑞(𝑟), (11)

where

𝑢
|𝑚| = 𝑃 |𝑚|′

|𝑚|+1(0) =
(−1)|𝑚|(2|𝑚| + 2)!
2|𝑚|+1(|𝑚| + 1)!

. (12)

The values of 𝑢
|𝑚| were calculated based on the Rodrigues formula given by Eq. (B.2). Then, making use of the orthogonality of the

spherical Bessel functions, the constants 𝐴𝑚,𝑛 can be expressed as

𝐴𝑚,𝑛 = 𝜔2𝜌𝑎
𝑄
∑

𝑞=0
𝑐𝑚,𝑞𝛼|𝑚|,𝑛,𝑞 , (13)

where

𝛼
|𝑚|,𝑛,𝑞 =

∫ 1
0 𝑊

|𝑚|,𝑞(𝑎𝑤)𝑗
|𝑚|+1(𝛾|𝑚|+1,𝑛𝑤)𝑤3𝑑𝑤

𝑢
|𝑚|𝑁|𝑚|+1,𝑛

, (14)

𝑁𝜈,𝑛 =
1
𝑎3

∫ 𝑎
0 𝑗2𝜈 (𝛾𝜈,𝑛𝑟∕𝑎)𝑟

2𝑑𝑟 =

⎧

⎪

⎨

⎪

⎩

1∕3 for 𝜈 = 𝑛 = 0
𝜋

4𝛾𝜈,𝑛

[

𝐽 2
𝜈+1∕2(𝛾𝜈,𝑛) − 𝐽𝜈−1∕2(𝛾𝜈,𝑛)𝐽𝜈+3∕2(𝛾𝜈,𝑛)

]

otherwise.
(15)

In the case of a planar circular sound source such as a membrane or plate, the function 𝑊
|𝑚|,𝑞(𝑎𝑤) does not depend on the value of

the sound source radius 𝑎. Thus, the coefficients 𝛼
|𝑚|,𝑛,𝑞 depend only on the eigenfunctions’ shapes. Hence, the values of 𝛼

|𝑚|,𝑛,𝑞 can
be calculated and stored in the computer’s memory for the analyzed kind of sound source.

Inserting solutions from Eqs. (9) and (10) into the continuity condition from Eq. (8) results in
𝑁
∑

𝑛=0
𝜗𝑚,𝑙,𝑛𝑗|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛) + 𝐵𝑚,𝑙𝛹|𝑚|+2𝑙 =

−𝐿
|𝑚|,𝑙

𝑁
∑

𝑛=0
𝐴𝑚,𝑛𝑗|𝑚|+1(𝛾|𝑚|+1,𝑛),

(16)

where 𝛹𝜈 = 𝑗𝜈 (1) − ℎ𝜈 (𝑘𝑎)𝑗′𝜈 (1)∕
(

𝑘𝑎ℎ′𝜈 (𝑘𝑎)
)

, 𝐿
|𝑚|,𝑙 = 𝛶

|𝑚|,𝑙∕𝑀|𝑚|,𝑙,

𝑀
|𝑚|,𝑙 = ∫ 𝜋∕2

0

(

𝑃 |𝑚|
|𝑚|+2𝑙(cos 𝜃)

)2
sin 𝜃𝑑𝜃 =

(2|𝑚| + 2𝑙)!
(2|𝑚| + 4𝑙 + 1)(2𝑙)!

(17)

(see [31]) and

𝛶
|𝑚|,𝑙 = ∫

𝜋∕2

0
𝑃 |𝑚|
|𝑚|+1(cos 𝜃)𝑃

|𝑚|
|𝑚|+2𝑙(cos 𝜃) sin 𝜃𝑑𝜃. (18)

The coefficients 𝛶
|𝑚|,𝑙 are independent constants. The correct values of 𝛶

|𝑚|,𝑙 cannot be obtained by using the procedures of numerical
integration when 𝑙 assumes some greater values. This is due to the fact that the integrand in Eq. (18) strongly oscillates around
zero. To avoid this difficulty, the analytical formulas for calculating accurate values of these coefficients are obtained and presented
in Appendix B.
4
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The values of the constants 𝜗𝑚,𝑙,𝑛 should be assumed so that the solution 𝑝1 can satisfy the Helmholtz equation. Inserting the
solution from Eq. (9) into Eq. (1) yields

𝑁
∑

𝑙=0

[ 𝑁
∑

𝑛=0
𝜗𝑚,𝑙,𝑛𝑗|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛𝑟∕𝑎)

(

𝑘2𝑎2 − 𝛾2
|𝑚|+2𝑙,𝑛

)

+

𝐵𝑚,𝑙𝑗|𝑚|+2𝑙(𝑟∕𝑎)
(

𝑘2𝑎2 − 1
)

]

𝑃 |𝑚|
|𝑚|+2𝑙(cos 𝜃) =

−
𝑁
∑

𝑛′=0
𝐴𝑚,𝑛′ 𝑗|𝑚|+1(𝛾|𝑚|+1,𝑛′ 𝑟∕𝑎)

(

𝑘2𝑎2 − 𝛾2
|𝑚|+1,𝑛′

)

𝑃 |𝑚|
|𝑚|+1(cos 𝜃).

(19)

Then, by using the orthogonality of the Legendre polynomials 𝑃 |𝑚|
|𝑚|+2𝑙(cos 𝜃) and the orthogonality of the functions 𝑗

|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛𝑟∕𝑎),
the following formula can be written

𝜗𝑚,𝑙,𝑛 = −𝛬
|𝑚|+2𝑙,𝑛

[

𝐵𝑚,𝑙
(

𝑘2𝑎2 − 1
)

𝑋
|𝑚|+2𝑙,𝑛+

𝐿
|𝑚|,𝑙

𝑁
∑

𝑛′=0
𝐴𝑚,𝑛′

(

𝑘2𝑎2 − 𝛾2
|𝑚|+1,𝑛′

)

𝐺
|𝑚|,𝑙,𝑛,𝑛′

]

,
(20)

where 𝛬𝜈,𝑛 = 1∕
[

𝑁𝜈,𝑛

(

𝑘2𝑎2 − 𝛾2𝜈,𝑛
)]

,

𝑋𝜈,𝑛 = ∫

1

0
𝑗𝜈 (𝑤)𝑗𝜈 (𝛾𝜈,𝑛𝑤)𝑤2𝑑𝑤, (21)

and

𝐺
|𝑚|,𝑙,𝑛,𝑛′ = ∫

1

0
𝑗
|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛𝑤)𝑗

|𝑚|+1(𝛾|𝑚|+1,𝑛′𝑤)𝑤2𝑑𝑤. (22)

The analytical formula for coefficients 𝑋𝜈,𝑛 is presented in Appendix A. The coefficient 𝐺
|𝑚|,𝑙,𝑛,𝑛′ can be calculated based on numerical

procedures. However, it should be noted that the values 𝑋𝜈,𝑛 and 𝐺
|𝑚|,𝑙,𝑛,𝑛′ are independent constants that can be calculated once

and stored in a computer’s memory.
By inserting Eq. (20) into Eq. (16) and using Eq. (13), the constants 𝐵𝑚,𝑙 can be expressed as

𝐵𝑚,𝑙 = 𝜔2𝜌𝑎
𝑄
∑

𝑞=0
𝑐𝑚,𝑞𝛽|𝑚|,𝑙,𝑞 , (23)

where

𝛽
|𝑚|,𝑙,𝑞 = 𝐾

|𝑚|,𝑙

𝑁
∑

𝑛=0
𝛼
|𝑚|,𝑛,𝑞[(𝑘2𝑎2 − 𝛾2

|𝑚|+1,𝑛)𝑅|𝑚|,𝑙,𝑛

−𝑗
|𝑚|+1(𝛾|𝑚|+1,𝑛)],

(24)

𝐾
|𝑚|,𝑙 =

𝐿
|𝑚|,𝑙

𝛹
|𝑚|+2𝑙 − (𝑘2𝑎2 − 1)𝑉

|𝑚|+2𝑙
, (25)

𝑅
|𝑚|,𝑙,𝑛 =

𝑁
∑

𝑛′=0
𝛬𝑗

|𝑚|+2𝑙,𝑛′𝐺|𝑚|,𝑙,𝑛′ ,𝑛, (26)

𝑉𝜈 =
𝑁
∑

𝑛=0
𝛬𝑗𝜈,𝑛𝑋𝜈,𝑛 (27)

and 𝛬𝑗𝜈,𝑛 = 𝛬𝜈,𝑛𝑗𝜈 (𝛾𝜈,𝑛). Combining Eqs. (13), (20) and (23) results in

𝜗𝑚,𝑙,𝑛 = 𝜔2𝜌𝑎
𝑄
∑

𝑞=0
𝑐𝑚,𝑞𝑇|𝑚|,𝑙,𝑛,𝑞 , (28)

where

𝑇
|𝑚|,𝑙,𝑛,𝑞 = −𝛬

|𝑚|+2𝑙,𝑛[
(

𝑘2𝑎2 − 1
)

𝑋
|𝑚|+2𝑙,𝑛𝛽|𝑚|,𝑙,𝑞+

𝐿
|𝑚|,𝑙

𝑁
∑

𝑛′=0

(

𝑘2𝑎2 − 𝛾2
|𝑚|+1,𝑛′

)

𝐺
|𝑚|,𝑙,𝑛,𝑛′𝛼|𝑚|,𝑛′ ,𝑞].

(29)

After calculating constants 𝑐𝑚,𝑞 from the set of equations given by Eq. (D.11), the values of constants 𝜗𝑚,𝑙,𝑛, 𝐴𝑚,𝑛 and 𝐵𝑚,𝑙 can be
found using Eqs. (13), (23) and (28). Then, the sound pressure distribution in the half-space can be calculated from the solutions
given by Eqs. (9) and (10).
5
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4. Formula for calculating the coupling coefficients

The values of coupling coefficients 𝜉
|𝑚|,𝑞,𝑞′ are necessary to calculate constants 𝑐𝑚,𝑞 from the set of equations given by Eq. (D.11).

These coefficients are expressed with the use of the improper integral given by Eq. (D.12). Hence, the values of 𝜉
|𝑚|,𝑞,𝑞′ can be found

nly by using numerical procedures which is troublesome as well as time-consuming, especially in the case of improper integrals.
oreover, the numerical procedures can produce some numerical errors. This means that the values obtained from Eq. (11) can be

naccurate or even incorrect.
To overcome all these difficulties related to the use of the integral formula from Eq. (D.12), the proposed solution from Eq. (9)

s used to obtain an efficient formula for calculating the coefficients 𝜉
|𝑚|,𝑞,𝑞′ . For this purpose, the pressure on the plate’s surface

𝑠(𝑟′, 𝜑) must be expressed in a suitable form. It should be noted that on the sound source surface, when 𝜃 = 𝜋∕2, the cylindrical
oordinate 𝑟′ is equivalent to the spherical coordinate 𝑟 and 𝑝𝑠(𝑟′, 𝜑) = 𝑝1(𝑟′, 𝜋∕2, 𝜑). Then, using Eqs. (23) and (28) and taking into
ccount that 𝑃 |𝑚|

|𝑚|+1(0) = 0 leads to

𝑝𝑠(𝑟′, 𝜑) = 𝜔2𝜌𝑎
𝑀
∑

𝑚=−𝑀

𝑄
∑

𝑞=0
𝑐𝑚,𝑞

{ 𝑁
∑

𝑙=0

[( 𝑁
∑

𝑛=0
𝑇
|𝑚|,𝑙,𝑛,𝑞𝑗|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛𝑟′∕𝑎)+

𝛽
|𝑚|,𝑙,𝑞𝑗|𝑚|+2𝑙(𝑟′∕𝑎)

)

𝑃 |𝑚|
|𝑚|+2𝑙(0)

]}

𝑒𝑖𝑚𝜑.

(30)

Based on Eqs. (30) and (D.8), it can be deduced that

𝑝(𝑟)
|𝑚|,𝑞(𝑟

′) = 𝜔2𝜌𝑎
𝑁
∑

𝑙=0

( 𝑁
∑

𝑛=0
𝑇
|𝑚|,𝑙,𝑛,𝑞𝑗|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛𝑟′∕𝑎)+

𝛽
|𝑚|,𝑙,𝑞𝑗|𝑚|+2𝑙(𝑟′∕𝑎)

)

𝑃 |𝑚|
|𝑚|+2𝑙(0).

(31)

Finally, inserting Eq. (31) into Eq. (D.10) results in

𝜉
|𝑚|,𝑞,𝑞′ = 2𝑖

𝑁
∑

𝑙=0

( 𝑁
∑

𝑛=0
𝑇
|𝑚|,𝑙,𝑛,𝑞′𝛺|𝑚|,𝑞,𝑙,𝑛 + 𝛽

|𝑚|,𝑙,𝑞′𝜀|𝑚|,𝑞,𝑙

)

, (32)

where

𝛺
|𝑚|,𝑞,𝑙,𝑛 = 𝑃 |𝑚|

|𝑚|+2𝑙(0) ∫
1
0 𝑗

|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛𝑤)𝑊
|𝑚|,𝑞(𝑎𝑤)𝑤𝑑𝑤, (33)

and

𝜀
|𝑚|,𝑞,𝑙 = 𝑃 |𝑚|

|𝑚|+2𝑙(0) ∫
1
0 𝑗

|𝑚|+2𝑙(𝑤)𝑊
|𝑚|,𝑞(𝑎𝑤)𝑤𝑑𝑤. (34)

The coefficients from Eqs. (33) and (34) can be calculated by using numerical integration procedures. However, taking into
account that the integration limits are finite, these numerical procedures are not highly time-consuming, and their results are
accurate enough . Moreover, it should be emphasized that the coefficients 𝛺

|𝑚|,𝑞,𝑙,𝑛 and 𝜀
|𝑚|,𝑞,𝑙 depend only on the shape of sound

source eigenfunctions, therefore, their values can be calculated once and stored in a computer’s memory.

5. Hints to increase the numerical efficiency of the proposed solution

The numerical procedures should be properly implemented to efficiently calculate the sound radiation using the presented
formulas. Therefore, some useful hints to improve numerical calculations are listed below.

1. The following coefficients: 𝛾𝜈,𝑛, 𝑁𝜈,𝑛, 𝑋𝜈,𝑛, 𝑗𝜈 (𝛾𝜈,𝑛), 𝐿|𝑚|,𝑛, 𝑢|𝑚|, 𝑃
|𝑚|
|𝑚|+2𝑛(0) and 𝐺

|𝑚|,𝑙,𝑛,𝑛′ are independent constants, therefore,
their values can be calculated once and then stored in a computer’s memory.

2. After choosing a sound source, the shapes of eigenfunctions 𝑊
|𝑚|,𝑞(𝑟) are known, and the following coefficients: 𝛼

|𝑚|,𝑛,𝑞 , 𝛺|𝑚|,𝑞,𝑙,𝑛
and 𝜀

|𝑚|,𝑞,𝑙 can also be calculated once and stored in a computer’s memory.
3. The values of the associated Legendre polynomials can be calculated with the use of the following recurrence relation

𝑙𝑃 |𝑚|
|𝑚|+𝑙(𝑤) = (2|𝑚| + 2𝑙 − 1)𝑤𝑃 |𝑚|

|𝑚|+𝑙−1(𝑤)
−(2|𝑚| + 𝑙 − 1)𝑃 |𝑚|

|𝑚|+𝑙−2(𝑤),
(35)

where the starting values are: 𝑃 |𝑚|
|𝑚| (𝑤) = (−1)|𝑚|(2|𝑚|)!(1−𝑤2)|𝑚|∕2∕[2|𝑚|(|𝑚|)!] and 𝑃 |𝑚|

|𝑚|+1(𝑤) = (2|𝑚|+1)𝑤𝑃 |𝑚|
|𝑚| (𝑤). This technique

is much more efficient than calculating each value of 𝑃 |𝑚|
|𝑚|+2𝑙(𝑤) separately.

4. Taking into account that the spherical Hankel function of the first kind ℎ𝜈 (𝑤) = 𝑗𝜈(𝑤) + 𝑖𝑦𝜈 (𝑤) where 𝑦𝜈 (⋅) is the Neumann
spherical function, the functions 𝑗𝜈 (𝑤) and ℎ𝜈 (𝑤) for the fixed value of 𝑤 can be calculated with the use of the following
recurrence relations
6
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𝑤𝑗𝜈 (𝑤) = (2𝜈 + 3)𝑗𝜈+1(𝑤) −𝑤𝑗𝜈+2(𝑤), (36a)

𝑤𝑦𝜈 (𝑤) = (2𝜈 − 1)𝑦𝜈−1(𝑤) −𝑤𝑦𝜈−2(𝑤), (36b)

where the starting values are: 𝑗𝑀+2𝑁 (𝑤), 𝑗𝑀+2𝑁−1(𝑤) calculated by using the function implemented in the software for
performing numerical calculations, and 𝑦0(𝑤) = − cos𝑤∕𝑤 and 𝑦1(𝑤) = −(𝑤 sin𝑤 + cos𝑤)∕𝑤2. To maintain the numerical
stability, the values of the functions 𝑗𝜈 (𝑤) and 𝑦𝜈 (𝑤) are calculated by using descending and ascending recurrence relations,
respectively.

5. A sum ∑𝑁
𝑗=0 𝐴𝑗𝐵𝑗 can be more quickly calculated as the following scalar product 𝐴 ⋅ �⃗� where 𝐴 = [𝐴0, 𝐴1,… , 𝐴𝑁 ],

�⃗� = [𝐵0, 𝐵1,… , 𝐵𝑁 ] and the dot symbol denotes the scalar product operation. This is due to the fact that a software can
use different memory access mechanisms for different mathematical operations. The calculation of a scalar product is a basic
and well-optimized operation; hence, it can be performed very efficiently.

6. To efficiently obtain the sound pressure distribution for a fixed value of the frequency, the constants 𝜗𝑚,𝑙,𝑛, 𝐴𝑚,𝑛 and 𝐵𝑚,𝑙 can
be calculated once and stored in a computer’s memory.

7. The calculations of the sound pressure distribution for a given value of the coordinate 𝜃 can be improved by performing
the preliminary calculations of the following values 𝑃 |𝑚|

|𝑚|+2𝑙(cos 𝜃) and 𝑃 |𝑚|
|𝑚|+1(cos 𝜃) and storing their results in a computer’s

memory. The values of the Legendre polynomials can be efficiently obtained with the use of the recurrence formula from
Eq. (35).

8. Additionally, to improve the calculations of the sound pressure at field points of different values of the coordinate 𝑟 ≥ 𝑎 and
in the case when the values of the coordinates 𝜃 and 𝜑 are fixed, the solution from Eq. (10) can be transformed into a more
efficient form for numerical calculations. For this purpose, the formula for the sound pressure 𝑝2 can be rewritten as

𝑝2(𝑟, 𝜃, 𝜑) =
𝑀
∑

𝑚=0

𝑁
∑

𝑙=0
𝜅𝑚ℎ|𝑚|+2𝑙(𝑘𝑟)

[

𝐷𝑚,𝑙𝑌
𝑚
2𝑙 (𝜃, 𝜑) +𝐷−𝑚,𝑙𝑌

−𝑚
2𝑙 (𝜃, 𝜑)

]

, (37)

where 𝜅0 = 1∕2 and 𝜅𝑚 = 1 for 𝑚 > 0. Then, the following summation index 𝑢 = 𝑚 + 2𝑙 can be introduced, which leads to

𝑝2(𝑟, 𝜃, 𝜑) =
𝑀+2𝑁
∑

𝑢=0
ℎ𝑢(𝑘𝑟)𝛯𝑢(𝜃, 𝜑), (38)

where

𝛯𝑢(𝜃, 𝜑) =
𝑙2
∑

𝑙=𝑙1

𝜅𝑢−2𝑙
[

𝐷𝑢−2𝑙,𝑙𝑌
𝑢−2𝑙
2𝑙 (𝜃, 𝜑) +𝐷−𝑢+2𝑙,𝑙𝑌

−𝑢+2𝑙
2𝑙 (𝜃, 𝜑)

]

, (39)

𝑙1 = max (0, ⌈(𝑢 −𝑀)∕2⌉), 𝑙2 = min (𝑁, ⌊𝑢∕2⌋), max(𝜈, 𝜇) gives 𝜈 if 𝜈 > 𝜇 and 𝜇 otherwise, min(𝜈, 𝜇) gives 𝜈 if 𝜈 < 𝜇 and 𝜇
otherwise, ⌈𝜈⌉ is the smallest integer greater than or equal to 𝜈, ⌊𝜈⌋ gives the greatest integer less than or equal to 𝜈.
In the case when the values of the coordinate 𝜃 and 𝜑 are fixed, the coefficients 𝛯𝑢(𝜃, 𝜑) can be calculated once and stored
in a computer’s memory. Then, the formula given by Eq. (38) can be used to efficiently calculate the sound pressure for
different values of the coordinate 𝑟.

9. The sound pressure distribution for a given value of the coordinate 𝑟 < 𝑎 can be efficiently found by performing the
preliminary calculations of the following values: 𝑗

|𝑚|+2𝑙(𝛾|𝑚|+2𝑙,𝑛𝑟∕𝑎), 𝑗|𝑚|+1(𝛾|𝑚|+1,𝑛𝑟∕𝑎) and 𝑗
|𝑚|+2𝑙(𝑟∕𝑎) and stored their results

in a computer’s memory. Moreover, the preliminary calculations of the values ℎ
|𝑚|+2𝑙(𝑘𝑟) can improve the calculations of the

sound pressure distribution for a given value of 𝑟 ≥ 𝑎. The values of 𝑗
|𝑚|+2𝑙(𝑟∕𝑎) and ℎ

|𝑚|+2𝑙(𝑘𝑟) can be efficiently obtained
with the use of the recurrence formula from Eq. (36).

The numerically efficient implementation of the proposed solution prepared in the Mathematica programming language with
the use of the above hints can be found in the codes of the scripts provided on reasonable request.

6. Numerical analysis of sound radiation from a clamped circular plate in an infinite baffle

The main aim of the numerical analysis is to investigate the correctness and numerical efficiency of the proposed method. To
validate the obtained formulas, the known integral solution for a clamped circular plate located in a flat, rigid baffle is used. The
integral solution is presented in Appendices C and D. The simulations are performed assuming that the plate is excited by a point
excitation given by

𝑓 (𝑟′, 𝜑) = 𝑓0𝛿(𝑟′ − 𝑟′0)𝛿(𝜑 − 𝜑0)∕𝑟′, (40)

where 𝑓0 is the excitation amplitude, 𝛿(⋅) is the delta Dirac function, and 𝑟′0 and 𝜑0 are the polar coordinates of the excited plate’s
point. Using Eq. (40), the modal excitation coefficients given by Eq. (D.7) can be calculated as 𝐹𝑚,𝑞 = 𝑓0�̃� ∗

𝑚,𝑞(𝑟
′
0, 𝜑0). All the parameter

values assumed in the numerical simulations are listed in Table 1.
The sound radiation of a baffled circular plate was investigated [24,29]. Therefore, this issue is not discussed. Instead, the

numerical analysis is focused on testing the validity of the proposed method and comparing its numerical efficiency with the
7
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Table 1
Values of the parameters used in the numerical calculations.

Parameter Value

Sound speed in the medium c=343 m/s
Density of the medium 𝜌 = 1.21 kg∕m3

Plate’s radius 𝑎 = 0.15 m
Plate’s Young modulus 𝐸 = 210 GPa
Plate’s Poisson ratio 𝜈 = 0.3
Plate’s density 𝜌𝑝 = 7850 kg∕m3

Plate’s thickness ℎ = 1 mm
Plate’s damping coefficient 𝜂 = 10−4

Excitation’s amplitude 𝑓0 = 1 N

Correct results can be obtained only when the values of the truncation integers 𝑀 and 𝑄 are large enough. To estimate an
naccuracy caused by including only a finite number of terms in the sums, the following truncation error is defined

𝐸𝑡 =
|𝐴 − 𝐴𝑟𝑒𝑓 .|

|𝐴𝑟𝑒𝑓 .|
⋅ 100%, (41)

where 𝐴 is the analyzed value and 𝐴𝑟𝑒𝑓 . is its reference value obtained by assuming instead of the truncation integers 𝑀 , 𝑄 the
reference truncation integers ⌈

√

2𝑀⌉ and ⌈

√

2𝑄⌉ where ⌈𝑢⌉ denotes the smallest integer number greater than or equal to 𝑢. In the
case of the sound pressure, the value of 𝐴𝑟𝑒𝑓 . is calculated using about two times greater number of plate modes than the value 𝐴.
Hence, the truncation error 𝐸𝑡 precisely indicates the influence of the unaccounted plate’s modes on the accuracy of the obtained
results. This quantity is calculated to prove that the presented results are correct and accurate enough to be analyzed.

In order to validate the obtained solution, the results given by the presented formulas are compared with the results provided
by the integral formulas. For this purpose, the following relative error

𝐸 =
|𝜇 − 𝜇𝐼 |
|𝜇𝐼 |

⋅ 100%, (42)

is defined where 𝜇 and 𝜇𝐼 are the values of the analyzed quantity calculated with the use of the proposed formulas and the known
integral solution, respectively.

The sound radiation of a clamped circular plate located in a flat, infinite and perfectly rigid baffle was analyzed by Rdzanek
in [28]. Therefore, the numerical analysis performed in this study is focused on testing the accuracy and numerical efficiency of the
proposed method. The results given by the presented solution are compared with those provided by the known integral formulas.
The numerical efficiency of the proposed method is compared with the numerical efficiency of the integral formulas by estimating
appropriate time ratios. The numerical simulations are performed with the use of the software Mathematica. To make the efficiency
comparison reliable, all numerical integrations are performed using built-in procedures. It can be assumed that the procedures
implemented in commercial software are as efficient as possible.

6.1. Efficiency of sound power calculations

The sound power radiated by a baffled circular plate can be calculated using the following formula

𝑃 = 𝑃𝑎 − 𝑖𝑃𝑟 =

𝜋
2
𝜔3𝑎3𝜌

𝑀
∑

𝑚=−𝑀

𝑄
∑

𝑞,𝑞′=0
𝑐𝑚,𝑞𝑐

∗
𝑚,𝑞′𝜉|𝑚|,𝑞,𝑞′ ,

(43)

where 𝑃𝑎 and 𝑃𝑟 is the active and reactive power, respectively, and the symbol ∗ denotes the operation of conjugation The values
of coupling coefficients 𝜉

|𝑚|,𝑞,𝑞′ are necessary to calculate constants 𝑐𝑚,𝑞 from set of equations given by Eq. (D.11) and to obtain the
sound power using Eq. (43). There are two equivalent formulas to calculate the coupling coefficients, i.e., the well-known integral
formula given by Eq. (D.12) and the proposed formula from Eq. (32). It can be deduced from Eq. (D.12) that the following relation
𝜉
|𝑚|,𝑞,𝑞′ = 𝜉

|𝑚|,𝑞′ ,𝑞 is satisfied. Therefore, it is enough to find the values of coefficients 𝜉
|𝑚|,𝑞,𝑞′ for 𝑞′ ≤ 𝑞.

The sound power is calculated for the frequency range 50 ≤ 𝑓 ≤ 1500 Hz, assuming that 𝑀 = 𝑄 = 7. In Fig. 2 , the active
power level 𝐿𝑎 = 10 log10(𝑃𝑎∕𝑃𝑟𝑒𝑓 .) and the reactive power level 𝐿𝑟 = 10 log10(𝑃𝑟∕𝑃𝑟𝑒𝑓 .), where 𝑃𝑟𝑒𝑓 . = 1 pW are presented as the
functions of frequency together with the corresponding truncation errors 𝐸𝑡. Different locations of the excited plate’s point are
investigated. The curves presented in Fig. 2 are obtained based on the values of coupling coefficients calculated from the integral
formula given by Eq. (D.12). Figs. 2c and 2d show that the truncation error 𝐸𝑡 is less than 1% for almost all the analyzed values of
the frequency and for all the considered locations of the excited plate’s point. The only exception is the truncation error calculated
for the reactive power when 𝑟′0 = 0.75𝑎 and 𝑓 > 1.35 kHz. This means that the sound power is calculated for sufficiently large
alues of the truncation integers 𝑀 and 𝑄. Assuming the same values for these truncation integers, the sound power is calculated

by using the proposed formula from Eq. (32). It should be noted that for a fixed value of the frequency, the relative error 𝐸 given
by Eq. (42) assumes some different values for different coupling coefficients 𝜉

|𝑚|,𝑞,𝑞′ . Therefore, in this case, the following average
𝐸 =

∑𝑀 ∑𝑄 ∑𝑞 𝐸 is analyzed, where 𝐸 denotes the value of 𝐸 calculated for the real or imaginary part of the
8

rror 𝑚=0 𝑞=0 𝑞′=0 𝑚,𝑞,𝑞′ 𝑚,𝑞,𝑞′
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coupling coefficient 𝜉
|𝑚|,𝑞,𝑞′ . To show the convergence of the proposed solution, the quantity 𝐸 for the real and imaginary part of

𝜉
|𝑚|,𝑞,𝑞′ is presented in Fig. 3 as a function of the truncation integer 𝑁 for some different values of the truncation integers 𝑀 = 𝑄.

Fig. 3 shows that the average error 𝐸 decreases when the value of the truncation integer 𝑁 increases. This means that the series
from Eq. (32) are convergent, and the values of the coupling coefficients can be precisely calculated by using a sufficiently large
number of terms in the sums. For example, by performing calculations with 𝑁 = 30, the real and imaginary parts of the coupling
coefficients can be calculated with the value of the average relative error 𝐸 smaller than 1%. It can be observed that the values of 𝐸
are greater for the imaginary parts of the coupling coefficients than for the real ones. The value of 𝐸 increases when the number of
calculated coupling coefficients increases, i.e., when the values of truncation integers 𝑀 and 𝑄 grow. This indicates that the values
of 𝜉

|𝑚|,𝑞,𝑞′ are less accurately calculated for higher indices 𝑚, 𝑞, 𝑞′. Here, it should be emphasized that some coefficients with high
indices can be inaccurately or even incorrectly calculated. However, great values of the relative errors obtained for some coupling
coefficients do not have to lead to a great value of the relative error of the sound power. To explain this fact, the following quantities

𝛱 (𝑎)
𝑚,𝑞,𝑞′ =

|

|

|

ℜ(𝑃𝑚,𝑞,𝑞′ )
|

|

|

∕𝑃𝑎, 𝛱 (𝑟)
𝑚,𝑞,𝑞′ =

|

|

|

ℑ(𝑃𝑚,𝑞,𝑞′ )
|

|

|

∕𝑃𝑟, (44)

can be analyzed, where

𝑃𝑚,𝑞,𝑞′ =
𝜋
2
𝜔3𝑎3𝜌 𝜅𝑚

(

𝑐𝑚,𝑞𝑐
∗
𝑚,𝑞′ + 𝑐−𝑚,𝑞𝑐

∗
−𝑚,𝑞′

)

𝜉
|𝑚|,𝑞,𝑞′ , (45)

ℜ(𝑢) and ℑ(𝑢) denote the real part and imaginary part of the complex number 𝑢, respectively. The quantities 𝛱 (𝑎)
𝑚,𝑞,𝑞′ and 𝛱 (𝑟)

𝑚,𝑞,𝑞′ are
the normalized contributions from the plate’s modes (𝑚, 𝑞) and (𝑚, 𝑞′) to the active and reactive power, respectively. The error of
𝜉
|𝑚|,𝑞,𝑞′ produces the error of the quantity 𝑃𝑚,𝑞,𝑞′ . However, it can be concluded that if the values of the quantities 𝛱 (𝑎)

𝑚,𝑞,𝑞′ and 𝛱 (𝑟)
𝑚,𝑞,𝑞′

re sufficiently small, even a large value of the error obtained for the quantity 𝑃𝑚,𝑞,𝑞′ cannot generate a large value of the relative
rror of the sound power. Therefore, the quantity 𝑃 can be calculated very precisely, which will be shown in the further analysis.

It can be supposed that the sound power can be obtained more efficiently when the coupling coefficients 𝜉
|𝑚|,𝑞,𝑞′ are calculated

sing the formula from Eq. (32) instead of the more time-consuming integral formula given by Eq. (D.12). To prove this hypothesis,
he following time ratio 𝑡𝐼∕𝑡 is investigated, where 𝑡𝐼 and 𝑡 are the times needed to calculate the sound power when the formulas
rom Eqs. (32) and (D.12) are used, respectively.

The relative error 𝐸 calculated for the active as well as reactive sound power and the time ratio 𝑡𝐼∕𝑡 are presented in Fig. 4
s the functions of the truncation integer 𝑁 for some chosen values of the frequency. Fig. 4 shows that the quantity 𝐸 decreases
hen the value of the truncation integers 𝑁 increases, which proves that the series from Eq. (32) are convergent. Moreover, the

ime ratio 𝑡𝐼∕𝑡 decreases when the value of 𝑁 grows, which is obvious. The relative error 𝐸 assumes some greater values for the
eactive power than for the active one, which can be due to the fact that the imaginary parts of the coupling coefficients 𝜉

|𝑚|,𝑞,𝑞′

re calculated with a greater average error 𝐸 than the real parts of these coefficients (see Fig. 3). The value of frequency does not
significantly influence the time ratio 𝑡𝐼∕𝑡 for fixed values of the truncation integers 𝑀 and 𝑄. It can be concluded that the use of the
formula from Eq. (32) provides some accurate results and is much more efficient than the use of the integral formula. For example,
the time ratio 𝑡𝐼∕𝑡 equal to 42 can be achieved with the relative error 𝐸 < 0.02% for the active power and 𝐸 < 0.13% for the reactive
power when 𝑓 = 1.2 kHz and 𝑁 = 15.

The time ratio 𝑡𝐼∕𝑡 is presented as a function of the truncation integer 𝑁 in Fig. 5 for some different values of the truncation
integers 𝑀 = 𝑄. The relative error 𝐸 for 𝑀 = 𝑄 = 4 and 𝑀 = 𝑄 = 8 assumes similar values as in the case presented in Fig. 4
when 𝑀 = 𝑄 = 6 and 𝑓 = 0.7 kHz. Therefore, this quantity is not illustrated in Fig. 5. It should be noted that the efficiency of the
roposed solution increases when the values of the truncation integers 𝑀 and 𝑄 increase, i.e., when a greater number of plate’s

modes is used in the calculations. This effect is especially significant when the truncation integer 𝑁 < 30.
To investigate the correctness and numerical efficiency of the proposed formulas for different frequency values, the relative error

E for the active and reactive power and the time ratio are presented as a function of frequency in Figs. 6 and 7. Fig. 6 shows that
the relative error 𝐸 and the time ratio 𝑡𝐼∕𝑡 decrease when the value of the truncation integer 𝑁 increases. It is worth noting that
accurate results can be obtained with a great efficiency by using the presented solution. Making use of the proposed solution for
𝑁 = 12, the sound power can be very efficiently calculated, i.e., at least 48 times quicker than by using the integral formulas. In
this case, the relative error does not exceed 1%. The proposed solution can also provide more accurate results. For example, by
assuming 𝑁 = 27, the sound power can be calculated with the relative error 𝐸 < 0.1% whereas the estimated value of the time ratio
is greater than 16.

The time ratio 𝑡𝐼∕𝑡 is illustrated as a function of the frequency for some different locations of the point excitation (see Fig. 7).
The axisymmetric excitation with 𝑟′0 = 0 is also investigated. This excitation is the special case for which the truncation integer
𝑀 = 0 and only the coupling coefficients 𝜉0,𝑞,𝑞′ must be calculated. The active and reactive power are calculated with the relative
error 𝐸 < 1% for all the considered point excitations and for all the analyzed values of frequency. Fig. 7 shows that the sound power
can be calculated with the use of the proposed formula from Eq. (32) more than about 16 times quicker than when the integral
formula from Eq. (D.12) is employed. This conclusion is true for all the considered excitations, including the symmetric one.

6.2. Efficiency of sound pressure calculations

The solution proposed in this study can also be used to improve sound pressure calculations. In order to investigate the numerical
efficiency and correctness of the presented formulas, the sound pressure modulus |𝑝| is calculated with the use of the formulas from
9

Eqs. (9), (10) and (32) as well as by using the known integral formulas given by Eqs. (C.1) and (D.12).
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Fig. 2. (a) Active power level 𝐿𝑎, (b) reactive power level 𝐿𝑟, (c) truncation error for the active power 𝑃𝑎 and (d) truncation error for the reactive power 𝑃𝑟
s the functions of the vibration frequency 𝑓 for 𝑀 = 𝑄 = 7 and the point excitation with different values of the radial coordinate 𝑟′0: solid (black) – 𝑟′0 = 0,
ashed (red) – 𝑟′0 = 0.25𝑎, dashed–dotted (green) – 𝑟′0 = 0.5𝑎 and dotted (blue) – 𝑟′0 = 0.75𝑎. (For interpretation of the references to color in this figure legend,
he reader is referred to the web version of this article.)

The value of the sound pressure level SPL=20log10(|𝑝|∕𝑝𝑟𝑒𝑓 .) is analyzed, where 𝑝𝑟𝑒𝑓 . = 20 𝜇Pa is the reference value. To validate
he proposed solution, the relative error 𝐸 defined by Eq. (42) is calculated for the sound pressure modulus. The numerical efficiency
f the presented formulas is compared with the numerical efficiency of the integral ones by estimating appropriate time ratios.

To prove that the values of the truncation integers 𝑀 and 𝑄 are large enough and the presented results are accurate enough
o be considered, the average truncation error 𝐸𝑡 = (1∕ )

∑
𝑗=1 𝐸

(𝑗)
𝑡 is investigated, where 𝐸(𝑗)

𝑡 is the value of the truncation error
from Eq. (41) calculated for a 𝑗th curve’s point and  is the number of the curve’s points. The values of 𝐸𝑡 are presented in the
figures’ captions. It should be noted that 𝐸𝑡 < 0.3% for all the analyzed cases except the one curve for which the truncation error
𝐸𝑡 < 1.3% (see Fig. 12). This means that the values of the truncation integers 𝑀 and 𝑄 are correctly chosen.

The proposed formulas are tested by obtaining the frequency responses for the sound pressure modulus at fixed field points. In
Fig. 8, SPL, the relative error 𝐸 and the time ratio 𝑡𝐼∕𝑡 are presented as the functions of the frequency, where 𝑡𝐼 and 𝑡 are the times
needed to calculate the coupling coefficient 𝜉

|𝑚|,𝑞,𝑞′ , to find the constants 𝑐𝑚,𝑞 from the set of equations given by Eq. (D.11) and to
calculate the value of the sound pressure modulus at the considered field point. The time 𝑡𝐼 is the time needed to perform calculations
with the use of the integral formulas from Eqs. (C.1) and (D.12), and the time 𝑡 was estimated for calculations performed by using
the formulas given by Eqs. (32), (9), (10), (13), (23) and (28). Fig. 8 shows that the proposed solution can be used to accurately
10
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Fig. 3. (a) Average relative error 𝐸 calculated for the real part of the coupling coefficients 𝜉
|𝑚|,𝑞,𝑞′ , (b) average relative error 𝐸 calculated for the imaginary

art of 𝜉
|𝑚|,𝑞,𝑞′ as the functions of the truncation integer 𝑁 for 𝑓 = 0.7 kHz. Lines keys: solid (black) – 𝑀 = 𝑄 = 4, dashed (red) – 𝑀 = 𝑄 = 6 and dotted (blue)

= 𝑄 = 8. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

nd efficiently calculate the sound pressure modulus at any field point and for an arbitrary value of frequency. The relative error
s less than 0.1% for all the cases, except for some narrow frequency ranges, and the time ratio 𝑡𝐼∕𝑡 assumes values greater than
bout 9. The sound pressure modulus can be calculated at the field point (10𝑎, 𝜋∕4, 𝜋∕2) more than 12 times quicker by using the
roposed formulas than with the use of the integral ones when 𝑓 > 650 Hz. The local maximum of the time ratio can be observed
hen the value of frequency is equal to about 500 Hz. However, this effect is difficult to explain because it is probably caused by
uilt-in algorithms for numerical integrations. Taking into account that 𝐽𝑚(0) = 0 for 𝑚 > 0, it can be concluded from Eq. (C.2) that
he use of the formula given by Eq. (C.1) is the most efficient when 𝜃 = 0 and the time 𝑡𝐼 assumes in this case the smallest value.
his fact can explain the greater value of the time ratio 𝑡𝐼∕𝑡 obtained for 𝜃 = 𝜋∕4 than for 𝜃 = 0 (see Fig. 8c curves red and blue).
he time ratio 𝑡𝐼∕𝑡 is greater for 𝑟 = 3𝑎 than for 𝑟 = 0.5𝑎 (see curves red and black). This behavior of the quantity 𝑡𝐼∕𝑡 is obvious
nd is due to the different number of terms in the formulas from Eqs. (9) and (10).

To prove that the proposed solution is convergent and its accuracy increases when the value of the truncation integer 𝑁 grows,
he sound pressure modulus at the chosen field point is presented in Fig. 9 as a function of the frequency for some different values
f 𝑁 . Fig. 9 clearly shows that the relative error 𝐸 decreases when the value of 𝑁 increases. Moreover, it can be observed that the
alue of frequency does not significantly influence the time ratio 𝑡𝐼∕𝑡. This quantity is greater than 3.9, even when the accuracy of
he results obtained for 𝑁 = 40 is very high. Hence, it can be concluded that the presented solution is convergent and useful for
ccurate calculations of the sound pressure. The sound pressure modulus can be calculated with the relative error 𝐸 < 1% and more
han 20 times quicker by using the proposed solution with 𝑁 = 18 than by employing the integral formulas. Moreover, making use
f the presented formulas with 𝑁 = 8, the quantity |𝑝| can be accurately and efficiently calculated with 𝐸 < 0.1% and time ratio
𝐼∕𝑡 > 49 when 𝑓 < 0.3 kHz.

The usefulness of the proposed solution for obtaining the sound pressure distribution is investigated for a fixed value of frequency.
he efficiency of the presented formulas is compared with the efficiency of the integral formulas for the two different calculation
trategies. The first strategy is to obtain the distribution of |𝑝| in the case when only the coefficients listed in the hints 1 and 2 in
ection 5 are stored in a computer’s memory. The calculations are performed using the integral formulas in the time 𝑡𝐼 . For this
urpose, the coupling coefficients 𝜉

|𝑚|,𝑞,𝑞′ are calculated based on Eq. (D.12), the constants 𝑐𝑚,𝑞 are found from the set of equations
iven by Eq. (D.11) and the values of |𝑝| at the considered field points are calculated by using Eq. (C.1). The distribution of |𝑝| is
lso obtained using the presented solution in the time 𝑡 needed to calculate the coupling coefficient 𝜉

|𝑚|,𝑞,𝑞′ based on Eq. (32), to
ind constants 𝑐𝑚,𝑞 from the set of equations given by Eq. (D.11), to obtain the constants 𝜗𝑚,𝑙,𝑛, 𝐴𝑚,𝑛 and 𝐵𝑚,𝑙 and to calculate the
alues of |𝑝| at the considered field points by using Eqs. (9) and (10). In the case of the second strategy, it is assumed that the values
f the constants 𝑐𝑚,𝑞 , 𝜗𝑚,𝑙,𝑛, 𝐴𝑚,𝑛 and 𝐵𝑚,𝑙 were calculated and stored in the computer’s memory. The values of the sound pressure
odulus are calculated based on the integral formula given by Eq. (C.1) in the time 𝑡(𝑐𝑢𝑟.)𝐼 and using the formulas from Eqs. (9) and

10) in the time 𝑡(𝑐𝑢𝑟.). The values of the time ratios 𝑡𝐼∕𝑡 and 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) describing the numerical efficiency of the presented solution
11

or both strategies are presented in the captions of Figs. 10 and 11.
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Fig. 4. (a) Relative error 𝐸 for the active sound power 𝑃𝑎, (b) relative error 𝐸 for the reactive sound power 𝑃𝑟 and (c) time ratio 𝑡𝐼∕𝑡 as the functions of the
truncation integer 𝑁 for 𝑀 = 𝑄 = 6 and the point excitation of the radial coordinate 𝑟′0 = 0.5𝑎. Lines keys: solid (black) – 𝑓 = 0.2 kHz, dashed (red) – 𝑓 = 0.7
kHz and dotted (blue) 𝑓 = 1.2 kHz. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. Time ratio 𝑡𝐼∕𝑡 for the sound power as a function of the truncation integer 𝑁 for 𝑓 = 0.7 kHz, the point excitation of the radial coordinate 𝑟′0 = 0.5𝑎
and: black – 𝑀 = 𝑄 = 4, red – 𝑀 = 𝑄 = 6 and blue – 𝑀 = 𝑄 = 8. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

The sound pressure level calculated based on the proposed solution and the relative error 𝐸 are presented in Fig. 10 as the
functions of the coordinate 𝜃 for symmetric and asymmetric point excitation and at some chosen field point located inside the
subregions 1 and 2. It should be noted that the integrand in Eq. (C.2) contains the expression exp(−

√

𝜏2 − 𝑘2𝑧) for 𝜏 > 𝑘 which means
hat it is the most slowly convergent when 𝑧 = 0. Hence, some numerical errors due to some troublesome numerical integrations
an occur when the value of 𝜃 approaches 𝜋∕2. This effect is demonstrated by the rapid increase in the value of the relative error 𝐸
hen 𝜃 approaches 𝜋∕2. It can be emphasized that the integral formulas cannot be used to obtain the accurate value of the sound
12
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Fig. 6. (a) Relative error 𝐸 for the active power 𝑃𝑎, (b) relative error 𝐸 for the reactive power 𝑃𝑟 and (c) time ratio 𝑡𝐼∕𝑡 for the sound power as the functions
f the frequency 𝑓 for 𝑀 = 𝑄 = 7 and the point excitation of the radial coordinate 𝑟′0 = 0.5𝑎. Line keys: solid (black) – 𝑁 = 12, dashed (red) – 𝑁 = 18,
ashed–dotted (green) – 𝑁 = 27 and dotted (blue) – 𝑁 = 40. (For interpretation of the references to color in this figure legend, the reader is referred to the web
ersion of this article.)

Fig. 7. Time ratio 𝑡𝐼∕𝑡 for the sound power as a function of the frequency 𝑓 for 𝑁 = 27, 𝑄 = 7 and the point excitation with different values of the radial
coordinate 𝑟′0. Line keys: solid (black) – 𝑟′0 = 0 and 𝑀 = 0, dashed (red) – 𝑟′0 = 0.25𝑎 and 𝑀 = 7, dashed–dotted (green) – 𝑟′0 = 0.5𝑎 and 𝑀 = 7 and dotted (blue)
𝑟′0 = 0.75𝑎 and 𝑀 = 7. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

ressure in this special case, and the only method is the use of the proposed solution. However, except for the field points with a
alue of 𝜃 close to 𝜋∕2, the value of the relative error 𝐸 is less than about 0.1% which means that the results obtained by using the
roposed solution agree with those given by the integral formulas. The values of the time ratios presented in the caption of Fig. 10
rove that the use of the proposed solution can significantly improve the numerical calculations for both numerical strategies and for
ny value of the coordinate 𝑟. The numerical efficiency was investigated in the symmetric and asymmetric cases. For the subregion
13
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Fig. 8. (a) SPL, (b) relative error 𝐸 and (c) time ratio 𝑡𝐼∕𝑡 for the sound pressure modulus |𝑝| as the functions of the frequency 𝑓 for 𝑁 = 27, 𝑀 = 𝑄 = 7,
𝜑 = 𝜋∕2 and the point excitation with the polar coordinates 𝑟′0 = 0.5𝑎 and 𝜑0 = 𝜋∕4. Line keys: solid (black) – 𝑟 = 0.5𝑎, 𝜃 = 𝜋∕4 (𝐸𝑡 = 0.03%), dashed (red)
– 𝑟 = 3𝑎, 𝜃 = 𝜋∕4 (𝐸𝑡 = 0.03%), dashed–dotted (green) – 𝑟 = 10𝑎, 𝜃 = 𝜋∕4 (𝐸𝑡 = 0.03%), dotted (blue) – 𝑟 = 3𝑎, 𝜃 = 0 (𝐸𝑡 = 0.10%). (For interpretation of the
eferences to color in this figure legend, the reader is referred to the web version of this article.)

, when the formula from Eq. (9) with the greater number of terms has to be used, the time ratios assume the great values 𝑡𝐼∕𝑡 = 30
nd 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 60 for the asymmetric point excitation and 𝑡𝐼∕𝑡 = 26 and 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 33 for the symmetric one. If 𝑟 = 10𝑎 and
he second numerical strategy is realized, the considered sound pressure distribution can be obtained 207 times quicker by using
he proposed solution than by employing the integral formulas. The time ratios also assume great values for the subregion 2 and
he symmetric case.

It is of interest to investigate the applicability of the proposed solution for calculating the acoustic field at resonance frequencies.
or this purpose, the sound pressure level and the relative error 𝐸 were presented in Fig. 11 as the functions of the normalized
oordinate 𝑟∕𝑎. The axial distribution of the sound pressure modulus was illustrated, i.e., when 𝜃 = 0. The plate’s resonance
requencies were calculated from the following formula 𝑓 (𝑟𝑒𝑠.)

𝑚,𝑞 = 1∕(2𝜋)(𝑔
|𝑚|,𝑞∕𝑎)2

√

𝐷𝐸∕(𝜌𝑝ℎ), where 𝑓 (𝑟𝑒𝑠.)
𝑚,𝑞 is the resonance frequency

elated to the plate’s mode (𝑚, 𝑞) [32]. The acoustic field was analyzed for the four lowest resonance frequencies associated with
he plate’s modes (0, 0), (1, 0), (2, 0) and (0, 1), respectively.

Fig. 11 shows that, for 𝑟 > 𝑎, the sound pressure level decreases when the value of the coordinate 𝑟 increases. This behavior of
the acoustic pressure is expected. Moreover, the local extremum of SPL can be observed for the third and fourth resonance frequency
when 𝑟 < 𝑎.

It can be observed that the relative error increases when the value of the coordinate 𝑟 approaches zero. As already mentioned,
this behavior of the relative error is due to a slow convergence of the integrand from Eq. (C.2). However, Fig. 11 proves that the
proposed solution can be used to obtain accurate results at resonance frequencies. For example, the quantity 𝐸 does not exceed the
value of 0.05% for the frequency 𝑓 = 𝑓 (𝑟𝑒𝑠.)

1,0 = 235.4 Hz with the exception of the cases when the value of the coordinate 𝑟 is close
to zero. Moreover, the relative error is less than 1.25% for all the analyzed field points when 𝑓 = 𝑓 (𝑟𝑒𝑠.)

2,0 = 386.1 Hz. The increase
in the value of the coordinate 𝑟 does not influence the value of 𝐸 when 𝑟 > 2𝑎. This means that the presented formulas are also
ccurate in the far field. Moreover, Fig. 11 shows that, for 𝑟 > 𝑎, the relative error 𝐸 increases when the value of the resonance
requency increases.
14
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Fig. 9. (a) Relative error 𝐸 and (b) time ratio 𝑡𝐼∕𝑡 for the sound pressure modulus |𝑝| as the functions of the frequency 𝑓 for 𝑀 = 𝑄 = 7, 𝑟 = 3𝑎, 𝜃 = 𝜋∕4,
= 𝜋∕2 and the point excitation with the polar coordinates 𝑟′0 = 0.5𝑎 and 𝜑0 = 𝜋∕4. Line keys: solid (black) – 𝑁 = 8, dashed (red) – 𝑁 = 12, dashed–dotted

green) – 𝑁 = 18 and dotted (blue) – 𝑁 = 40. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
his article.)

Fig. 10. (a) SPL, (b) relative error 𝐸 as the functions of the coordinate 𝜃 for 𝑓 = 1 kHz, 𝑄 = 6, 𝑁 = 27, 𝜑 = 0 and the point excitation with different values of
the polar coordinates 𝑟′0 and 𝜑0. Line keys: black – 𝑀 = 6, 𝑟′0 = 0.75𝑎, 𝜑0 = 5𝜋∕4, 𝑟 = 0.5𝑎 (𝑡𝐼∕𝑡 = 30, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 60, 𝐸𝑡 = 0.02%), red – 𝑀 = 0, 𝑟′0 = 0, 𝑟 = 0.5𝑎
(𝑡𝐼∕𝑡 = 26, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 33, 𝐸𝑡 = 0.03%), green – 𝑀 = 0, 𝑟′0 = 0, 𝑟 = 3𝑎 (𝑡𝐼∕𝑡 = 56, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 225, 𝐸𝑡 = 0.02%), blue – 𝑀 = 6, 𝑟′0 = 0.75𝑎, 𝜑0 = 5𝜋∕4, 𝑟 = 10𝑎
(𝑡𝐼∕𝑡 = 54, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 207, 𝐸𝑡 = 0.04%). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
rticle.)

Taking into account that all the values of the time ratios 𝑡𝐼∕𝑡 and 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) estimated at the resonance frequencies are greater
han 25, it can be concluded that the use of the proposed numerical technique is much more efficient than the use of the integral
15
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Fig. 11. (a) SPL, (b) relative error 𝐸 as the functions of the normalized coordinate 𝑟∕𝑎 for 𝑀 = 𝑄 = 5, 𝑁 = 12, 𝜃 = 0, 𝜑 = 0 and the point excitation with
he polar coordinates 𝑟′0 = 0.25𝑎 and 𝜑0 = 𝜋∕4. Line keys: solid (black) – 𝑓 = 𝑓 (𝑟𝑒𝑠.)

0,0 = 113.1 Hz (𝑡𝐼∕𝑡 = 27, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 26, 𝐸𝑡 = 0.1 ⋅ 10−4%), dashed (red) –
𝑓 = 𝑓 (𝑟𝑒𝑠.)

1,0 = 235.4 Hz (𝑡𝐼∕𝑡 = 29, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 27, 𝐸𝑡 = 22.2 ⋅ 10−4%), dashed–dotted (green) – 𝑓 = 𝑓 (𝑟𝑒𝑠.)
2,0 = 386.1 Hz (𝑡𝐼∕𝑡 = 29, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 27, 𝐸𝑡 = 36.2 ⋅ 10−4%)

dotted (blue) – 𝑓 = 𝑓 (𝑟𝑒𝑠.)
0,1 = 440.3 Hz (𝑡𝐼∕𝑡 = 29, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 28, 𝐸𝑡 = 0.4 ⋅ 10−4%). (For interpretation of the references to color in this figure legend, the reader

s referred to the web version of this article.)

From a practical point of view, it is interesting to determine the sound field when the value of the frequency is close to the
ritical frequency of the plate. This critical frequency 𝑓𝑐 is given by the following formula 𝑓𝑐 = 𝑐2∕(2𝜋)

√

𝜌𝑝ℎ∕𝐷𝐸 and is equal to
11963.1 Hz for the considered plate [33]. In order to prove that the proposed method can be used in the case when the value of
frequency is near the critical frequency of the plate, the sound pressure level and the relative error 𝐸 were presented in Fig. 12 as
the functions of the normalized coordinate 𝑟∕𝑎 for 𝑓 = 11.963 kHz. In the case of 𝜃 = 𝜋∕8 and 𝜃 = 3𝜋∕8, the quantity 𝐸 < 0.5%
for all the analyzed values of the coordinate 𝑟. The increase in the value of the coordinate 𝑟 does not lead to an increase in the
relative error when 𝑟 > 6𝑎 and 𝜃 = 𝜋∕8 as well as when 𝑟 > 3𝑎 and 𝜃 = 3𝜋∕8. For 𝜃 = 𝜋∕4 and 𝑟 > 2𝑎, the quantity 𝐸 increases when
the value of the coordinate 𝑟 increases. However, the relative error for all the analyzed values of the coordinate 𝑟 does not exceed
the value of 1.2% when 𝜃 = 𝜋∕4. The time ratios assume great values for all the analyzed cases. For example, using the proposed
solution instead of the integral formulas, the sound field distribution can be obtained about 26 times quicker for the first strategy
and 37 times quicker for the second one when 𝜃 = 3𝜋∕8.

Fig. 12 proved that using the presented numerical technique, the acoustic field can be calculated when the frequency value is
close to the critical frequency of the plate. Furthermore, since the critical frequency assumes a high value, the proposed approach
can also accurately calculate the acoustic pressure at high frequencies.

The results of the numerical analysis presented in this section show that the proposed solution gives accurate results, and its
numerical efficiency is much greater than the numerical efficiency of the integral solution. With the special scripts provided upon
reasonable request, the readers can perform numerical simulations using their hardware and software. These scripts enable the
readers to test the accuracy of the proposed solution and estimate the time ratios.

7. Conclusions

By dividing the half-space into the two subregions and coupling them with the use of the continuity conditions, the numerically
efficient solution is obtained to calculate the sound power and the sound pressure radiated by any circular sound source located in
a flat, infinite and perfectly rigid baffle. The considered sound source can be, for example, a membrane, a plate with an arbitrary
boundary condition, as well as an input of a circular waveguide or cavity. The accuracy and numerical efficiency of the proposed
method were tested in the case where the sound source is a clamped circular plate. In order to compare the results obtained by using
the presented formulas with those given by the known integral solution, the relative error was analyzed. The value obtained from
the integral formulas was considered as exact. The numerical efficiency of the proposed method was compared with the numerical
efficiency of the integral formulas. For this purpose, the times needed to calculate the value of the considered physical quantity
with the use of the presented solution as well as the integral one were estimated, and then their ratio was analyzed.
16
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Fig. 12. (a) SPL, (b) relative error 𝐸 as the functions of the normalized coordinate 𝑟∕𝑎 for 𝑓 = 11.963 kHz, 𝑀 = 𝑄 = 10, 𝑁 = 50, 𝜑 = 𝜋 and the point excitation
with the polar coordinates 𝑟′0 = 0.25𝑎 and 𝜑0 = 𝜋∕4. Line keys: solid (black) – 𝜃 = 𝜋∕8 (𝑡𝐼∕𝑡 = 26, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 36, 𝐸𝑡 = 0.25%), dashed (red) – 𝜃 = 𝜋∕4 (𝑡𝐼∕𝑡 = 27,
𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 38, 𝐸𝑡 = 1.28%), dotted (blue) – 𝜃 = 3𝜋∕8 (𝑡𝐼∕𝑡 = 26, 𝑡(𝑐𝑢𝑟.)𝐼 ∕𝑡(𝑐𝑢𝑟.) = 37, 𝐸𝑡 = 0.25%). (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

The numerical analysis clearly shows that the proposed method can be used to improve the calculations of the sound power as
well as the sound pressure. The detailed conclusions can be formulated as follows:

• Using the presented formulas, the coupling coefficients can be efficiently and accurately calculated, which improves the sound
power calculations. For example, by using the obtained formulas instead of the integral ones, the calculations of the sound
power can be performed more than 48 times quicker, and the value of the relative error is less than 1%. Moreover, the
numerical analysis shows that the improvement in obtaining the sound power is more significant when a greater number of
the plate’s modes is used in calculations.

• The proposed solution can be used to efficiently obtain accurate values of the sound pressure modulus at all the field points,
even for the value of the inclination angle close to 𝜋∕2, i.e., in the case when the integral formulas can fail. Hence, it can be
stated that the use of the presented formulas is the only method to accurately calculate the sound pressure.

• The proposed method can improve the sound pressure calculations at a fixed field point and for a changing frequency value,
i.e., when the coupling coefficients have to be calculated each time. Making use of the presented formulas instead of the
integral ones, the numerical calculations can be performed more than 9 times quicker, and the relative error value is less than
0.1%.

• The distribution of the sound pressure can also be obtained more efficiently by using the presented formulas. For this
purpose, the calculated values of some coefficients and constants can be stored in the computer’s memory. The sound pressure
distribution can be obtained even more than 200 times quicker and with a relative error value less than 0.1% using the
presented formulas than employing the integral ones. The presented formulas are less efficient when the radial distance of
the field point is less than the plate’s radius. However, even in this case, the sound pressure distribution can be obtained 60
times quicker.

• The proposed formulas can be used to efficiently and accurately calculate the sound pressure modulus at the plate’s resonant
frequencies, as well as at high frequencies close to the plate’s critical frequency.
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ppendix A. Rigorous formulas for coefficients 𝑿𝝂,𝒏

Making use of the following definition 𝑗𝜈 (𝑤) =
√

𝜋∕(2𝑤)𝐽𝜈+1∕2(𝑤), the coefficients from Eq. (21) can be written as

𝑋𝜈,𝑛 =
𝜋

2
√

𝛾𝜈,𝑛 ∫

1

0
𝐽𝜈+1∕2(𝑤)𝐽𝜈+1∕2(𝛾𝜈,𝑛𝑤)𝑤𝑑𝑤, (A.1)

where 𝐽𝜈(⋅) is the Bessel function of the 𝜈-th order. Then, using the well-known formula for the integration of the product of the
Bessel functions results in

𝑋𝜈,𝑛 =
𝜋

2
√

𝛾𝜈,𝑛(1 − 𝛾2𝜈,𝑛)
[𝐽𝜈+3∕2(1)𝐽𝜈+1∕2(𝛾𝜈,𝑛) − 𝛾𝜈,𝑛𝐽𝜈+3∕2(𝛾𝜈,𝑛)𝐽𝜈+1∕2(1)]. (A.2)

The formula from Eq. (A.2) cannot be used when 𝜈 = 𝑛 = 0 which is due to the fact that 𝛾0,0 = 0. This special case must be
considered separately. Taking into account that 𝑗0(𝑤) = sin(𝑤)∕𝑤, the coefficient 𝑋0,0 can be expressed as

𝑋0,0 = ∫ 1
0 sin(𝑤)𝑤𝑑𝑤 = sin(1) − cos(1). (A.3)

Appendix B. Rigorous formulas for coefficients 𝜰
|𝒎|,𝒍

By using substitution 𝑤 = cos 𝜃, the integral from Eq. (18) can be transformed into the following form

𝛶
|𝑚|,𝑙 = ∫

1

0
𝑃 |𝑚|
|𝑚|+1(𝑤)𝑃 |𝑚|

|𝑚|+2𝑙(𝑤)𝑑𝑤. (B.1)

The associated Legendre polynomials can be expressed as

𝑃 |𝑚|
𝑙 (𝑤) =

(−1)|𝑚|

2𝑙𝑙!
(1 −𝑤2)|𝑚|∕2𝛩(𝑙)

𝑙+|𝑚|(𝑤), (B.2)

where 𝛩(𝜈)
𝑛 (𝑤) = 𝑑𝑛

[

(𝑤2 − 1)𝜈
]

∕𝑑𝑤𝑛 and the following relation

𝑃−|𝑚|
𝑙 (𝑤) = (−1)𝑚

(𝑙 − |𝑚|)!
(𝑙 + |𝑚|)!

𝑃 |𝑚|
𝑙 (𝑤), (B.3)

is satisfied [31]. In the light of Eqs. (B.2) and (B.3), the associated Legendre polynomials can also be defined as

𝑃 |𝑚|
𝑙 (𝑤) =

(𝑙 + |𝑚|)!
(𝑙 − |𝑚|)!2𝑙𝑙!

(1 −𝑤2)−|𝑚|∕2𝛩(𝑙)
𝑙−|𝑚|(𝑤). (B.4)

By expressing the functions 𝑃 |𝑚|
|𝑚|+1(𝑤) and 𝑃 |𝑚|

|𝑚|+2𝑙(𝑤) with the use of Eqs. (B.2) and (B.4), respectively, and taking into account that
𝛩(|𝑚|+1)
2|𝑚|+1 (𝑤) = (2|𝑚| + 2)!𝑤, the coefficients 𝛶

|𝑚|,𝑙 can be written as

𝛶
|𝑚|,𝑙 =

(−1)|𝑚|(2|𝑚| + 2𝑙)!(2|𝑚| + 2)!
22|𝑚|+2𝑙+1(|𝑚| + 1)!(2𝑙)!(|𝑚| + 2𝑙)! ∫

1

0
𝑤𝛩(|𝑚|+2𝑙)

2𝑙 (𝑤)𝑑𝑤. (B.5)

In the special case when 𝑙 = 0, the coefficients from Eq. (B.1) can be calculated as follows

𝛶
|𝑚|,0 =

(−1)|𝑚|(2|𝑚|)!(2|𝑚| + 2)!
22|𝑚|+1(|𝑚| + 1)!|𝑚|!

∫ 1
0 (𝑤

2 − 1)|𝑚|𝑤𝑑𝑤 =

(2|𝑚|)!(2|𝑚| + 2)!
4|𝑚|+1[(|𝑚| + 1)!]2

for 𝑙 = 0.
(B.6)

By using integration by parts, and taking into account that 𝛩(𝜈)
𝑛 (1) = 0 if 𝜈 > 𝑛, Eq. (B.5) for 𝑙 > 0 can be formulated as

𝛶
|𝑚|,𝑙 =

(−1)|𝑚|(2|𝑚| + 2𝑙)!(2|𝑚| + 2)!
𝛩(|𝑚|+2𝑙)(0). (B.7)
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Now, it is necessary to calculate the following expression 𝛩(𝜈)
𝑛 (0) for 𝜈 > 𝑛 and an even value of 𝑛. For this purpose, the Newton’s

binomial theorem is used to obtain the following formula

𝛩(𝜈)
𝑛 (𝑤) =

𝜈
∑

𝑗=0

𝜈!
𝑗!(𝜈 − 𝑗)!

𝑑𝑛𝑤2𝜈

𝑑𝑥𝑛
(−1)𝜈−𝑗 . (B.8)

When 𝑤 = 0 and 𝑛 is an even number, it can be deduced that only the term with the index 𝑗 = 𝑛∕2 is not equal to zero. Hence, the
following formula can be written

𝛩(𝜈)
𝑛 (0) =

𝜈!𝑛!(−1)𝜈−𝑛∕2

(𝑛∕2)!(𝜈 − 𝑛∕2)!
. (B.9)

Finally, combining Eqs. (B.7) and (B.9) results in

𝛶
|𝑚|,𝑙 =

−(−1)𝑙(2|𝑚| + 2𝑙)!(2|𝑚| + 2)!
4|𝑚|+𝑙+1(|𝑚| + 1)! 𝑙! (|𝑚| + 𝑙 + 1)!(2𝑙 − 1)

. (B.10)

It should be noted that Eq. (B.10) for 𝑙 = 0 is equivalent to Eq. (B.6) which is valid only for 𝑙 = 0. This means that the formula given
by Eq. (B.10) can be used for 𝑙 ≥ 0.

Appendix C. Integral formula for an acoustic pressure radiated by a baffled circular source

Making use of the Hankel transform, the basic problem of sound radiation by a circular sound source located in a perfectly rigid
infinite baffle defined by Eqs. (1)–(4) was analytically solved. The sound pressure distribution in the cylindrical coordinate system
(𝑟′, 𝜑, 𝑧) was presented as [28]

𝑝(𝑟′, 𝜑, 𝑧) = −𝑖𝜔2𝜌𝑎2
𝑀
∑

𝑚=−𝑀

𝑄
∑

𝑞=0
𝑐𝑚,𝑞𝑝|𝑚|,𝑞(𝑟′, 𝑧)𝑒𝑖𝑚𝜑, (C.1)

where

𝑝
|𝑚|,𝑞(𝑟′, 𝑧) = ∫

∞

0

𝛷
|𝑚|,𝑞(𝜏)
𝜇

𝐽
|𝑚|(𝜏𝑟′)𝑒𝑖𝜇𝑧𝜏𝑑𝜏, (C.2)

𝛷
|𝑚|,𝑞(𝜏) =

1
𝑎2 ∫

𝑎

0
𝑊

|𝑚|,𝑞(𝑟′)𝐽|𝑚|(𝜏𝑟′)𝑟′𝑑𝑟′, (C.3)

𝑐𝑚,𝑞 are constants that can be found by solving the equation of motion of a considered sound source, and 𝜇 =
√

𝑘2 − 𝜏2 for 𝜏 < 𝑘
and 𝜇 = 𝑖

√

𝜏2 − 𝑘2 for 𝜏 > 𝑘.
In the special case when the sound source is a clamped circular plate of the radius 𝑎, the eigenfunctions 𝑊

|𝑚|,𝑞(𝑟′) can be written
s [28,32,34]

𝑊
|𝑚|,𝑞(𝑟′) = 𝑈

|𝑚|,𝑞

[

𝐽
|𝑚|(𝑔|𝑚|,𝑞𝑟∕𝑎)−

𝐽
|𝑚|(𝑔|𝑚|,𝑞)

𝐼
|𝑚|(𝑔|𝑚|,𝑞)

𝐼
|𝑚|(𝑔|𝑚|,𝑞𝑟∕𝑎)

]

,
(C.4)

here 𝑈
|𝑚|,𝑞 = 1∕

[
√

2𝐽
|𝑚|(𝑔|𝑚|,𝑞)

]

and 𝑔
|𝑚|,𝑞 are the eigenvalues calculated from the following eigenequation

𝐽
|𝑚|(𝑔|𝑚|,𝑞)𝐼|𝑚|+1(𝑔|𝑚|,𝑞) + 𝐽

|𝑚|+1(𝑔|𝑚|,𝑞)𝐼|𝑚|(𝑔|𝑚|,𝑞) = 0. (C.5)

The function 𝛷
|𝑚|,𝑞(𝜏) for the clamped circular plate can be expressed as

𝛷
|𝑚|,𝑞(𝜏) =

2𝑈
|𝑚|,𝑞𝑔2

|𝑚|,𝑞

𝑔4
|𝑚|,𝑞 − (𝜏𝑎)4

[

𝑔
|𝑚|,𝑞𝐽|𝑚|(𝜏𝑎)𝐽|𝑚|+1(𝑔|𝑚|,𝑞) −

𝜏𝑎𝐽
|𝑚|(𝑔|𝑚|,𝑞)𝐽|𝑚|+1(𝜏𝑎)

]

.

(C.6)

The equation of motion for the clamped circular plate, necessary for calculating constants 𝑐𝑚,𝑞 , is presented in Appendix C. After
calculating unknown constants, the acoustic pressure distribution can be found from Eq. (C.1). Here, it should be emphasized that
this formula contains the series of improper integrals calculated from zero to infinity. This means that the sound pressure calculations
with the use of this formula can be troublesome and time-consuming. Moreover, some numerical errors produced by procedures of
numerical integration can lead to inaccurate or even incorrect values of sound pressure.

Appendix D. Solution of the equation of motion for a clamped circular plate

Forced vibrations of a circular plate can be described by the following equation (cf. [28])
(

𝑘−4𝐷 ∇4 − 1
)

𝑊 (𝑟′, 𝜑) +
𝑝𝑠(𝑟′, 𝜑)

2
=

𝑓 (𝑟′, 𝜑)
2
, (D.1)
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where 𝑘𝐷 = 4
√

𝜔2𝜌𝑝ℎ∕𝐷 is the bending wavenumber, 𝜌𝑝 and ℎ denote the plate’s density and its thickness, respectively, 𝐷 = 𝐷𝐸 (1+𝑖𝜂)
is the complex bending stiffness, 𝐷𝐸 = 𝐸ℎ3∕[12(1 − 𝜈2)] is the bending stiffness, 𝐸 and 𝜈 are the plate’s Young modulus and the
Poisson ratio, respectively, 𝜂 is the damping coefficient, 𝑓 (𝑟′, 𝜑) is the external excitation, and 𝑝𝑠(𝑟′, 𝜑) is the pressure produced by
the fluid acting on the upper plate’s surface. It was assumed that the lower plate’s surface is not loaded by the fluid.

The solution of the equation of motion can be expressed as [32,34]

𝑊 (𝑟′, 𝜑) =
𝑀
∑

𝑚=−𝑀

𝑄
∑

𝑞=0
𝑐𝑚,𝑞�̃�𝑚,𝑞(𝑟′, 𝜑), (D.2)

where �̃�𝑚,𝑞(𝑟′, 𝜑) = 𝑊
|𝑚|,𝑞(𝑟′)𝑒𝑖𝑚𝜑 are the normalized plate’s eigenfunctions, 𝑊

|𝑚|,𝑞(𝑟′) are the radial parts of the eigenfunctions, 𝑐𝑚,𝑞
are constants to find and 𝑀 and 𝑄 are the truncation integers, which will be determined so that the obtained results can be accurate
enough. The eigenfunctions satisfy the following orthogonality relation

∫𝑆𝑝

�̃�𝑚,𝑞(𝑟′, 𝜑)�̃� ∗
𝑚,𝑞(𝑟

′, 𝜑)𝑑𝑆𝑝 = 𝑆𝛿𝑚,𝑚′𝛿𝑞,𝑞′ , (D.3)

where 𝑆𝑝 is the plate’s surface, the symbol ∗ denotes the operation of conjugation, 𝑆 = 𝜋𝑎2 is the plate’s area, and 𝛿𝑚,𝑚′ is the
Kronecker delta. Moreover, the following equation [32,34]

∇4�̃�𝑚,𝑞(𝑟′, 𝜑) = 𝑘4
|𝑚|,𝑞�̃�𝑚,𝑞(𝑟′, 𝜑), (D.4)

where 𝑘
|𝑚|,𝑞 = 𝑔

|𝑚|,𝑞∕𝑎 denotes the modal wavenumber, is true.
Inserting the solution from Eq. (D.2) into the equation of motion given by Eq. (D.1), and then using Eq. (D.4) and the

orthogonality of the plate’s eigenfunctions, the following set of equations can be obtained

𝑐𝑚,𝑞

(

𝑘4
|𝑚|,𝑞

𝑘4𝐷
− 1

)

+
𝑃𝑚,𝑞

𝜌𝑝ℎ𝜔2𝑆
=

𝐹𝑚,𝑞

𝜌𝑝ℎ𝜔2𝑆
, (D.5)

𝑚 = −𝑀,… ,𝑀 , 𝑞 = 0,… , 𝑄, where

𝑃𝑚,𝑞 = ∫𝑆𝑝

𝑝𝑠(𝑟′, 𝜑)�̃� ∗
𝑚,𝑞(𝑟

′, 𝜑)𝑑𝑆𝑝, (D.6)

𝐹𝑚,𝑞 = ∫𝑆𝑝

𝑓 (𝑟′, 𝜑)�̃� ∗
𝑚,𝑞(𝑟

′, 𝜑)𝑑𝑆𝑝. (D.7)

The pressure distribution on the plate’s surface can be expressed as

𝑝𝑠(𝑟′, 𝜑) =
𝑀
∑

𝑚=−𝑀

𝑄
∑

𝑞=0
𝑐𝑚,𝑞𝑝

(𝑟)
|𝑚|,𝑞(𝑟

′)𝑒𝑖𝑚𝜑, (D.8)

where 𝑝(𝑟)
|𝑚|,𝑞(𝑟

′) are known functions.
In the light of Eq. (D.8), the factor from Eq. (D.6) takes the form

𝑃𝑚,𝑞 = −𝑖𝜔2𝜌𝑎𝑆
𝑄
∑

𝑞′=0
𝑐𝑚,𝑞′𝜉|𝑚|,𝑞,𝑞′ , (D.9)

where

𝜉
|𝑚|,𝑞,𝑞′ =

2𝑖
𝜔2𝜌𝑎3 ∫

𝑎

0
𝑝(𝑟)
|𝑚|,𝑞′ (𝑟

′)𝑊
|𝑚|,𝑞(𝑟′)𝑟′𝑑𝑟′, (D.10)

are the coupling coefficients.
Inserting Eq. (D.10) into Eq. (D.5) leads to

𝑐𝑚,𝑞

(

𝑘4
|𝑚|,𝑞

𝑘4𝐷
− 1

)

− 𝑖
𝜌𝑎
𝜌𝑝ℎ

𝑄
∑

𝑞′=0
𝑐𝑚,𝑞′𝜉|𝑚|,𝑞,𝑞′ =

𝐹𝑚,𝑞

𝜌𝑝ℎ𝜔2𝑆
. (D.11)

Taking into account that 𝑝(𝑟)
|𝑚|,𝑞′ (𝑟

′) = 𝑝
|𝑚|,𝑞′ (𝑟′, 0) and using Eq. (C.3), the coupling coefficients can be written as

𝜉
|𝑚|,𝑞,𝑞′ = 2𝑎∫

∞

0

𝛷
|𝑚|,𝑞(𝜏)𝛷|𝑚|,𝑞′ (𝜏)

𝜇
𝜏𝑑𝜏. (D.12)

The solution of the equation of motion is the series given by Eq. (D.2) with the constants 𝑐𝑚,𝑞 calculated based on the set of
quations from Eq. (D.11).
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