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Abstract This paper intends to provide an applica-

tion example of using metamaterials for elastic wave

manipulation inside a nonlinear waveguide. The

concept of phase-gradient metasurfaces, in the form

of artificially architectured structures/materials, is

adopted in nonlinear-guided-wave-based structural

health monitoring (SHM) systems. Specifically, the

second harmonic lowest-order antisymmetric Lamb

waves (2nd A0 waves), generated by the mutual

interaction between primary symmetric (S) mode and

antisymmetric (A) mode waves, show great promise

for local incipient damage monitoring. However, the

mixing strength is adversely affected by the wave

beam divergence, which compromises the 2nd A0

wave generation, especially in the far field. To tackle

this problem, a metasurface is designed to tactically

enhance the 2nd A0 waves through manipulating the

phases and amplitudes of both primary waves simul-

taneously. After theoretically revealing the features of

the 2nd A0 wave generation in a weakly nonlinear

plate, an inverse-design strategy based on topology

optimization is employed to tailor-make the phase

gradient while ensuring the high transmission of the

primary waves, thus converting the diverging cylin-

drical waves into quasi-plane waves. The efficacy of

the design is tested in a 2nd-A0-wave-based SHM

system for material degradation monitoring. Results

confirm that the manipulated S and A mode waves can

propagate in a quasi-planar waveform after passing the

surface-mounted metasurface. Changes in material

properties inside a local region of the host plate can be

sensitively captured through examining the variation

of the 2nd A0 wave amplitude. The concept presented

here not only showcases the potential of metamaterial-

enhanced 2nd A0 waves for material degradation

monitoring, but also illuminates the promising direc-

tion of metamaterial-aided SHM applications in

nonlinear waveguides.
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1 Introduction

Metamaterials, as artificially architectured materials/

structures that do not exist in nature, have become a

hot research topic over the past decades due to their

ability for wave manipulation. Upon proper designs, a

variety of extraordinary functionalities can be

achieved, exemplified by wave filtering [1–3], steering

[4–6], energy focusing [7–10], cloaking [11, 12],

asymmetric transmission [13], and so on [14, 15]. Liu

et al. [1] first elucidated the locally resonant mecha-

nism of the bandgap generation of metamaterials,

which ever since has inspired extensive research.

While most works on metamaterials focusing on

physics and phenomenon discovery, explorations of

their practical applications are still at an early stage

with limited works available in the open literature

[16–21]. As a promising case, the use of meta-

materials/structures in structural health monitoring

(SHM) or nondestructive evaluation has been

attempted. Existing studies [16, 18, 22] have demon-

strated that the bandgap feature of metamaterials can

be applied to nonlinear-guided-wave-based SHM for

eliminating non-damage-related nonlinear compo-

nents, such as those from the testing equipment and

adhesive layers. Consequently, the captured nonlinear

signals would mainly originate from damage, so that

the detection and monitoring of incipient damage/

defect become possible. Recently, Liu et al. [17] took

advantage of the mode conversion ability of metama-

terials and proposed a meta-structure to convert the

antisymmetric (A) mode Lamb waves to symmetric

(S) waves, conducive to the generation of cumulative

nonlinear S0 waves. With the assistance of the meta-

structure, the enhanced nonlinear-S0-wave-based

SHM exhibited higher monitoring sensitivity for

material microstructural changes.

Guided waves propagating in a nonlinear medium

exhibit rich wave phenomena, which inspire novel

applications including SHM. The generation of non-

linear guided waves in thin-walled structures stems

from self-interaction [23–27] or mutual-interaction

[28–34]. For the former, primary guided waves,

including S, A mode Lamb waves, and shear horizon-

tal waves, can generate second harmonic S mode

Lamb waves [23, 26, 27]. The latter, which is also

known as the wave mixing mechanism, can deliver

richer phenomena based on the interactions of primary

waves with different frequencies [29, 30] or different

wave modes [33, 35]. For example, when two waves at

different frequencies propagate in a nonlinear med-

ium, combinational harmonics are generated at the

sum and difference frequencies. Hasanian et al. [29]

experimentally investigated the mixing of two shear

horizontal waves with different frequencies. The

generated nonlinear S waves at the sum frequency

were then used to characterize material property

changes induced by thermal aging treatment. With

regard to mode mixing, Shan et al. [33] revealed the

generation of the second harmonic A mode Lamb

waves, as a result of the mutual interaction of primary

S and A mode Lamb waves. A dedicated algorithm

was proposed to localize the zone where material

microstructural changes occur. The mixing of two

primary waves which are two different modes (S0 and

A0) but have the same frequency was investigated

[33, 35]. Power flux analyses indicate that the

generated nonlinear components should be A0 mode.

The sum-frequency component at the double fre-

quency is commonly referred to as ‘‘second harmonic

wave’’. To differentiate it from the conventional

second harmonic waves arising from self-interaction,

we designate the component as ‘‘second harmonic A0

wave’’ (2nd A0 wave) in this work. Meanwhile, a

difference-frequency (near zero) component also

exists, which is referred to as ‘‘quasi-static compo-

nent’’ in the literature [36, 37]. For SHM applications,

however, the quasi-static component is difficult to

capture with piezoelectric elements due to its

extremely low (theoretically zero) frequency. Mean-

while, it is more vulnerable to the influence of

environmental noise like low-frequency vibration.

Therefore, we focus on the second harmonic compo-

nent in this work.

Leveraging the unique features of the mixed 2ndA0

waves in a nonlinear medium, monitoring of local

incipient damage becomes a possibility. In addition, it

was demonstrated that the 2nd A0 waves exhibit

higher detection sensitivity (with a higher energy

level) than their second harmonic S0 counterparts

[33]. However, the technique is still at its embryonic

stage of development and there exist two bottleneck-

ing problems. First, exact theoretical basis to describe

the wave field of the 2nd A0 waves under PZT

(Pb(ZrTi)) actuation is still lacking. As a result, most

existing works rely on numerical simulations although

the importance of a theoretical tool is well recognized

in terms of facilitating the understanding of the

123

16964 Z. Liu et al.



underlying physics as well as providing guidance for

system design. Second, under the excitation of finite-

size PZTwafers, which are commonly used because of

the 3D problems commonly seen in practice, the

mixing strength of the primary S and A waves quickly

attenuates with propagating distance due to wave

beam divergence. This limits the inspection area.

Purely from the wave generation perspective alone, it

is possible to produce plane waves using an array of

PZT patches. However, due to the inherently weak

wave-damage-interaction, high-power amplifiers are

necessary for nonlinear-guided-wave-based SHM.

The use of more PZT patches would require more

complex powering system such as additional ampli-

fiers, which presents significant challenges for prac-

tical implementations in terms of both convenience

and cost. To tackle the problem, the concept of phase-

gradient metasurfaces [5–7, 9, 38–41], which have

been proven efficient for waveform manipulation,

could be adopted to steer the wave propagation.

Through converting the incident cylindrical-like

waves to quasi-plane waves, the wave energy is

expected to be confined into the inspection direction of

interest, which makes the SHM system very flexible.

However, achieving simultaneous control of the

phases and amplitudes of both S mode and A mode

waves is challenging. In addition, as a basic SHM

requirement, the metasurface has to be mounted on the

surface of the structure under inspection to ensure its

structural integrity. This dramatically differs from the

conventional metamaterials studied before, in which

waves propagate entirely through the materials/struc-

tures themselves. These challenges pose extremely

demanding requirements on metasurface design.

Motivated by these issues, this work first derives the

theoretical solution of the 2nd A0 waves in a weakly

nonlinear plate to ascertain their characteristics. An

inverse-design framework based on topology opti-

mization [42–45] is then established to tailor-make a

metasurface for manipulating the wavefronts of both

primary S and A mode waves and eventually enhanc-

ing the mixed 2nd A0 waves. The waveform steering

ability of the designed metasurface is examined by

extracting the transmitted wave fields. Underlying

mechanisms for phase and amplitude modulation are

further analyzed by examining a few typical modes.

Finally, the performance of the designed structures is

evaluated in an SHM system pertaining to the

monitoring of material microstructural changes/degra-

dation in a thin-walled plate.

The remaining parts of the article are organized as

follows. Section 2 elaborates on the derivation of the

theoretical solution of the 2nd A0 waves, followed by

a discussion on the requirements for wave manipula-

tion. Section 3 first verifies the obtained theoretical

solution by numerical simulations, and then presents

the topological design and validation of metasurfaces.

The designed metasurface for the enhancement of the

2nd A0 waves is further tested in the context of SHM

for local material degradation monitoring, which is

shown in Sect. 4. Finally, Sect. 5 concludes the paper.

2 Theoretical basis governing the 2nd A0 waves

This section first theoretically derives the 2nd A0

wave field generated through the mixing of primary S

and A mode Lamb waves. Then, the principle of

metasurface design for enhancing the 2nd A0 waves

through simultaneously steering the two primary

waves is introduced.

2.1 Analytical solution

Under the excitation of a PZT wafer, which is surface-

mounted on a thin plate, both S mode and A mode

Lamb waves are generated and propagate in the plate.

In the low-frequency region where only the S0 and A0

mode waves exist, the displacement fields of these two

waves can be expressed as [46]:

uS ¼
uSxðzÞ
0

uSzðzÞ

8
<

:

9
=

;
ASe

iðkSx�xStÞ; uA

¼
uAxðzÞ
0

uAzðzÞ

8
<

:

9
=

;
AAe

iðkAx�xAtÞ ð1Þ

where

uSx ¼ ið�2k2SbS cosðbSdÞ cosðaSzÞ þ bSðk2S � b2SÞ cosðaSdÞ cosðbSzÞÞ
uSz ¼ 2kSaSbS cosðbSdÞ sinðaSzÞ þ kSðk2S � b2SÞ cosðaSdÞ sinðbSzÞ

�

ð2Þ

and
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uAx ¼ ið2k2AbA sinðbAdÞ sinðaAzÞ � bAðk2A � b2AÞ sinðaAdÞ sinðbAzÞÞ
uAz ¼ 2kAaAbA sinðbAdÞ cosðaAzÞ þ kAðk2A � b2AÞ sinðaAdÞ cosðbAzÞ

(

ð3Þ

are the mode shapes of the S0 and A0 mode Lamb

waves in terms of particle displacement, respectively.

The intermediate quantities are calculated as a2j ¼
x2

j =c
2
p � k2j and b2j ¼ x2

j =c
2
S � k2j (j = S for S0 mode

case or j = A for A0 mode case). cP and cS are the

velocities of pressure waves and shear waves, respec-

tively. AS and AA represent the amplitudes. k and x
denote the wavenumber and angular frequency, respec-

tively. x and z represent the coordinates along the wave

propagation and thickness directions, respectively, as

illustrated in Fig. 1. d is the half thickness of the plate.

When the S0 mode and A0 mode Lamb waves

propagate in a nonlinear plate, higher-order harmonic

waves can be generated. In addition to the second

harmonic S0 Lamb waves due to the self-interaction of

S0 waves or A0 waves [23, 26], the 2nd A0 waves also

exist because of the mutual interaction between the S0

and A0 waves, as sketched in Fig. 1. The normal mode

expansion method [47] is adopted to obtain the wave

field of the 2nd A0 waves as:

SNLðuS; uAÞ ¼
1

2

X1

n¼1

AnðxÞSne�iðxSþxAÞt ð4Þ

whereSNL represents the stress field of the 2ndA0waves,

while Sn for mode shape in terms of stress. An is the

model participation coefficient, which can be calculated

based on the complex reciprocity theorem [47] as:

An ¼ � iðf surfn þ f voln Þ
4Pnn k�n � ðkS þ kAÞ

� � ðeik�nx � eiðkSþkAÞxÞ;

k�n 6¼ kS þ kA

ð5Þ

or

An ¼
ðf surfn þ f voln Þ

4Pnn
xeiðkSþkAÞx; k�n ¼ kS þ kA ð6Þ

in which the nonlinear surface traction f surfn , volume

force f voln , and complex power flow Pnn of the n-th

mode write,

f surfn ¼ � 1

2
TNL
SAv

�
n � nz

�
�
�
�

d

�d

ð7Þ

f voln ¼ 1

2

Z d

�d

divðTNL
SA Þ � v�ndz ð8Þ

Pnn ¼ � 1

4

Z d

�d

Snv
�
n þ S�nvn
2

� �

� nxdz ð9Þ

Specifically, v�n and S�n represent the complex

conjugate of the n-th mode shapes in terms of velocity

and stress, respectively. nx and nz are unit vectors

along the x and z direction, respectively. div() denotes

the divergence calculator. TNL
SA represents the nonlin-

ear driving stress that originates from the mutual

interaction of the primary waves. To obtain TNL
SA , the

nonlinear material model is recalled,

E ¼ 1

2
HþHT
� 	

; H ¼ ru ð10Þ

Fig. 1 Schematic of the 2nd A0 waves generated by mixing the primary S mode and A mode waves
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T ¼ ktr½E�Iþ 2lEþ C tr½E�ð Þ2Iþ Btr½E2�I
þ 2Btr½E�Eþ AE2 ð11Þ

where E is the Cauchy strain and H is the gradient of

the displacement u. It is worth noting that the

geometric nonlinearity is omitted due to its limited

contribution to the present problem, as demonstrated

in [48, 49]. The stress T is expressed by the Landau-

Lifshitz model [50]. A, B and C are the third order

elastic constants, which characterize the level of

nonlinearity of the medium. By substituting Eq. (10)

into Eq. (11), the nonlinear stress induced by the

mutual interaction is obtained as,

TNL
SA ¼ 2 �Ctr½HS�tr½HA�Iþ �Bðtr½HS�HA

þ tr½HS�HT
A þ tr½HA�HS

þ tr½HA�HT
S Þ þ �Btr½HSHA þHsH

T
A �I

þ
�A

4
ðHSHA þHAHS þHT

SH
T
A þHT

AH
T
S

þHSH
T
A þHAH

T
S þHT

SHA þHT
AHSÞ

ð12Þ

where the displacement gradient H can be calculated

by substituting Eq. (1) into Eq. (10) as

HS ¼
ikSuSx 0 u0Sx
0 0 0

ikSuSz 0 u0Sz

2

4

3

5ASe
iðkSx�xStÞ; HA

¼
ikAuAx 0 u0Ax

0 0 0

ikAuAz 0 u0Az

2

4

3

5AAe
iðkAx�xAtÞ ð13Þ

in which u0Sx ¼ duSx
dz

, u0Sz ¼
duSz
dz

, u0Ax ¼ duAx
dz

, and

u0Az ¼
duAz
dz

.

Combining Eqs. (12) and (13), the nonlinear

driving stress is derived, yielding

TNL
SA ¼ ASAA

T11 0 T13
0 T22 0

T31 0 T33

2

4

3

5 ð14Þ

where the non-zero elements can be expressed as:

T11 ¼ �kSkAuSxuAxð2C þ 6Bþ 2AÞ � kSkAuSzuAz Bþ A

2

� �

þ ikSuSxu
0
Azð2C þ 2BÞ þ ikAuAxu

0
Szð2C þ 2BÞ þ ikAuAzu

0
Sx Bþ A

2

� �

þ ikSuSzu
0
Ax Bþ A

2

� �

þ u0Sxu
0
Ax Bþ A

2

� �

þ u0Szu
0
Azð2C þ 2BÞ

ð15aÞ

T13 ¼ �kSkAuSxuAz Bþ A

2

� �

� kSkAuSzuAx Bþ A

2

� �

þ ikSuSxu
0
Ax Bþ A

2

� �

þ ikAuAzu
0
Sz Bþ A

2

� �

þ ikAuAxu
0
Sx Bþ A

2

� �

þ ikSuSzu
0
Az Bþ A

2

� �

þ u0Sxu
0
Az Bþ A

2

� �

þ u0Szu
0
Ax Bþ A

2

� �

ð15bÞ

T22 ¼ �kSkAuSxuAxð2C þ 2BÞ � kSkAuSzuAzB

þikSuSxu
0
Az � 2C þ ikAuAxu

0
Sz � 2C þ ikAuAzu

0
SxB

þikSuSzu
0
AxBþ u0Sxu

0
AxBþ u0Szu

0
Azð2C þ 2BÞ

ð15cÞ

T31 ¼ �kSkAuSxuAz Bþ A

2

� �

� kSkAuSzuAx Bþ A

2

� �

þ ikAuAzu
0
Sz Bþ A

2

� �

þ ikSuSxu
0
Ax Bþ A

2

� �

þ ikSuSzu
0
Az Bþ A

2

� �

þ ikAuAxu
0
Sx Bþ A

2

� �

þ u0Sxu
0
Az Bþ A

2

� �

þ u0Szu
0
Ax Bþ A

2

� �

ð15dÞ

T33 ¼ �kSkAuSxuAxð2C þ 2BÞ � kSkAuSzuAz Bþ A

2

� �

þ ikSuSxu
0
Azð2C þ 2BÞ þ ikAuAxu

0
Szð2C þ 2BÞ

þ ikAuAzu
0
Sx Bþ A

2

� �

þ ikSuSzu
0
Ax Bþ A

2

� �

þ uvSxu
0
Ax Bþ A

2

� �

þ u0Szu
0
Azð2C þ 6Bþ 2AÞ

ð15eÞ
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Finally, according to the wavenumbers of the 2nd

A0 waves and primary S0 and A0 waves, Eq. (5) is

calculated by substituting Eq. (14) and Eqs. (15a)–

(15e) into Eq. (7) and Eq. (8). With all terms avail-

able, the wave fields of the 2nd A0 waves in Eq. (4)

can be obtained. The theoretical solution clarifies the

generation of the 2nd A0 waves and lays out the

foundation for the following analyses.

2.2 Wave manipulation with metasurfaces

In a typical SHM system, PZT wafers are commonly

used to generate guided waves in the structure under

inspection. However, the intrinsic divergence of

cylindrical-like waveforms promotes fast-decaying

energy density of the primary waves during propaga-

tion. As indicated by Eq. (14), this compromises the

generation efficiency of the 2nd A0 waves especially

in the far field, thus limiting the inspection area and

compromising the SHM performance.

To enhance the 2nd A0 waves in the far field, the

Lamb waves are supposed to be manipulated on

demand using customized metasurfaces, as depicted in

Fig. 2. Considering the need for maintaining strong

fundamental waves, the metasurface, which is

attached on the surface of the host plate, is expected

to deliver two functions in terms of phase and

amplitude. First, the cylindrical-like waves activated

by a PZT wafer should be transformed into quasi-

plane waves through the deployment of a meticulously

designed metasurface. Second, the metasurface should

allow high transmission of the primary S and A waves.

Both requirements are necessary for strong 2nd A0

wave generation in the far field, which will be

scrutinized in the subsequent analyses.

3 Numerical analyses

This section first numerically validates the theoretical

solution of the 2nd A0 waves. Then, the procedure for

designing metasurfaces using topology optimization is

established, followed by an assessment of the pro-

posed design.

3.1 Verification of the theoretical solution

In order to verify the theoretical solution of the 2nd A0

waves, numerical simulations are performed. A finite

element model, shown in Fig. 3, is built using Abaqus,

in which ‘‘Dynamic, Implicit’’ analyses are conducted.

The model includes three parts: a PZT-5H actuator

(8 9 0.3 mm2), an aluminum plate (300 9 2 mm2),

and an adhesive layer (8 9 0.05 mm2) between them.

Although adjusting the size of the PZT can tune the

intensity of the excited waves under given frequencies,

as indicated by the so-called frequency tuning curves

[46, 49], the model parameters used here are merely

taken as an example to demonstrate the theoretical

solutions. Their material parameters are listed in

Table 1. The piezoelectric coefficients and relative

dielectric constants of the PZT-5H are

d31 = -210 pm/V, d33 = 472 pm/V, e11 = 2270, and

e33 = 2130, respectively, in which the subscripts 1 and

3 denote the x- and z-directions, respectively. Tie

constraints are adopted to ensure the displacement

continuity between adjacent parts. The mesh size in

the x direction is set to 0.5 mm, which ensures more

than 10 elements per smallest wavelength under

consideration. The actuator, host plate, and adhesive

layer are meshed into 8, 8, and 5 layers along the z

direction, respectively. Plane strain elements (CPE4)

are used for the host plate and adhesive layers, while

piezoelectric elements (CPE4E) for the actuator. The

Fig. 2 Schematic of the

metasurface for S mode and

A mode wave manipulation
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material nonlinear elasticity is defined using a user

material subroutine (UMAT) with the third order

elastic constants of aluminum as A =- 702.4 GPa,

B =- 280.8 GPa, and C =- 205.6 GPa [16, 49].

Due to the velocity difference between the primary

S0 and A0 waves, the mixing strength becomes

weaker gradually with the increasing propagation

distance in simulations [33]. This is different from the

theoretical derivation where the two harmonic primary

waves are assumed to fully mix at all distances. To

mitigate this influence, the responses are extracted at a

location close to the actuator, and 15-cycle tone burst

excitation signals are used in simulations. The

recorded signal length is set to 2.5e-4 s with a step-

size of 1e-7 s. As an example, Fig. 4a presents the

responses to the 100 kHz excitation (referred to as

linear signals) captured at 30 mm away from the

actuator. The nonlinear signals (mainly containing the

second harmonic waves) can be extracted with the

phase-inverse method which is commonly used in the

literature [17, 18, 49, 51]. Specifically, under a pair of

excitation signals with inversed phases, the linear

components can be eliminated through superimposing

the corresponding responses, and consequently, the

remaining parts mainly contain the second harmonic

components. To separate S mode and A mode waves,

the nonlinear signals are captured at the top and

bottom surfaces of the plate [17], respectively, as

shown in Fig. 4b. Pure 2nd A0 wave signals are then

extracted in Fig. 4c. A high-pass Butterworth filter

over 60 kHz is applied to the nonlinear signals to

eliminate the quasi-static components, and eventually

focus on the secondary frequency region of interest, as

shown in Fig. 4d. Furthermore, the excitation fre-

quency is swept in the range of 60–300 kHz, where the

interval is set to 40 kHz in the 60–200 kHz range and

10 kHz in the 200–300 kHz range, respectively.

In the theoretical solutions, the responses of the 2nd

A0 waves expressed in Eq. (4) consist of the mode

participation coefficientAn and the mode shape term Sn,

which are both available. In the frequency range of

2–300 kHz, the normal strain responses of the 2nd A0

waves are calculated. The analytical (theory) and

numerical (finite element) results are normalized with

respect to themaximum amplitude within the frequency

range and plotted in Fig. 5 for comparison. First, it can

be seen that the two sets of results are in good

agreement, thus demonstrating the correctness of the

theoretical solutions in Sect. 2.1. More specifically, the

curves show that the amplitude remains at a relatively

stable level in the range of around 60–225 kHz, and

then increases dramatically after 225 kHz. This can be

explained qualitatively by Eq. (15a)–(15e) in that as the

frequency increases, the wavenumber would also

increase, thus generating stronger 2nd A0 waves.

3.2 Topological designs of metasurfaces

In this part, metasurfaces are designed to manipulate

the primary S and Amode waves in terms of phase and

Fig. 3 Sketch of the simulation model for verifying theoretical results

Table 1 The material

parameters
Materials Density (kg/m3) Poisson’s ratio Young’s modulus (GPa)

PZT-5H 7650 0.32 62

Adhesive 1080 0.4 1.31

Aluminum 2700 0.33 70

Steel 7830 0.26 200
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amplitude simultaneously. An inverse-design frame-

work is established, as schematically shown in Fig. 6.

First, the 3D simulation model for the desired wave

steering function is presented in step-1, where the

location (away from the actuator) and the y-direction

distribution of the metasurface are defined, as exem-

plified by the element series #1, #2, etc. It is worth

noting that, as a basic SHM requirement, the host plate

should remain intact and no slits between adjacent

elements should be presented; Second, the functional

elements are extracted piece by piece along the

y direction, and their respective phase shift is defined

according to the generalized Snell’s law [52], as well

as the model parameters in step-1. Third, 2D plane

strain models in the x-z plane are used for optimization

to achieve the required phases and high transmissions

one by one; Fourth, the design domain of the unit cell,

which is extracted from 6 repeated structures, is

encoded into a binary matrix with ‘‘0’’ representing

vacuum and ‘‘1’’ for solid materials; Fifth, the coded

initial structure is input to an iteration algorithm, and

after multiple updates, the optimized structure with

expected phase and amplitude is output. Repeat step-2

through step-5 until designs for all elements are

completed; Finally, by assembling all designed ele-

ments in sequence along the y direction, the metasur-

face is obtained.

According to the generalized Snell’s law [52],

k0 sin ht ¼ k0 sin hi þ
du
dy

ð16Þ

the phase profile along the y direction can be obtained,

where hi and ht represent the incident and transmitted

angles, respectively, and du/dy denotes the phase

Fig. 4 Simulation results. a linear signals with inversed phases, b nonlinear signals at the top and bottom surfaces of the plate, c raw
nonlinear A0 signal, and d nonlinear A0 signal after treatment
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gradient. To attain the specific phase profiles required

by Eq. (16) andmaximum amplitudes for both S andA

mode waves, the following objective function is

formulated accordingly as,

maximizing : Ft

¼ TMS
S

TS
þ

uMS
S � uS

�
�

�
�

DuS

þ TMS
A

TA

þ
uMS
A � uA

�
�

�
�

DuA

ð17Þ

subjected to : hn ¼ 0 or 1 ð18Þ

min
TMS
S

TS
;
TMS
A

TA

� �

� 0:85 ð19Þ

where Ft is the objective function to be maximized. TS
and TMS

S represent the S mode amplitudes in the cases

without/with metasurfaces, respectively, while TA and

TMS
A for the A mode amplitudes in the two cases. uS

and uMS
S represent the target phase and the phase

obtained after the installation of the metasurface

regarding the S mode waves, respectively. Similarly,

uA and u
MS
A are the phase counterparts for the A mode

cases. DuS and DuA are the prescribed phases for the

sake of normalization, which are set to p/6 in this

study. hn denotes the material selection of the pixel

n within the N 9 N matrix, where ‘‘1’’ denotes solid

material and ‘‘0’’ for vacuum. Equation (19) indicates

that the minimum transmission ratio of both S and A

mode waves should be larger than 0.85.

Targeting a waveform transformation from cylin-

drical waves to plane waves, the phase profiles of both

S and Amode waves are specified based on Eq. (16) as

uS=A ¼ 2p
kS=A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ l2

p
� l

� �
ð20Þ

where k represents the wavelength of the S mode or A

mode wave; l denotes the distance between the

metasurface and the actuator.

Considering the complexity of the current problem

like the topology constraints, image dealing operation,

and simultaneous control of phase and amplitude of

both S and A mode waves, genetic algorithm is

adopted to update design variables, as shown in step-5

in Fig. 6. The method has been widely used in the

optimization community to deal with structural design

problems [16, 17, 43, 44]. An initial population

containing M individuals is first generated randomly,

followed by the evaluation for their fitness based on

finite element results. Guided by the principle of

‘‘survival of the fittest’’, genetic operations including

selection, crossover and mutation are then conducted

in sequence to create new individuals. To obtain a

high-quality geometry, abuttal entropy filtering

[43, 44] and a specific imaging processing technology

[45] are used to eliminate weak connections inside

structures. An elitism strategy is adopted to directly

transfer the best individual in the current generation to

the next one, which can preserve the excellent genes

and accelerate the convergence of the evolution

process. If the termination criterium is met, output

the final structure. Otherwise, return to the fitness

evaluation step. The genetic algorithm in this work

uses the following settings: the design domain is

discretized into 24 9 24 pixels; the population size

M is 40; the tournament selection with a group size of

28, the uniform crossover with a rate of 0.9, and

uniform mutation with a rate of 0.03 are adopted; the

maximum iteration time is 1000.

As stated in Sect. 3.1, the 8 mm-width PZT actu-

ator is used again as an example to illustrate the

metasurface design, while keeping in mind that the

proposed methodology is in no way limited to this

specific configuration. As to the material selection,

steel exhibits very different material properties (such

as mass density and elastic modulus) from those of the

aluminum plate, thus creating distinct impedance

mismatch between the two media, which is conducive
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Fig. 5 Normalized strain amplitudes of the 2nd A0 waves from

theoretical and finite element results under different excitation

frequencies
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to the generation of efficient phase delay. Therefore,

steel is used as the solid material in the design domain

of 6 9 6 mm2, which is further duplicated 6 times

along the x direction. Designed elements with gradient

phases are installed every 6.5 mm along the y direction

while a 0.5 mm space is kept between adjacent

elements. Note that there are no slits created in the

host plate for ensuring its integrity. The metasurface,

which is located 100 mm away from the actuator, is

symmetrically installed on the top and bottom surfaces

of a 2 mm-thick aluminum plate. This ensures the

structural symmetry in the thickness direction and

consequently prevents mode conversion between S

mode and A mode waves. Although a higher-fre-

quency excitation is preferred as indicated by the

theoretical solution, the corresponding smaller

Fig. 6 Topology optimization inverse-design framework: the 3D model; the discretization of y-direction elements; the extraction of

the 2D model; the design domain of the unit cell; the genetic algorithm procedure
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wavelength could aggravate wave beam divergence

and result in weaker primary waves in the far field.

Moreover, a smaller wavelength increases the diffi-

culty of structural design, since it requires more

accurate control of the structural topology. Both

concerns suggest a lower frequency for the current

design so that, 80 kHz is finally adopted in the present

case as a compromise. In the designing process,

perfect matching layers with a length of twice of the

wavelength are added to the left and right sides of the

host plate for minimizing wave reflection. Mesh

settings of the model are identical to those in Fig. 3.

The amplitudes and phases of the transmitted S and A

mode waves are extracted from numerical results for

evaluating the fitness regarding the objective function

in Eq. (17).

As a result, seven types of elements with varying

phase delays are obtained in Fig. 7a. Topology-wise,

most structures consist of multiple blocks within the

design domain, for the simultaneous control of S andA

mode waves. To visualize the phase results modulated

by the optimized structures, Fig. 7b presents the

displacement fields of the S and A mode waves.

Compared with the bare plate, phase delay phenomena

are seen in all cases, and the expected phase patterns

between different elements are observed. As to

amplitudes, both S mode and A mode waves can pass

through the metasurface regions while maintaining

high energy levels.

To quantify the phase and amplitude after modu-

lation, Fig. 8 gives the phase profiles and amplitudes

of the two types of waves. It is seen from Fig. 8a, b that

the phases obtained from finite element results

(marked as dots) are quite close to the theoretical

phase profiles (marked as solid lines), with only slight

deviation in the S mode case. The amplitudes are

normalized as TMS
S=A/TS=A with respect to those in the

bare-plate cases, as shown in Fig. 8c. Two features are

highlighted: first, large amplitudes are obtained in all

cases of the two waves, with transmission ratios

mostly over 0.9; second, the amplitude ratio between

the S mode and A mode waves dowels at a relatively

stable level owing to the symmetric installation of the

metasurface. This blocks energy transfer between

these two waves, so as to ensure their high amplitudes

as well. As suggested by the theoretical results in

Sect. 2.1, all these features brought by the designed

metasurfaces are conducive to the generation of strong

2nd A0 waves. So far, the efficacy of the established

inverse-design framework in customizing the specific

metasurface dedicated to the 2nd A0 waves has been

confirmed.

Fig. 7 Optimization results. a the optimized unit cells, b the corresponding displacement fields
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To reveal the underlying mechanisms of the

metasurface, band structures of representative unit

cells are analyzed in Fig. 9. It is seen that all the cases

contain two modes at 80 kHz (the arrows indicate the

amplitudes and polarization directions of displace-

ments). Compared with Lamb wave mode shapes in

Fig. 9d, the mode shapes of the optimized unit cells

preserve their typical features, respectively: the modes

B1, B2, and B4 resemble S0 mode with the dominant x-

direction polarization and the modes C1, C2, and C4

mainly vibrate in the z direction like the A0mode. This

guarantees that most of the energy of the two waves

can pass through the metasurface. As to the phase

delay, the essence is the slowed wave velocity within

the metasurface region. For example, the phase

velocities of the modes B1, B2, B4 and S0 mode in

Fig. 9 are calculated as: 2727 m/s, 2832 m/s, 3038 m/

s, and 5392 m/s, respectively. The velocity order is

found to be consistent with the expected phase delay.

The wave steering performance of the metasurface

is then evaluated using a 3D model by assembling all

optimized structures, as shown in Fig. 10a. ‘‘Dynamic,

explicit’’ analyses are conducted using Abaqus. A

radial prescribed displacement with a central fre-

quency of 80 kHz and an amplitude of 2e-7 m is

applied to the lateral boundary of the cylindrical

actuator (with a diameter of 8 mm) to excite Lamb

waves. Each element is stretched with a 6 mm width

along the y direction, whilst a 0.5 mm-wide space is

retained between adjacent individuals, as displayed in

Fig. 10b. C3D6 elements with a maximum size of

0.25 mm are used to mesh the metasurface and the

adhesive layers. The remaining parts are meshed using

C3D8 elements with a maximum size of 1 mm. This

ensures a good computational accuracy under the

considered wavelength (67.4 mm for S mode and

14.8 mm for A mode). The total signal length is set to

2.5e-4 s with a step of 2e-7 s.

Fig. 8 Phase shift profiles

of a S mode waves and b A

mode waves, and c the
corresponding amplitudes
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The displacement fields under cylindrical coordi-

nates in the x-y view are presented in Fig. 11. At the

initial stage of wave propagation, as shown in

Fig. 11a, both S mode (the faster) and A mode (the

slower) waves are excited and propagate in a cylin-

drical-like waveform. After passing the metasurface

region, the wave beam divergence of S mode waves is

positively altered, and transmitted waves hold a quasi-

planar waveform, as illustrated by Fig. 11b. Likewise,

for the A mode waves (in Fig. 11c), the wavefront

becomes perpendicular to the x direction after mod-

ulated by the metasurface. It is thus concluded that the

designed metasurface is effective in simultaneously

steering S and A mode wave fields for achieving

customized waveforms.

Taking advantage of the plate symmetry in the

thickness direction, pure S and A mode wave signals

(with/without the metasurface) are extracted and

shown in Fig. 12a, b, respectively. With the deploy-

ment of the metasurface, S mode waves maintain a

Fig. 9 Band structures and

mode shapes (at the

considered frequency of

80 kHz) of optimized

structures. a structure #1,

b structure #2, c structure
#4, and d the bare plate

Fig. 10 a 3D model for the wave field simulation, b the enlarged metasurface region
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high energy level. Notably, the amplitude of A mode

waves is enhanced. This is conducive to the further

generation of the 2nd A0 waves, which will be

discussed in the subsequent analyses in the context of

SHM.

4 Metasurface-enhanced 2nd A0 waves for SHM

As an example of practical applications, the designed

metasurface is employed in the 2nd-A0-wave-based

SHM for material degradation inspection. Figure 13

displays the sketch of the x-y view of the 3D model in

Fig. 10a, where a local zone (zone A with a width of

10 mm) located 160 mm away from the actuator is

assigned material nonlinearity, simulating the precur-

sor of an invisible damage such as plasticity- or

fatigue-induced material property changes. Different

high-order material parameters are used to mimic the

emergence and evolution of material degradation, as

shown in Table 2. The linear material corresponds to

an intact case, which serves as a baseline. It should be

Fig. 11 With the metasurface, the displacement fields at the time of a t = 0.0460 ms, b t = 0.0700 ms for S mode waves, and

c t = 0.1276 ms for A mode waves

Fig. 12 Linear responses of the displacement U along the x direction, with/without the metasurface (MS). a S mode waves, and b A

mode waves
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noted that due to the scattering of nonlinear waves

[53–55], arising from the interaction of primary waves

propagating in a medium with a nonlinear inclusion,

the 2nd A0 wave fields are inhomogeneous and might

exhibit directional propagation. On this issue, previous

work [35] demonstrated that the generated 2nd A0

waves propagate in a direction almost identical to that

of the incident waves. Therefore, the sensing positions

should be placed along the x direction, to capture the

resultant signals.

The linear signals of the intact and damaged

(‘‘Nonlinear_1’’) cases are given in Fig. 14, which

show high similarity. This indicates that the linear

signals can hardly detect the incipient material

degradation.

Then, the 2nd A0 waves are extracted at several

locations along the x direction before and after the

installation of the metasurface (marked as ‘‘Bare_-

damage’’ and ‘‘MS_damage’’, respectively), with

results shown in Fig. 15a, b, c. In all cases, the

amplitudes of the 2nd A0 waves are increased after the

deployment of the metasurface. For example, in

Fig. 15c, the amplitude increases from 0.858e-14 to

1.97e-14 m, showing an improvement of 130%. This

demonstrates the efficacy of the proposed design for

enhancing 2nd A0 waves. Additionally, it is observed

that the amplitudes vary with the capture locations. To

check this issue, Fig. 15d displays the amplitudes of

the 2nd A0 waves along the propagation distance. It is

observed that in the bare plate case, the amplitude of

the 2nd A0 waves gradually decreases with the

propagation distance. After deploying the metasur-

face, the 2nd A0 wave amplitudes are significantly

improved in most cases, especially for the far-field

waves. Specifically, for longer propagating distances,

the wave amplitudes keep a stable tendency, where an

improvement of about 90% is achieved by the

metasurface. The enhanced 2nd A0 waves facilitate

the identification for the emergence of material

degradation, with the assistance of the proposed

design.

Finally, the parameters of ‘‘Nonlinear_2’’ in

Table 2 are used to mimic an evolution of material

degradation. The 2nd A0 wave responses before and

after the deployment of the metasurface are obtained

Fig. 13 Sketch of a localized nonlinear zone (zone A)

Table 2 Material

parameters of Aluminum
k (GPa) l (GPa) A(GPa) B(GPa) C(GPa)

Linear 51.1 26.3 0 0 0

Nonlinear_1 51.1 26.3 -940.5 -373.5 -257

Nonlinear_2 51.1 26.3 -1222.6 -485.5 -334.1
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Fig. 14 Linear responses of the intact and damaged cases
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in Figs. 16a, b, respectively. Quantitatively, without

the metasurface, the amplitude increases by 0.15e-14

m (with an improvement of 13.4%) when the material

degrades. After deploying the metasurface, the ampli-

tude change reaches 0.45e-14 m (26.8%), which can

be more readily identified in practical SHM

applications.

5 Conclusions

This work embraces the concept of metasurfaces to

manipulate guided waves in a nonlinear waveguide

and design a nonlinear-guided-wave-based SHM sys-

tem for improving the detectability to incipient

damage. In particular, the production of mixed 2nd

Fig. 15 Second harmonic A0 wave signals under the case of ‘‘Nonlinear_1’’ (damage), with/without the metasurface (MS), at the

distance of a 170 mm, b 205 mm, and c 210 mm, respectively, d displacement amplitude versus distance

Fig. 16 Second harmonic A0wave signals under different material degradation conditions, awithout the metasurface (MS), and bwith
the MS
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A0 waves is targeted. Upon the derivation of theoret-

ical solution, the interplay between the primary S and

A mode waves in a nonlinear medium is elucidated,

which also provides guidance for the manipulation of

primary waves in favor of mixed 2nd A0 generation.

Then, phase-gradient metasurfaces are designed to

deliver SHM-specific waveform transformation and

energy modulation functions of the two primary mode

waves. To this end, an inverse-design framework

based on topology optimization is established to

design the metasurface that satisfies the specific

requirements for phases and amplitudes of both S

and A mode waves simultaneously. The designed

metasurface is examined through numerical simula-

tions, followed by mechanism analyses. Finally, the

structure is tested in the context of the 2nd-A0-wave-

based SHM to assess the capability of the proposed

technique for material degradation inspection.

The theoretical solutions of the 2nd A0 waves are

verified by numerical simulations, which show

increasing amplitudes with frequency. To enhance

the 2nd A0 waves, the functional metasurfaces are

constructed by using topological designs, through

customizing phase-gradient elements along the trans-

verse direction one by one. Analyses in terms of wave

fields confirm the waveform transformation from

cylindrical-like waves to quasi-plane waves, which

demonstrates the efficacy of the designs for S and A

mode wave modulation. The analyses of band struc-

tures, extracted mode shapes, and time-domain signals

reveal the phase delay and high transmission of the

primary waves as due to the use of the metasurface.

Furthermore, it is shown that the amplitude variation

of the 2nd A0 waves induced by localized material

degradation is amplified by the metasurface and thus

becomes more easily detected. Therefore, the meta-

surface-assisted SHM system shows increased detec-

tion sensitivity to the occurrence and evolution of

material microstructural changes.

As a proof-of-concept study, this work demon-

strates the feasibility of the metamaterial-based tech-

nology for potential SHM applications. As further

efforts, effects of the damage parameters like size,

location, and type (crack or material property degra-

dation) can be investigated in the context of SHM.

Moreover, leveraging the velocity difference between

the two primary waves, damage localization, as a

higher level of SHM, can be achieved using the 2nd

A0 waves through controlling their mixing zone. From

a broader perspective, more systematic investigations

on the scattering feature of the 2nd A0 waves, in

relation to different types of damage, would be

necessary. All of these will further improve the

proposed technique and bring it closer to practical

applications.
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